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Foreword 


The central subject of this volume is the number theory of quadratic irrationals 
in its various manifestations : Continued fractions, orders in quadratic number fields, 
and binary quadratic forms. These are the classical objects studied by the famous 
number theorists of the 18th and 19th century, above all Gauss, Legendre, Lagrange 
and Dirichlet. Until today this subject has continued to be an attractive topic of 
research producing a wealth of interesting and beautiful results. However, the litera- 
ture on the subject is scattered, the notation is far from being standardized, and an 
interested reader will hardly find a unifying approach for the different aspects of the 
subject. Of course, basic results of the theory can be found in almost every textbook 
on (elementary) number theory. Among the books, which present parts of the classi- 
cal theory in a more comprehensive way, I should mention the beautiful old book of 
L. E. Dickson [21], O. Perron’s classical book on continued fractions [90], D. Flath’s 
book [27] for an up-to-date and thorough presentation of Gauss’ theory of binary 
quadratic forms, R. Mollin’s book [74] for the arithmetic of quadratic orders and 
their computational aspects, and D. A. Buell’s book [13] on computations in con- 
nection with quadratic forms. An important source for the classical theory of binary 
quadratic forms is the set of lecture notes by P. Kaplan [51]. It is very unfortunate 
that they have never been made accessible for a wider audience. A more popular 
but recommendable overview of the theory of binary quadratic forms discussing the 
development of the theory from Gauss to date is Chapter 6 in P. Ribenboim’s book 
(92). 

There is an important connection between the elementary theory of quadratic 
irrationals and higher algebraic number theory which is not addressed in the above- 
mentioned books and will also not be the subject of the present volume. These 
aspects are dealt with in several textbooks of algebraic number theory. For a fur- 
ther reading in this direction the reader is referred to the books of H. Cohn [18] 
(addressing the connection with ring class fields), D. Cox [19] (addressing the con- 
nection with complex multiplication), and F. Lemmermeyer [67] (addressing the 
connection with reciprocity laws). The reader is also invited to consult Chapter 9 in 
H. Koch’s book [62] and the survey articles by W. Narkiewicz [82] and J. Oesterle 
[86]. 

The present volume arose from a series of lectures on quadratic irrationals which 
I gave for students with modest backgrounds in elementary algebra and number 
theory, dealing with continued fractions, binary quadratic forms, class groups and 
the arithmetic of quadratic orders in a consistent way. 


ix 


x Foreword 


It is the objective of this book to present the classical theory of continued frac- 
tions, quadratic orders, binary quadratic forms and class groups in a unified way 
based on the concept of a quadratic irrational. Aside from the most classical top- 
ics, the reader will find several beautiful and important recent results which, up to 
now, are scattered in the literature and difficult to access. Among them I would 
like to mention special results on binary quadratic Diophantine equations and con- 
tinued fractions, explicit biquadratic class group characters, the divisibility of class 
numbers by 16, F. Mertens’ proof of Gauss’ duplication theorem and a theory of 
binary quadratic forms which, in almost all places, departs from the restriction to 
fundamental discriminants. In two chapters, (modest) analytic tools are used: In 
Chapter 4 to prove Dirichlet’s theorem on primes in arithmetic progressions, and 
in Chapter 8 to present Dirichlet’s class number formula and to show that every 
primitive binary quadratic form represents infinitely many primes. 

I am indebted to an anonymous referee for valuable hints and suggestions, and 


I want to thank my partners at Taylor & Francis for the fruitful and complaisant 
cooperation. 


Introduction and Preface to the Reader 


The reader is assumed to have some basic knowledge of elementary algebra, 
number theory and analysis. In Appendix A, we have collocated the basics from 
elementary algebra and number theory in a concise way (partly with detailed proofs). 
For a thorough introduction to elementary algebra and number theory, the reader is 
referred to any introductory book on algebra or elementary number theory. Although 
voluminous, S. Lang’s book [64] is a good source for all these things, but also a more 
modest introduction into elementary algebra will do the job. 

An algebraically unexperienced reader might use Appendix A to update his 
algebraic fundamentals. Besides the basics, Appendix A contains some maybe less 
known special results, but there are precise references in the main text when they are 
used. Modest analytic methods are used in Chapter 4 and in Chapter 8. Appendix 
B contains some facts from real and complex analysis which are usually not covered 
in basic courses. 


Although the content of the various chapters can be seen from their headings, 
I will briefly describe the main features of each chapter and their interconnections. 
Adequate cross references make it possible to read (at least partially) the various 
chapters independently. 


Chapter 1 contains the basic notions of quadratic irrationals and their equiv- 
alence via the modular group. The concepts and notations introduced there are 
essential for the whole volume. The finiteness of the class number for real quadratic 
irrationals however will only be proved in Chapter 2 when the theory of continued 
fractions is at our disposal. 


In Chapter 2, we present the classical theory of simple continued fractions with 
an emphasis on real quadratic irrationals. In particular, the reader will find here an 
extensive theory of Pell’s equation and the continued fraction expansion of special 
quadratic irrationals. The reduction theory of indefinite binary quadratic forms (in 
Chapter 6) and the structure of cycles of regular ideals in quadratic orders (in 
Chapter 5) will be based on these results. 


Chapter 3 is addressed to the classical quadratic reciprocity law. We introduce 
Gauss and Jacobi sums in order to give short and concise proofs of the quadratic 
reciprocity law and Fermat’s two squares theorem. The theory of Gauss and Jacobi 
sums is used again in Chapter 4 for the summation of Dirichlet’s L-series and, more 
intensively, in Chapter 7 for the investigation of cubic and biquadratic reciprocity. 
The final section of Chapter 3 deals with the structure of quadratic characters in 
general (this is used in Chapter 6 for the presentation of Gauss’ genus theory). 


xi 


xii Introduction and Preface to the Reader 


Chapter 4 contains a self-contained proof of Dirichlet’s theorem on primes in 
arithmetic progressions, based on the theory of Dirichlet’s L-series. The necessary 
(modest) analytic tools are collocated in Appendix B. Analytic methods are used 
again only in Chapter 8. A reader who wants to skip analytic methods at a first 
reading can do this without any problems. 


Chapter 5 is central. It contains the ideal theory of quadratic orders, based on 
the description of regular ideals by quadratic irrationals. We introduce class groups 
and class semigroups, describe explicitly the structure of ambiguous ideals and ideal 
classes and apply the results to the theory of Diophantine equations of Pellian type. 
Then we investigate prime decomposition and multiplicative ideal theory of qua- 
dratic orders and connect the class groups of distinct orders by means of the Mayer- 
Vietoris exact sequence. The chapter ends with an amusing connection between class 
numbers and Fibonacci numbers. 

Chapter 6 is devoted to Gauss’ theory of binary quadratic forms with an em- 
phasis on the connection with quadratic irrationals and regular ideals in quadratic 
orders. Here the close connection between the various concepts of the theory becomes 
lucid. Although composition of quadratic forms is defined using ideal theory, most of 
the classical results (given in the language of forms) are proved. The presentation of 
genus theory is based on the theory of quadratic characters presented in Chapter 3. 
Three different proofs of Gauss’ duplication theorem are given : Gauss’ original proof 
using ternary forms, Dirichlet’s proof using primes in arithmetic progression, and 
Mertens’ elementary (but artificial) proof which runs completely inside the theory 
of binary forms. The chapter closes with a section containing the classical results on 
the representation of positive integers as sums of squares. 

Chapter 7 deals with cubic and biquadratic reciprocity. The reciprocity laws are 
proved in the corresponding domains of roots of unity and followed by a detailed 
discussion of cubic and biquadratic power residue criteria and rational biquadratic 
laws. Several of these results have an elegant interpretation and a simple proof in 
the context of higher algebraic number theory (for this the interested reader should 
consult [67]). Here we intentionally content ourselves to the elementary approach 
(however with several new proofs). The section ends with Z.-H. Sun’s construction 
of a biquadratic class group character and its applications. 

In Chapter 8 analytic methods are used again. First, the analytic class number 
formula for quadratic orders is proved and some of its classical consequences are 
discussed. After that, we introduce L-series of quadratic orders and prove that every 
primitive binary form represents infinitely many primes. All this is done for arbitrary 
(and not necessarily fundamental) quadratic discriminants. Two final sections are 
addressed to the structure of 2-class groups, in particular in the cyclic case. Crite- 
ria for cyclic 2-class groups to have an order divisible by 8 and 16 are given, and 
connections with biquadratic residues are dealt with. 


Several exercises are sprinkled throughout the volume. Most of them are ele- 
mentary, and references are given for some more involved ones. An ambitious reader 
who wants to do more is referred to the voluminous exercise sections in the books 
of D. A. Cox [19], D. E. Flath [27] and F. Lemmermeyer [67]. I could just as well 
have copied them into the present volume. 


Notations 


For sets A, B, we write A C B or B 2 A if A is a proper subset of B. The 
notions A C B and B D A include the case A = B. 


We denote by 
e No the set of non-negative integers; 
e N=No \ {0} the set of positive integers; 
e P the set of prime numbers; 
e Z the ring of integers, and Q the field of rational numbers; 
e R the field of real numbers, and C the field of complex numbers; 
e F, =Z/pZ the field of p elements for a prime p; 
e |A| € No U {co} the number of elements of a set A; 
e A® the set of non-zero elements of a set A. 
We use the self-explaining notations Ryo, Rso, Qso, N>2 etc. For a, b € Z, 


we set [a,b] = {2 € Z| a< «x < b} if there is no danger of confusion with the real 
interval, and we set [a,b] = 0 if a > b. 


For a real number 2, we set 


[cz] =max{geZ|g<z}, [z]=minfgeZ|g> xz}, 


and we denote by sgn(a) € {0,+1} its sign. For a complex number z, we denote by 
kt(z) its real part and by S(z) its imaginary part. We normalize \/z by /z > 0 if 
z € Rso, and Sz) >O0ifze C \ Rso. 

Euler’s constant is denoted by e, and the imaginary unit is denoted by i. For 
v0 € R, we denote the open and the closed right half-plane determined by 7 by 


Hs ={sEC|R(s) >} and Hy ={se€C| Rs) >}. 
For z, X € R and m EN, we write 


De ae Dae ai etc. resp. yO ar y > etc. 


N<x rcn<x n>X n|m p<x a<p<x p>x p|m 


to denote the (eventually infinite) sum over all n € N respectively all primes p 
satisfying the corresponding conditions. 


With a few exceptions, all groups considered in this volume are abelian and the 
composition is written either additively or multiplicatively. If G is a group, n € N 
and a1,...,@, € G, then we denote by 


e [aj,..-,@n] = Za, +...+ Zan = {kya, +... + knan | ki,...,kn € Z} the 
subgroup of G generated by aj,...,@, if G is an additive group (although 
we will use brackets also to denote simple continued fractions and binary 
quadratic forms, there will be no danger of confusion); 

@ (a1,--.,4) = fat! -...- ak» | ky,...,kn € Z} the subgroup of G generated 
by ay,...,@, if G is a multiplicative group. 

By a ring R we always mean an associative and commutative ring with a unit 
element 1 € R. 
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CHAPTER 1 


Quadratic irrationals 


Quadratic irrationals are the non-rational roots of quadratic equations with ra- 
tional coefficients. Integral binary quadratic forms, binary Diophantine equations 
and the theory of quadratic orders are central objects of classical number theory 
controlled by quadratic irrationals. In this volume, we consider quadratic irrationals 
as the central notion and rely on them in the other topics of the theory. 

In the context of binary quadratic forms, the theory goes back to C. F. Gauss 
[32] and P. G. L. Dirichlet [23]. For the approach chosen here, we refer to the book 
[70] and the articles [58], [40], [4] and [113]. 


1.1. Quadratic irrationals, quadratic number fields and discriminants 


For a complex number z we normalize its square root \/z such that /z > 0 if 
z € Rso, and 9(VZ) > 0 otherwise. Then it follows that /q2z = |q|VZ for all z € C 
and qgER. 

A quadratic irrational is a complex number € € C\Q which satisfies an equation 
€? + n€ +q=0 for some p, g € Q. If € satisfies such an equation, then 


_ Pp p " p ' 
(os, re 774 for some ¢ € {+1}, and 77 7EQ is not a square. 


Note that ¢, p and q are uniquely determined by €. Indeed, the uniqueness of € 
follows from the normalization of the square root, and if €? + pjé+q, = 0 for some 


pi, a € Q, then (p — pi)E = qi — g, and as € ¢ Q, we get p = p; and q = q. The 
polynomial 


X? + pX +q € Q(X] 
is called the minimal polynomial of €. It has a factorization 


2 
X?4pX+q=(X-O(X-e), where &=—2—e —q. 


The complex number €’ is called the conjugate, T(€) = —p is called the trace, 
N(€) = q is called the norm and « is called the signature of €. By definition, 
€ and €’ have the same minimal polynomial (hence the same trace and the same 
norm), but distinct signatures, and €” = €. Two quadratic irrationals coincide if and 
only if they have the same norm, the same trace and the same signature. 

For b € Q, we set b’ = b, T(b) = 2b and N(b) = b?. Then it follows that 
T(x) =x+a2' and N(x) = xz’ whenever z is either a quadratic irrational or a 
rational number. 


2 1. QUADRATIC IRRATIONALS 


A quadratic irrational € is called real if € € R, and complex otherwise. If € is 
a complex quadratic irrational, then €’ = €, T(€) = 2R(€) and N(€) = |€|?. 


A complex number € is a quadratic irrational if and only if 
E€=ut vVd_ for some u,v,@€Q  suchthat vu+#0 and d is not a square. 


If € is as above, then € = u+sgn(v)V'v2d, and X?—2uX +(u?—v2d) is the minimal 
polynomial of €. It follows that €’ = u—vVd, T(€) = 2u, N(€) = u? — v?d and 
sgn(v) is the signature of €. In particular, u and sgn(v) are uniquely determined by 
€. The following lemma is addressed to the uniqueness of v and d. 


Lemma 1.1.1. Every quadratic irrational € has a unique representation in the 
form €=u+vvd, where u,v €Q, v 40 andde Z\ {1} is squarefree. 


Proor. Existence: Let € be a quadratic irrational, say € = u + v;V/d1, where 
u, v1, d, € Q, v, £0 and d; is not a square. By Theorem A.3.3, d, = dq?, where 
d € Z is squarefree and q € Qso. It follows that d #1, and € =u+qu Vd. 

Uniqueness: Suppose that € = u+ovd =u +01 V di, where u, wy, v, v1 € Q, 
vv, # 0, and d, d, € Z \ {1} are squarefree. Then we have already seen above 
that u = uy = 7(&)/2, and sgn(v) = sgn(v1) is the signature of €. It follows that 
vd = vidi, hence d = d; and |v| = |v1| by the uniqueness in Theorem A.3.3, and 
v = Uj, since sgn(v) = sgn(v}). 


If € is a quadratic irrational, then the unique squarefree integer d € Z \ {1} such 
that €=u+vvVd for some u, v € Q is called the radicand of €. If a € Z is not a 
square, then the radicand of \/a is just the squarefree kernel of a. 

Although the radicand of a quadratic irrational is an obvious invariant, it is not 
the most important one. In the following Theorem 1.1.2 we will define the type 
and the discriminant of a quadratic irrational, and in the sequel we will see that 
these quantities are the invariants which are responsible for its deeper arithmetical 
properties. 


Theorem and Definition 1.1.2. Let € be a quadratic irrational. 
1. There exists a unique triple (a,b,c) € Z> such that (a,b,c) =1, a 40, 
b? — dac is not a square, and 
b+ Vb? — 4ac 
a 2a : 
If this is the case, then a€? — b€ +c=0, T(€)=a71b, N(E) =a7'e, and 
sen(a) is the signature of €. 
We call (a,b,c) the type and A = b? — 4ac the discriminant of €. By 
definition, € is real if A > 0, and imaginary if A < 0. 
2. Let € be of type (a,b,c) and (a,,b1,c1) € Z° such that a,€? +b) +c, = 0. 
Then there exists some y € Z such that a, =ay, 6) =—by and cy =cy. 
3. Let A be the discriminant of €, and let ay, b1 € Z be such that a, #0 and 


by +VA 
a 2a, : 


€ 
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Then A = b? — 4a,c, for some c, € Z, and € is of type (a1, bi, c1). 


Proor. 1. Assume that € = u+vVd, where u, v, dE Q, v #~ 0 and d is not 
a square. By Theorem A.3.2, there exist uniquely determined integers a, b,c € Z 
such that 


b 
a#0, sgn(a)=sgn(v), 2u=-, word == and (a, 6,6) =1. 
a 


Then b? — 4ac = 4a?v7d is not a square, 


oe b+ Vb? —4 
Ca = and ewes 
a 4a? 2a 


To prove uniqueness, assume that a, b, c€ Z, (a,b,c) =1, 6? — 4ac is not a square 
(hence a £ 0), and 


_ b+ Vb? = 4ac 
= 2a ; 
Then segn(a) is the signature of €, 7(€) = a~'b and N(€) = a~'c. Hence the 
uniqueness of (a,b,c) follows by Theorem A.3.2. 


2. If aj = 0, then b; = c, = 0 by the linear independence of (1,€), and we set 
y = 0. Thus assume that a; 4 0, and set g = (a1, b1,c,). There exists some ¢ € {+1} 


such that 
é _ —b, + E4/ be = 4ay,cy 


2a, 


and we set ag = eg~!a,, bg = —eg~'b, and cp = eg7!cy. Then (ag, be, c2) = 1, 
fe by + /b3 — 4a2c2 
2a2 ; 


and from the uniqueness in 1. we obtain (a2, b2,c2) = (a,b,c) € Z°. Hence a; = gea, 
b, = —geb and c, = gec. 

3. Let € be of type (a,b,c). By assumption, sgn(a1) = sgn(a) is the signature of 
€, and 4a?é? — 4a,b,€ +b? — A = 0. By 2., there is some y € Z such that 4a? = ay, 
4a,b, = by and b} — A = cy. This implies 


Ay? = (b* — 4ac)y? = 16a2b? — 16a7(b? — A) = 16a7A, 


hence y = 4aje, where ¢ € {+1}, and therefore 4a? = ay = 4aa,e. Consequently, 
we obtain aj = ae, ¢=1, b; =b, and as A = b? — 4ac, the assertion follows. 


The roots of unity 


oe. Sigs 
(3 =e" B=, 


, {4 
(4=e7/? —j and = ens — Lt WS 


are quadratic irrationals of types (1,—1,1), (1,0,1) and (1,1,1), and of discri- 
minants —3, —4 and —3, respectively. 
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Exercise 1.1.3. Prove that the complex number 
342i 


2=-—— 
8+ 61 

is a quadratic irrational. Compute its type, its discriminant, its signature, its minimal 

polynomial, its trace and its norm. 


Lemma 1.1.4. Let € be a quadratic irrational of type (a,b,c), A = b? —4ac its 
discriminant and n € Z. Then the numbers €+n, —E, &', €1, —€, &-1, -E1 
and —é€'—' are also quadratic irrationals of discriminant A, namely 


€+n is of type (a,b+2an,an?+bn+c), —€ is of type (—a,b,—c), 
é’ is of type (—a,—b,-c), € 7! is of type (—c,—b,—a), 
—€' is of type (a,—b,c), €'~' is of type (c,b,a), 
—€! is of type (c,—b,a) and —€'! is of type (—c,b,—a). 


Exercise 1.1.5. Prove Lemma 1.1.4. 


Next we study discriminants more closely for their own sake. We introduce qua- 
dratic number fields and fundamental discriminants as their fundamental invariants. 

An integer A € Z is called a quadratic discriminant if A is not a square and 
A = 0 or 1 mod 4. If € is a quadratic irrational of type (a,b,c) and discriminant 
A = b? — 4ac, then A is a quadratic discriminant according to this definition. 


For a quadratic discriminant A, we define 


on +VA 


{! if A=O mod4, 
—— , Where oa = 


2 1 if A=1 mod4. 


If A = 4D +04, where D € Z, then wa is a quadratic irrational of type (1,0,, —D) 
and discriminant A, wi, = —wa+oa, and we = D+oqwa. The quadratic irrational 
wa is called the basis number of discriminant A. 

If A is a quadratic discriminant and f € N, then Af? is also a quadratic discrimi- 
nant (since f? = 0 or 1 mod 4). A quadratic discriminant A is called a fundamental 
discriminant if it is not of the form A = A, f? for some quadratic discriminant A, 
and an integer f > 2. 


Theorem 1.1.6. 
1. For a quadratic discriminant A, the following assertions are equivalent: 
(a) A is a fundamental discriminant. 
(b) Hither A is squarefree and A= 1 mod 4, or A= 4D for some square- 
free integer D such that D = 2 or 3 mod 4. 


(c) vp(A) € {0,1} for all odd primes p, and A= 1 mod 4 or A= 8 mod 16 
or A=12 mod 16. 
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2. Let d € Q be not a square. Then there is a unique fundamental discriminant 
Ao such that d = Aoq? for some q € Qso, and if d itself is a quadratic 
discriminant, then q EN. 


3. Every quadratic irrational has a unique representation € = u+v./Ao, where 
u€EQ, vEQ%, and Ao is a fundamental discriminant. In this case, there 
is some f EN such that Aof? is the discriminant of €. 


PROOF. We apply Theorem A.3.3. 

1. (a) > (b) CASE 1: A =1 mod 4. If A is not squarefree, then A = A; f? 
for some A; € Z and some odd integer f > 2. Then A, = 1 mod 4 is not a square 
and thus a quadratic discriminant, a contradiction. 


CASE 2: A =4D for some D € Z which is not a square. If D is not squarefree, 
then D = Df? for some D; € Z and f > 2. But then A; = 4D, is not a square, 
hence a quadratic discriminant, and A = A, f?, a contradiction. If D = 1 mod 4, 
then D is a quadratic discriminant and A is not a fundamental discriminant. Hence 
it follows that D = 2 or 3 mod 4, and A =8 or 12 mod 16. 

(b) = (c) => (a) Obvious. 

2. Existence: Suppose that d = dog? , where dp is the squarefree kernel of d 
and go € Qso. If dy) = 1 mod 4, then dp is a fundamental discriminant, and we set 
Ap = do, g = q.- If dp #1 mod 4, then 4dp is a fundamental discriminant, and we 
set Ap = 4do, ¢ = qo/2. If d itself is a quadratic discriminant, then go € Z, and if 
do #1 mod 4, then 2| qo. Hence we obtain q € Z in either case. 

Uniqueness: Suppose that d = Aq? = Ajq? with fundamental discriminants 
A, A; and q, q € Qso. Then sgn(A) = sgn(Aj) and v,(A) = v,(A1) mod 2 for all 
primes p. By 1. this is only possible if either A = Aj or {v2(A), vo(A1)} = {0, 2}, 
and we show that the latter case cannot occur. Indeed, assume the contrary, say 
vo(A) = 2 and vo(A;) = 0. Then A = 4d and d= A, = 1 mod 4, a contradiction. 

3. Let € be of type (a,b,c) and discriminant A. 

Uniqueness: Let Ag be a fundamental discriminant and u € Q, v € Q® such 
that €=u+vVAo. Then £7? — 2ué + (u? — v?Ao) = 0, and by the uniqueness of the 
minimal polynomial we obtain 2u = a~!b, u? — v?Ag =a7'e and 


A = b? — 4dac = (2au)? — 4a?(u? — v?Ag) = 40207 Ag. 
By 2., Ao is uniquely determined by A, f = |2av| € N, and A = Aof?. The 
uniqueness of u and v follows from the linear independence of (1, Ao ). 


Existence: By 2., A = Ao f?, where f € N and Ag is a fundamental discriminant. 
Thus we obtain 


b+VA_ db ff 
o= 2a sa = 2a VAo- 
By Theorem 1.1.6.2, every quadratic discriminant A has a unique factorization 
A = Ao i: where Ao is a fundamental discriminant and fa € N. We call Ap 
the fundamental discriminant associated with A and fa the conductor of A. In 
particular, A is a fundamental discriminant if and only if fa = 1. This terminology 
will be justified by the theory of quadratic orders in Chapter 5. 
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If € is a quadratic irrational, then the fundamental discriminant associated with 
its discriminant is called the fundamental discriminant of &. 


An integer A is called a prime discriminant if either A = (—1)@-D/2y for 
some odd prime p, or A € {—4, 8, —8}. By definition, a prime discriminant is a 
fundamental discriminant divisible by a single prime. 


Exercise 1.1.7. Prove that every fundamental discriminant A has a unique 
factorization A = A,-...- A, into pairwise coprime fundamental discriminants 
Aj,...,A,, and that, conversely, any product of pairwise coprime prime discrimi- 
nants is a fundamental discriminant. 

For the quadratic discriminant A = —5280, determine the associated fundamen- 
tal discriminant Ag, the conductor, and write Ap as a product of prime discriminants. 


Definition 1.1.8. A quadratic number field K is a subfield of C satisfying 
dimg(K) = 2. It is called real if K C R, and imaginary otherwise. For a quadratic 
irrational €, we define Q(€) = Q+ Q€={x+yE|z,yEQh CC. 


If € is a quadratic irrational and 7 = a& + } for some a, b € Q such that a ¥ 0, 
then 7 is a quadratic irrational and ore ) = Q(n). In particular, if z € Q(€)\Q, fin 
z is a quadratic irrational and Q(€) = Q(z). If € = u+vVd, where u, v, d € Q, 
v £0 and d is not a square, then Q(¢) = Q(Vd). If u, uw, v, 11 EQ, a=ut+vuVvd 
and ay = uy + uv, d, then 


ata, =(utum)+(vt)Vd, aay = (wu + vv, d) + (uv, + wv) Vd, 
and if a £0, then 
1 1 u —v 
a utovd u2 — v2d = opav4 


Therefore Q(€) = Q(Vd) is a field, and it is in fact the smallest subfield of C 
containing €. If A is any quadratic discriminant and € is a quadratic irrational of 


discriminant A, then Q(€) = Q(VA). 


Theorem and Definition 1.1.9. Let K be a quadratic number field. 
1. If d, d, € Q and K =Q(Vd) = Q(Vdz), then d, = db? for some b € Q. 
2. There exists a uniquely determined fundamental discriminant AK such that 
K = Q(VAxK ), and then K \ Q is the set of all quadratic irrationals with 
fundamental discriminant Aj. In particular, if K = Q(VA) for some qua- 


dratic discriminant A, then Ax is the fundamental discriminant associated 
with A. 


Ax is called the (field) discriminant of K. 
3. The map .: K > K, defined by ua) =a’ for alla € K, is a field auto- 
morphism, and t|Q = idg. In particular 


N(aB) =N(a)N(B) and T(a+8)=T(a)+T7(8) forall a, BEK. 
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Proor. 1. Let d, d; € Q be such that K = Q(Vd) = Q(V/d,). Then we ob- 
tain /d; = a+ bVd for some a,b € Q, and as Vd; ¢ Q, we get b # 0. Since 
d, = a? + b?d + 2abVd, the linear independence of (1, Vd) implies a = 0 and 
ay = 0rd. 

2. If € € K \ Qand A is the fundamental discriminant of €, then € = u+vVA 
for some u,v € Q such that v ¥ 0, and therefore K = Q(VA). Conversely, if 
K = Q(VA) for some fundamental discriminant A and € € K\Q, then € = u+vVA 
for some u, v € Q such that v 4 0, and by Theorem 1.1.6.3 it follows that A is the 
fundamental discriminant of €. This proves the existence and uniqueness of Ax. 

If A is any quadratic discriminant such that K = Q(VA), then A = Agb? for 
some b € Q by 1., and Ax is the fundamental discriminant associated with A. 

3. Suppose that K = Q(Vd), where d € Q® is not a square, a = u+vVd and 
a, =u, +u, Vd, where u, w1, v, v1 € Q. Then a’ = u— vv, a=W — vi Vd, and 
it is easily checked that (a+a 1)’ = a’ +a‘, and (aq,)/ = aa. Moreover, vou = idx 
implies that v is a field automorphism, and clearly .|Q = idg. 

If a, 8 € K, then it follows that N(a’) = aB(aB)' = aa’ BB’ = N(a)N(8) and 
T(a+B)=a+B+(a+B)!=a+al+B+p'=T(a)+7(8). 


1.2. The modular group 


We consider the decomposition C \Q= §* § H~ W (R \ Q), where 
Ht ={zEC|S(z)>0} and H ={zEC| B(z) <0} 


denote the upper and the lower half-plane, respectively. We make use of the matrix 
groups 
GL2(Z) = {A € M2(Z) | |det(A)| =1} and 
SLo(Z) = {A € Ma(Z) | det(A) = 1}, 
we denote by J € SLo(Z) the unit matrix. Note that det: GLo(Z) — {+1} is a group 
epimorphism with kernel SL2(Z), and therefore (GL2(Z):SL2(Z)) = 2. 
We define an operation 


Gl2(Z) x (C\Q) +C\Q 


by 


(; 5) _ a for all (° 5) € letz) and zE€C\Q. 


Theorem 1.2.1. If Ai, A € Glo(Z) and z € C\Q, then Aj(Az) = (Ai A)z, 
Iz=z, (—A)z = Az, and 
; _ fa 2 a _ det(A) oe 
if A= (¢ ;) , then (Az) = hese m2). 
In particular, the operation of GL2(Z) on C \ Q is a group operation, GL2(Z) also 
operates on R\ Q, and SL2(Z) operates both on H* and on H~. 
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PRooF. Obviously, Iz = z and if A € GLo(Z), then Az € C\Q for all z E C\Q, 
and Az € R \ Q for all z € R\ Q. Assume now that 


_({o 2p _ far fr 
a=(° *) and A= (34 ae 


Then 
az+ B 
ay Sar esl 
Aah = OE EE a: 
az + B (y1a t+ 61y)z + (116 + 614) 
¥1 ——~ + 61 
yz+o 


and therefore the operation of GL2(Z) on C \ Q and R \ Q is a group operation. 
Moreover, we obtain 


9(Az) = 9 (248) = 9 (Me OF +O) = S(adz + ByzZ) 


yz+6 lyz + 6/? lye + Al? 
_ ad— By, , _ det(A) 
~ |yz +62 —- |yz + 6|? es 


and therefore SL2(Z) operates both on §* and §~. 


The transformation group 9 induced by the operation of SL2(Z) on 7 is called 
the modular group. There is a natural epimorphism p: SL2(Z) > IM, mapping a 
matrix A € SLo(Z) onto the transformation z++ Az of +. It follows by the subse- 
quent Theorem 1.2.2 that Ker(p) = {+/}, and therefore p induces an isomorphism 
p*: PSLo(Z) = SLo(Z)/{+I} > mM. 


For z € C \ Q, we denote by 
Stab(z) = {5 € GLo(Z) | Sz =z} and Stabt(z) = Stab(z) MN SL2(Z) 


the isotropy groups of z for the action of GL2(Z) and SL2(Z), respectively. We call 
Stab(z) the stabilizer and Stabt(z) the proper stabilizer of z. By definition, 


{4} C Stab*(z) C Stab(z) C GLo(Z) 


are subgroups. 


Theorem 1.2.2. Let z € C\ Q be an irrational number. 
1. If z is not a quadratic irrational, then Stab(z) = {+I}. 


2. If z is a quadratic irrational of type (a,b,c) and discriminant A, then 


Stab(z) = {Gs + by)  —cy ) 


ay $(a — by) 


2, y €Z, |2? — Ay?| 4 


z,yé€Z,, 2? — Ay’? = \ 


and Stab*(z) 4 Stab(z) holds if and only if there exist x, y € Z such that 
a? = Ay? = —4, 
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Proor. Assume that 


az+ Pp 
yz+6" 


_(a 6 _ 
A= (* : € Stab(z), hence z= 


and e = det(A) = ad — By € {+1}. Then yz? + (6 —a)z — 6 =0, and since z ¢ Q, 
it follows that either y 4 0 and z is a quadratic irrational, or y = 6 = 0 anda=o0. 
In the latter case, we obtain A = +/, which in particular proves 1. 

Thus assume now that y 4 0, and let z be a quadratic irrational of type (a, b,c) 
and discriminant A. By Theorem 1.1.2.2 there is some y € Z satisfying y = ay, 
6—-a=-—by, —G =cy, and consequently Ay? = (6 — a)? +48y = (a + 6)? — 4e. 
We set « = a+ and obtain 


Since 4det(A) = 4e = 2? — Ay’, we get |z? — Ay?| = 4, and A € Stab*(z) if and 
only if x? — Ay? = 4. It remains to prove that every matrix of this form lies in the 
stabilizer. 

Thus let again z be a quadratic irrational of type (a,b,c) and discriminant A. 
Let x, y € Z and e € {+1} be such that x? — Ay? = 4e, and set 


_ (3(a@+by) — -ey 
A=(? aa re € Ma(Q). 


Then 


1 1 
det(A) = rica — by”) + acy? = rica = Ay’) =e. 


Now 2?— Ay? = x?—b?y? = 0 mod 4 implies « = by mod 2 and thus A € GLo(Z). 
We set 


1 
a= x + by), B= -vcy, y= ay, b= 5(z— by), 


5 
and then we obtain 


_ y2*+(d-a)z—-B _ y(az? — bz +0) 


_A = 
. . yz+o yz+o 


=0. 


For a quadratic discriminant A, the Diophantine equation 
|z* — Ay?| = 4 


occuring in Theorem 1.2.2 is called Pell’s equation and plays an important role 
in the theory of quadratic irrationals. Later, in Theorem 5.2.10, we shall obtain a 
deeper insight into the structure of the group Stab(&) using the theory of units in 
quadratic orders. 


For negative quadratic discriminants, the theory of Pell’s equation is simple. 
Indeed, suppose that A < 0. Then the equation x? — Ay? = —4 has no solutions, 
and if 


L = {(a,y) €Z? | 2? — Ay? =4}, 
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then it is easily verified that 


{(2,0)} if A<—4, 2 if A<-4, 
LAN? =< {0,1),@,0} i A=-3, and |L|/=<6 # A=-3, 
{(0,1), (2,0)} if A= —4, 4 if A=-4, 


If W,, denotes the group of n-th roots of unity in C, then 


Wo=(-1) if A<-—4, 
{tw | (c,y) eb} = WeSC) if AS 
Wi=(i) if A= —4. 


For quadratic discriminants A > 0, the equation 2? — Ay? = 4 has infinitely 
many solutions (2,y) € Z?. In contrast, Pell’s minus equation «2? — Ay? = —4 
may have no integral solutions. A thorough theory of the structure of the solutions 
of Pell’s equation will be given in Theorem 2.2.9 using the theory of continued 
fractions. The importance of Pell’s equation for the theory of quadratic irrationals 
will become lucid in Theorem 1.3.8 and, even more definite, in Chapter 5 when we 
study unit groups and ideal class groups of quadratic orders, and in Chapter 6 when 
we investigate the equivalence of binary quadratic forms. 


Before we proceed with the investigation of the modular group, we give an ad 
hoc proof of the fact that Pell’s equation for positive quadratic discriminants has 
infinitely many solutions using Dirichlet’s approximation theorem. It is obviously 
sufficient to prove that, for every d € N which is not square, the Diophantine equation 


a’? — dy? =1 
has infinitely many solutions (x,y) € Z? (this seemingly more simple Diophantine 


equation is called Pell’s equation, too). 


Theorem 1.2.3. 


1. (Dirichlet’s approximation theorem) For every a € R and N €N, there 
exists some (p,q) € ZXN such that 


2. For every a € R\Q, there exist infinitely many pairs (p,q) € ZXN such 
that (p,q) =1 and 


1 
q q 
3. (Pell’s Equation) If d€ N is not a square, then there exist infinitely many 
pairs (x,y) € N? such that x? — dy? =1. 


ProoF. 1. For n € [1, N], we set {an} = an — |an| € [0,1), and we consider 
the partition 


‘fark J 
0 = Bw) 
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of interval [0,1) into N subintervals. By Dirichlet’s box principle, there exist integers 
n 1, n2 € [0, N] and 7 € [1, N] such that ny, < n2 and 


{fanz}, {ang} € [2 Z) : 


N?N 
We set g = n2 — n1 and p= |ang| — |an,]|. Then it follows that gq € [1,N], p€ Z, 
iL 1 
lag — p| = |{anz} — {an }| < NW and therefore la - | a aN 


2. Suppose that a € R\ Q. For every n €N, it follows by 1. that there exists 
some (Pn, dn) € ZXN such that gp <n and 


| Pn 


Ndn Gn 
We may assume that (pn,gn) = 1, and we assert that {q, | n € N} is infinite. 
Assume the contrary. Then there exist some g € N and an infinite set T C N such 
that qn = q for all n € T. We may assume that N = min(T) > 2. Since 

1 1 1 
hes +|a-") <4 <- for alln € T, 
q q qd 


qn qN- q 
it follows that p, = py = p (say) for all n € T, and therefore 


|< |o-2 


1 
la — a <— foralneéT, whence a= . €Q, a contradiction. 
q qn q 


3. If d € N is not a square, then it follows by 2. that there exist infinitely many 
pairs (x,y) € ZxN such that 


x 1 
(1) lVa- Z| <5. 
Note that (1) implies that 2 > 0 and 
= < Vd+|Vd- =) < Vd+< Vd+1. 
Hence we obtain 
0 < |a? — dy?| = |x — yVd|(x + yVd) < (2+ ya) =7tvd<2vd+1. 


By Dirichlet’s box principle, there exist integers k € N and a, b € [0,k—1] such that 
k <2V/d+1, and the set 


L = {(2,y) € N? | 2? —dy? =k, c=a modk and y=b mod k} 


is infinite. Now we fix some (29, yo) € L and construct for every (z,y) € L a pair 
(u,v) € Z? such that u? — dv? = 1 in the following way. 
For (x,y) € L, we calculate 


(x + yV'd)(20 $ yoV'd) = (x29 — yyod) + (zoy — ryo) Vd, 
2 


xrx9 — yyod = a2 —b?d =0 mod k and xzoy — ryo = ab — ab = 0 mod &. Hence there 
exist u, v € Z such that 


(2) rzy — yyod = ku and xoy—xryo = kv, 
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we obtain 
k? = (a? — y*d)(ag — ygd) = (a + yVd) (x0 — yow'd) (x — yV'd)(20 + yov'd) 
= k?(u+vvd)(u — vv 4d) = k?(u2 — v?d), and therefore u? —v2d=1. 
By (2) it follows that 
k(agu + dyov) = xo(waxo — yyod) + dyo(oy — yo) = x(x — dys) = kx, 
k(you + xv) = yo(xxo — yyod) + xo(oy — eyo) = y(xp — ayo) = ky, 


and therefore x = xpu+ dyov and y = you+ xov. Hence distinct pairs (x, y) yield 
distinct pairs (u,v), and thus we get in this way infinitely many pairs (u,v) € Z? 
(and thus also in N?) satisfying u2 — dv? = 1. 


Exercise 1.2.4. For a quadratic discriminant A, prove the following assertions : 


e If the Diophantine equation x? — Ay? = —1 has a solution (x,y) € N?, then 
it has infinitely many solutions. 


e If one of the Diophantine equations x? — Ay? = +4 has a solution in coprime 
integers x, y € Z, then A = 5 mod 8, and that equation has infinitely many 
such solutions. 


The group operations of GL2(Z) and SL2(Z) on C \ Q cause the following equiv- 
alence relations. Two complex numbers 21, z2 € C \ Q are called 
e equivalent, 21 ~ 22, if zg = Az, for some A € GL2(Z); 
e properly equivalent, 2, ~+4 22, if z2 = Az, for some A € SL2(Z). 
Equivalence and proper equivalence are equivalence relations on C \ Q, and also 
on C\R and on R\Q. Any two properly equivalent complex numbers 21, z2 € C\Q 


are equivalent. By Theorem 1.2.1, two equivalent complex numbers 21, z2 € C\R 
are properly equivalent if and only if they lie in the same half-plane. 


The investigation of these equivalence relations depends on the study of suitable 
generators for the groups GL2(Z) and SL2(Z). We define the matrices 


—-1 0 0 -1 1 1 
va(@%), se(°Q) aa ra(23). 
It is easily checked that 


GLo(Z) = Slo(Z)WSL(Z)U, U=I, 8? =(ST=(TSP=-—I, 


and if z €C\Q, then Uz =—-z, Sz =—z 1 and T"z=z+n forallne Z. 
Consequently, if 21, z2 € C \ Q are equivalent but not properly equivalent, then 21 
and Uz, = —z9 are properly equivalent. 

The set 


1 1 1 
a + ce = = 2 
F={zes [ll >1, 5 < RE) S5 or |z| 1, 0< R(z) <5} 


is called the fundamental domain of the modular group, a terminology which is 
justified by the subsequent Theorem 1.2.5. 
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Theorem 1.2.5. SLo(Z) = (S,T), Glo(Z) = (U,S,T), and for everyz€C\R 
there exists a unique zo © F such that z ~ zo. 


PRoor. We consider the following two assertions A and B. 
A. For every z € §* there is some B € (S,T) such that Bz € F. 
B. If z, 21 € F are equivalent, then z = 21. 


We first finish the proof of our theorem using A and B. 


We prove first that for every z € C \ R there exists a unique zp) € F such that 
z~ 2. If z€ 7, then by A there exists some B € (S,T) such that z9 = Bz € F. 
If z € 9, then —z € §*, and again by A there exists some B € (S$,T) such that 
zo = B(-—z) = BUz € F. Hence z ~ 2, and if z; € F is any number satisfying 
z~ 21, then z] ~ z and thus z; = 2 by B. 

For the proof of SlLo(Z) = (S,T) and GLo(Z) = (U,S,T), it suffices to show 
that SL2(Z) Cc (S,T). Suppose that A € SLo(Z), and let z € F be not a quadratic 
irrational. Then A~'z € H+, by A there is some B € (S,T) such that BA7!z € F, 
and since BA~'z ~ z, it follows by B that BA~'z = z. By Theorem 1.2.2, we 
obtain BA~! = +I, and consequently A =+B € {B, $7B} c (S,T). 

Proof of A. Suppose that z € §*. We assert that for every M € Ryo the set 

{ (7,6) E77 | lyz +0] < M} 


is finite. Indeed, if M € Ryo and (7,6) € Z? is such that |yz + 6| < M, then 
S(z)ly| = |S(yz + 9)| < |yz + 6] < M, hence |7| < S(z)~'M, and |4| < M + |7z2\. 
Now it follows that there exists some matrix 


A= (; A € (S,T) 


such that 

lyz +6| < |yiz+6,| for all matrices A, = é a €(S,T), 
and therefore (by Theorem 1.2.1) 
_ _ 82) S(z) 
ye OP & fet di? 
Let n € Z be such that 


3(Az) = $(Aiz) for all matrices A; € (S,T). 


1 1 
aL oa oa R(Az) < —n+ 5 and set z1 = T” Az. 


Then ; i 
a R(z1) < a) Sz,j=ST°Az and ST™A€E(S,T). 
Hence it follows that 


S(G) aU 


< $(Az) = S(z1), and therefore |z;|>1. 


If z1 € F, then B=T"A € (S,T), Bz € F, and we are done. Thus suppose that 
zi ¢ F. Then 


1 
|zi] =1 and =s < Ki) <0. 
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Since |Sz1| = |z1| = 1, and #(Sz1) = —R(z1), it follows that Sz, € F, and if 
B=ST"A, then B € (S,T) and Bze F. [A.] 


Proof of B. Let z, 2; € F be equivalent. Then they are properly equivalent, 
and there is some A € SL2(Z) such that z; = Az, say 


a=(¢ ay where ad—Sby=1. 


Since (—A)z = Az, we may assume that y > 0, and 6 > 0 if y = 0. Moreover, we 
may assume that 


Ji) = ie) > S(z) >0, and therefore |yz+6| <1. 
lyz + 4/? 
Since 
lz} >1 and R(z)> 5, 
we obtain 
1> |yz +6)? = V7 lz)? + Wz) + > — [7] +P = (7 — lye + 


This is only possible for 6 € {0, +1}. 
CASE 1: 6=0. Then 77 <1, hence y=1 and det(A) = —6 =1. Since 
i! S(z) 


m= a= and S(z1) = EE 22); 


it follows that |z| = 1 and S(z1) = S(z). On the other hand, 
11 
a=2a+¢2t=44+F=R(21)+R(z) eZ and {R(z), KR(z)} c (-5, 5| ‘ 
hence #(z) = R(z1) and therefore z = z1. 


CASE 2: |6| =1. Then 
1\2 1 : 
(v-5) =) hence ye {0,1}, and y=1 if 6=-1. 


CASE 2a: 6 = 1. We assert that y = 0. Indeed, suppose to the contrary that 
y=1. Then |1+2z| <1 and therefore 1 > (z+ 1)(Z4 1) = |z|? + 2R(z) +1, hence 
2R(z) < —|z|? < —1 and z ¢ F, a contradiction. 

Since y = 0 and 6 = 1, we obtain a= 1 and z; = z+ 8. Now it follows that 

1 1 
Ra) =RZ) +8 and {R(z), Rea)}c (-5,5], 
which implies 6 = 0 and z = 2. 


CASE 2b: 6 =—-1. Then y=1, -—a— 8 =1 and |z — 1| = |yz + 6| < 1. Since 
1> |z-1]? = (z-1)(@—-1) = [z|? — 2R(z) +1, we obtain 2R(z) > |z|/? > 1, and 


1 
R(z) € (-5 5 implies |z|=1 and R(z) = 5: 
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Hence it follows that 


gx LEWES 


5 and 
—1 —l 
a A Oe _ ea Dee) boo) ee ee 
z—1 z—-1 z—1 


But, as z, z1 € F, we obtain 


(2), Ra)} ¢ (-F.5 


r5 


, and therefore a=0O and z= 2. 


Exercise 1.2.6. A subset I of the upper half-plane is called a generalized circle 
if there exist a, c€ R and b € C such that 


jb]? —ac>O0 and T={zeH* | alz|? +R(bz) +c=0}. 


Justify this terminology, and prove: If A € SL2(Z) and T is a generalized circle, 
then its image under the modular group {Az | z € I} is again a generalized circle. 


Exercise 1.2.7. Prove that the following algorithm terminates after a finite 
number of steps and transforms a number of the upper half-plane into an equivalent 
number of the fundamental domain. 
Input z€ Ht. 
Step 1. If n€ Z is such that —n— 5 < R(z) < —n+ 
and go to Step 2. 

Step 2. If either |z| > 1, or |z| =1 and 0 < R(z) < 4, output z and 
terminate the algorithm. 
If |z] =1 and —} < R(z) <0, set z+ Sz, output z and ter- 
minate the algorithm. 
If |z|<1, set z+ Sz, and go to Step 1. 


, set ze Tz 


NIF 


Apply the algorithm to the number 


9; 
= eae (see Exercise 1.1.3) 
8+ 61 
and determine some A € SL2(Z) such that Az € F. 


Theorem 1.2.8. Let € be a quadratic irrational of discriminant A. Then every 
complex number equivalent to € is also a quadratic irrational of discriminant A. 


Proor. Let 6 be the set of all A € GLo(Z) with the property that for every 
quadratic irrational 7 of discriminant A the number A7 is also a quadratic irrational 
of discriminant A. Then 6 is a subgroup of GL2(Z), and by Theorem 1.2.5 it suffices 
to prove that {U,S,T} C 6. Since Ué = —€, SE = —€-! and TE = E+1, this follows 
by Lemma 1.1.4. 


Exercise 1.2.9. Give a straightforward proof of Theorem 1.2.8 without using 
Theorem 1.2.5. 
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1.3. Reduced quadratic irrationals 


We shall see in Theorem 1.3.10 that for each quadratic discriminant A there are 
only finitely many (proper) equivalence classes of quadratic irrationals with discrim- 
inant A, and we shall explicitly give representatives for them. In the literature, this 
procedure is usually called reduction, and is mostly described either in the language 
of binary quadratic forms or in the language of ideals in quadratic orders. According 
to our program considering quadratic irrationals as the most fundamental concept, 
we first define and investigate reduced quadratic irrationals. 


Definition 1.3.1. A quadratic irrational € is called reduced if 
e either €€F 
eor €€ Rs; and -1<€' <0. 


In this section, we characterize reduced quadratic irrationals and state that they 
indeed represent all proper equivalence classes (see Theorem 1.3.2 for negative dis- 
criminants and Theorem 1.3.5 for positive discriminants). For negative discrimi- 
nants, this turns out to be rather simple. For positive discriminants however, we 
must postpone the completion of the proof to Section 2.2. 

In Theorem 1.3.8, we investigate the connection between equivalence and proper 
equivalence, which is closely connected with Pell’s equation. 

Finally, in Theorem 1.3.10, we state that there are only finitely many (proper) 
equivalence classes of quadratic irrationals of fixed discriminant, and we introduce 
the all-important notion of a (narrow) class number. In Chapter 5 these class num- 
bers will occur as ideal class numbers of quadratic orders, and in Chapter 6 they will 
occur as class numbers for the composition class groups of binary quadratic forms. 
In Chapter 8, we shall prove Dirichlet’s analytic class number formula. 


Theorem 1.3.2. Let € be a quadratic irrational of type (a,b,c) and discriminant 
Ave. 


1. There exists a uniquely determined reduced quadratic irrational €g which is 
equivalent to €. 


2. € is reduced if and only if either -a<b<a<cor0<b<a=c. In 
particular, if &€ is reduced, then 


[A 


0O<a< ae and |bl <a. 


3. The basis number wa is reduced. 


PROOF. 1. By Theorem 1.2.5 there exists a unique 9) € F such that €) ~ €, and 
by Theorem 1.2.8 every complex number equivalent to € is a quadratic irrational. 


2. € is reduced if and only if € € Ff, that is, if and only if S(€) > 0 and 


sehen (a Sa: and ~5<RO<5, oe =i and CSRS 


Nile 
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By the very definition of the type we have a 40, (a,b,c) =1, b? —4ac <0, 


_ b+ Vb? — 4ac b dac — b 


é - RO=—, HQ@=E— ana Pst 
Consequently, € is reduced if and only if a > 0 and 
1 b 1 b 1 
either c>a and GS oe or c=a and Veo a" 


Hence € is reduced if and only if either -—a<b<a<c or 0<b<az=cIn 
particular, if € is reduced, then |b| <a and c>a>0, which implies 


/—A A 

=A =4ec—t? > 407 —o? =3e? and O<a< oa _ 

3. If A = 4D+o,, where D € Zand og € {0,1}, then wa is of type (1,04, —D), 
and thus it is reduced by 2. 


Example 1.3.3. 1. If A € {—3,—7, —11, —19, —27, —43, —67,—-163}, then the 
basis number wa is the only reduced quadratic irrational of discriminant A. 

We give details in the most complicated case A = —163 and leave the others as 
an exercise. Let € be a reduced quadratic irrational of type (a, b,c) and discriminant 
b? — dac = —163. Then b is odd, 0 < a < 7 = |4/163/3], and either -a <<b<a<c 
or 0 <b<a=c by Theorem 1.3.10. It follows that 6? € {1,9, 25,49}. If b? = 1, 
then ac = 41, and (a,b,c) = (1,1,41). If 6? € {9,25,49}, then ac € {43, 47, 53}, 
which is impossible. 

2. If A= 4D and D € {—1, —2, —3, —4, —7}, then the basis number wa = iD 
is the only reduced quadratic irrational of discriminant A. This again is left as an 
exercise. 


Exercise 1.3.4. Determine all reduced quadratic irrationals of discriminant 
A € [—28, —3] U {—43, —67}. 


For a real quadratic irrational €, we define its successor £* by 


=)’ ee 


This definition is justified by the role of €% in the theory of continued fractions (see 
Theorem 2.1.3). 


Theorem 1.3.5. Let € be a quadratic irrational of type (a,b,c) and discriminant 
A> 0; 


1. € is properly equivalent to a reduced quadratic irrational. 
2. The following assertions are equivalent: 
(a) & is reduced. 
(b) —€’~! is reduced. 
(c) 0< VA-b<2a<VA+b. 
(d) 0< VA-b<-2c< VA+b. 
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3. Let € be reduced. 


(a) 0<a<VA, 0<b<WVA, 0<-c< VA and é< VA. 

(b) The numbers €#* and n = —€' + |€| are also reduced quadratic irra- 
tionals of discriminant A, and n is the unique reduced quadratic irra- 
tional satisfying n#* = —€é'-!. 


Proor. 1. This will be proved (using the theory of continued fractions) in 
Theorem 2.2.2.3. 

2. By definition, € is reduced if and only if € > 1 and —1 < &€’ < 0. These 
conditions are equivalent to —é’-! > 1 and —-1 < —&-! = (-€'"!) < 0, which 
means that —é’—! is reduced. Hence (a) and (b) are equivalent. Since —€’~! is of 
type (—c,b, —a), it remains to prove the equivalence of (a) and (c). Observe that 


b+VA , b-VA VA 
f= ’ . = ——  # 
2a 2a a 
If a < 0, then € — €’ < 0 and thus € is not reduced. If a > 0, we obtain: 
b-VA b+vVA 
<0 and 1< 5 
a a 


=> -2a<b—-VA<0 and 2a<b+VA 
=> 0<VA-b<2a<VA+D. 


Hence (a) and (c) are equivalent. 


3.(a) By 2.(c) and 2.(d) we obtain0<b< VA, 0<2a< VA+b<2VA 
and 0 < —2c < VA+b < 2VA. Hence it follows that 0<a< V/A, 0<-c< VA 
and € < VA. 

(b) By Lemma 1.1.4, €* and —€’+|€| are quadratic irrationals of discriminant 
A. Now 0 < €— |€| < 1 implies €* = (€ — |€])-! > 1, and é’— [€] < &’ -1< -1 
implies —1 < (€#)! = (€’ — |€])~! < 0. Hence €# is reduced. 

Since n = —€'+ |€| > [€] > 1 and 7! = —€+ |€] © (—1,0), it follows that 7 is 
reduced, [7] = [€], and n* = (n— |nJ)"' = (m— [€J) "= -€71. 

Assume now that 7, is any reduced quadratic irrational such that nt = —é/-1, 
Then we obtain —&’ = m — |m]|, hence m = |m | —€’, and —1 < ni = |m]|—€ < 0. 
From this, it follows that |m | = |€|, and m = —& + |€| = 7. 


and €-—€'= 


€ isreduced => -1< 


Exercise 1.3.6. Let € be a reduced quadratic irrational of type (a,b,c) and 
discriminant A > 0. Suppose that n = |€| and m = |—€’~!]. Prove that 
e the successor &* of € is of type (bn — an? — c, —b + 2an, —a), and 
e there is a unique reduced quadratic irrational é’ satisfying (€’)* = €. It is 
of type (—c, —b — 2em, —a — bm — em?). 


Theorem 1.3.5 allows us to determine all reduced quadratic irrationals of a 
given positive discriminant. However, it provides no criterion to decide whether two 
(reduced) real quadratic irrationals are equivalent. Such a criterion, even valid for 
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all irrational real numbers, will be given in Chapter 2 by the equivalence theorem 
(see Theorem 2.1.14). 


Exercise 1.3.7. Determine all reduced quadratic irrationals of discriminant 
A € [5,32] (as already mentioned, at the moment we have no criterion to group 
them into (proper) equivalence classes, but we will do this as soon as we have proved 
the equivalence theorem, see Exercise 2.1.15). 


Theorem 1.3.8. For a quadratic discriminant A, the following assertions are 
equivalent: 


(a) Any two equivalent quadratic irrationals of discriminant A are properly 
equivalent. 


(b) Some [every] quadratic irrational € of discriminant A is properly equivalent 
to —€. 

(c) There exists some (x,y) € Z? such that x2 — Ay? = —4. 
If this condition is fulfilled, we say that Pell’s minus equation for A has 
integral solutions. 


PROOF. (a) = (b) If € is any quadratic irrational of discirminant A, then € is 
equivalent to —€, and thus € is properly equivalent to —€. 


(b) = (c) Let € be a quadratic irrational of discriminant A which is properly 
equivalent to —€, say —€ = A€ for some A € SLo(Z). Then € = UAE, consequently 
UA € Stab(€) \ Stab*(€), and by Theorem 1.2.2 there exists some (x, y) € Z? such 
that 2? — Ay? = —4. 

(c) > (a) Let 2, y € Z be such that x? — Ay? = —4, and let &, & be two 
equivalent quadratic irrationals of discriminant A, say 2 = A&,, where A € GLo(Z). 
If det(A) = 1, then & and & are properly equivalent. If det(A) = —1, then Theorem 
1.2.2 implies that there is some B € Stab(&2) such that det(B) = —1, and since 
&2 = BA& and det(BA) = 1, it follows again that €; and & are properly equivalent. 


For a quadratic discriminant A, we denote by 
e Xa the set of all equivalence classes of quadratic irrationals with discrimi- 
nant A; 
° ca the set of all proper equivalence classes of quadratic irrationals with 
discriminant A. 


Corollary 1.3.9. Let A be a quadratic discriminant. If Pell’s minus equation 
for A has integral solutions, then XQj = aay Otherwise every equivalence class 
X € Xa, splits into two disjoint proper equivalence classes X' and X", 


X=X'WX”, and X"={-€|€e X’}. 


PROOF. By Theorem 1.3.8. 


20 1. QUADRATIC IRRATIONALS 


Theorem and Definition 1.3.10 (Class numbers). Let A be a quadratic dis- 
criminant. Then there are only finitely many reduced quadratic irrationals of dis- 
criminant A. In particular, the sets Xj and cat are finite. 


We set 


ha if A<O 
ha =|X d ht= , 
A=|Fal and hy ee i RSe 


We call ha the the class number and On the the narrow class number of discrim- 
inant A. 


e If A <0, then ha is the number of reduced quadratic irrationals of discrim- 
inant A, and |XX| = 2ha. 


e If A>0, then 


jos ha if Pell’s minus equation for A has integral solutions , 
> 2ha otherwise. 


Only in the later Chapters 5 and 6 it will become evident why, for A < 0, we set 
hi =|2A| and not hy |x 5 |. 


Proor. There are only finitely many pairs (a,b) € Z? such that 


0<a<v|Al/3 and |b)<a fr A<t, 
O<a<VJA and 0<b<VA tf A>O. 


According to the Theorems 1.3.2 and 1.3.5, for each such pair (a,b) € Z? there is at 
most one reduced quadratic irrational of type (a, b,c) and discriminant A = b? —4ac. 
Hence the number of reduced quadratic irrationals of discriminant A is finite. 


CASE 1: A <0. By Theorem 1.3.2.1, every quadratic irrational of discriminant 
A is equivalent to precisely one reduced quadratic irrational. Hence ha = |Xq| is the 
number of reduced quadratic irrationals of discriminant A. In this case, Pell’s minus 
equation has no integral solutions, and Corollary 1.3.9 implies |X<| = 2|Xa| = 2ha. 


CASE 2: A> 0. By Theorem 1.3.5, every quadratic irrational of discriminant 
A is properly equivalent to a reduced quadratic irrational. However, in general there 
are several such 9, and we remind the reader of the fact that the proof of this asser- 
tions was postponed to Theorem 2.2.2. Since there are only finitely many reduced 
quadratic irrationals of discriminant A, it follows that ha = |¥,a| < oo, and by 
Corollary 1.3.9 we obtain 


ha _ if Pell’s minus equation for A has integral solutions, 


Ak =|Xt|= 
A= al on otherwise. 
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1.4. Two short tables of class numbers 


We close this chapter with a short table of class numbers ha for quadratic 
discriminants A for |A| < 500. Of course, there exist larger tables, for example 
in Mollin’s book [74], or in [27]. The tables below should encourage an ambitious 
reader to make his own numerical experiments and to do some examples by hand. 

For A < 0, ha is the number of reduced forms of discriminant A by Theorem 
1.3.10, and the entries of our table can be verified as in Example 1.3.3 or in Exercise 
1.3.4. 

For A > 0, we shall derive the methods to reproduce the table only in Chapter 
2. In this case, ha is the number of equivalence classes of periods of discriminant 
A (see Remarks and Definition 2.2.3). Some cases are explicitly done in Example 
2.2.10, but we also refer to the Exercises 1.3.7 and 2.1.15. 


A<0O 


JA 3 |-4[-7] -8 | -11 | -12 [-15 | -16 | -19 | -20 | -28 | -24 | -27 | -28 | -31 | -32 | 
hal tf af tft} tf af 2] tf af 2f 3) 2] ay af 3] 2 


A [35 [36 [30-40 |---| [82 [55 | 5 | 5 |G] 08] 
ral 2] 2] 4] 2] 1 3] 5] 2] 2] 2, 4] af af 2 4 


[B-6 67-68 [-71 72-75-76 [-79|-B0 |-B [BT |-B7 | 88] OT [07] 
ha 2] if at 7] 2] 2] 3] 5] ay 3] 4] of 2 2 SB 


[I-95 [96 [-99 [100 [103] -TOF [107 [108-1 [112 [115 [11] 
haf SP 4 2] 2 5} sf 3] 3} 8] 2] 2] 6 


[R[-T19 [120 [12-194 [197 [128 TT | 182 [135 [136 [130 [140 
asf io] 4] 2, 3] 5] 47 5] 4] of 4] a] 6 


[R18 [Ta [1a Ta [-T5T [152-155-156 [159 [160-168 [16 
haf to] 4, 2, 2] 7 sf 4] 4] oy af Vf 8 


[RT [-167 168 [17 [172 [17 [176 | 179-180] 183 [184 [187 [18] 
faa ul 4, 47 37 6] of 5] 4] sf af 2] 5 


[A [-191 [192 [-195 [196 [199 |-200 |-208 [204-207 [208 [-217 | 212] 
fal Br 4, 47 ay of of 4] of of af 3] 6 


[K-25 [216 | 219 [290 [255 | BOA “DAT [DDB [PBT | “BAD | DAH | 2B 
raf 4] oy 47 4] 7) 8} 5] 4] BP 2] 2 9) 


[230 [240 [2A “DAK [AT [BAB [DBI | 252 [D5 [B56 250 [2007 
haf 15] 4] 3, 6] 6] s8| 7] 4] BT 4] 4] 8 
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[as a aor [aos [ari [are ars [are [aro [0 [8 
ras 3] 8] 2] 3] my s} 4] 8] 2] 4, 3} 
[S-B-BBB [=P -=P0 Y-PO HOE [BOO 

m@]4]_4p Foy sf sf tol of 3} 
EWE 319 
so, 4 4] 5] 0) 8] 4] 6] 2] a] 3p 
[8 [B96 [BIT B= HT [BD [B66 85] 
so 4 Fay sf ep aya} 
R359 360) P37] 


|- 
hal] 19] Pp 
 -383 | 


383 


i 


371 | -372 


rst ap sf sf a} io] 
3ST [-B87 [388 [-BOT | 302-305 | 396 ]-309 [A 
aly 8 4, 4] wy 8] 8] sf 16) 
(AO? [AOR [AT [AT [AT [ATG [ATO] FOO | DSA 
air 4[ of 5] wy By 9] 8| 10) 
[ABT [482 [185 [486 [489] ATT - 
al 6] 4] of bl @ 

55 [456 | 159-4 01 
al 8] 6 
A798 | 183-4 
a, 8] 4 


Tp ay-tP tf tba} 2f at zp 3} at tp 2} ap 


[EE [5B [56[57 [GO] OI" [O5" |S" [OO] 72 | TH] 78] 77 | 80) 
Pat tps tat a} at ap at 3p apt 3 


(SO [92 [9B [96 [OT [TOT TOF [15 [TOS [TOF [TTP 
3 ifs} tat t} tp 2} ap ay tp 


1.4. TWO SHORT TABLES OF CLASS NUMBERS 


[REET [5 [148" [AF [152 [Toa [156 [157 [160 [TT [OA [165 [18] 
xh 2] 47 3} 2 2{ 2] 4{ a 4{ 2] wy 4] 4| 


[RET [T7" [176 [177 [180 [TST [TS | TRS | TSB | TSO [192 [TOS [TOT 
ax 27 if 2t 2f 2, a 2 2] 2f 2t af a i 


[R[ 200" [201 [204 [205 | 208 [209] 21 [P18 [216] ATT [220 [AT [7A | 
axt_2t 21 4f 4] 2] 2} 1 2] 2] 2] 4[ 4] 4] 


[A [228 | 220" [232 [BaF [286 | 237 [DAV | DAT [DAA [245 [28] 219 [BHP 
ext 2r 3 21 tf 2 2] 4 af 1 2} 2] 2] & 


[R25 | 257" [ 260" [BGT [264 | 265" [BGS | BON" [272 [27 [B76 [ATT [ 280) 
ext 2r 32] 27 4{ 2] 2, af 2] 4[ 2] 1 4 


[2ST [284 [285 [288 [202 [DOI | BOG" | 2OT | 300 [HOT [3OF | 5 | BO] 
ast iT 27 4] 4. 17 tf 2] 2] 4] 2] 2] 4] 2] 


[A309 [B12 [ B13" [S16 [B17 [320 [B21 [ 825" | 328" [329 


hal] 2] 4] 4] 6] 4] 4] 6] 2] 4] 2] 2] 2f 4 


[RST [340° [BHT [344 [845 [348 [349 [352 | 353" | B50" [357 [300 | 36d 
ag tf 2) 2] 2] 4] 4] af 4] af af 4f af 4 


[A [S05 [368 [369 [372 [37H [B7G| BT [B80 [ ST [ 381 | 38H | ISNT [TOT] 
fag 2t 2f 2f 2f af 2] 4] 4] 2] 4] 4] af 


[A392] 393 
xt 2t 27 s| i 5] 3] 2, 4] @y 2] 2] 4] 2 


[R420 [aT [DI [ADH [ADB [AY [ABO | AIG" [ABO [487 [AIO | [a 
ext ar tt 2t 27 2] 4 2] 1 1 2] 4] at @ 


KAS 9" [42 [a3 168 
ext ar tt tf 2. 4] vf 4] a 2 4f 2] of 2 


[KAS ATG [AT [ABO] ABT” | ABH | ABST [ABO 
ast st 47 2] s[ 2] 2, 2] 2] 4] 2] 2[ 2] 7 
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CHAPTER 2 


Continued fractions 


The digit expansion of an irrational real number z produces rational approxima- 
tions with arbitrary exactitude. If we use (say) g-adic digit expansions, we usually 
need a dominator of size N = g” to accomplish an approximation with an error less 
than N~-! = g~”. In contrast, Dirichlet’s approximation theorem shows that a suit- 
able choice of denominator q gives rise to an approximation with an error less than 
q-? (see Theorem 1.2.3). A systematic way to produce such good approximations 
with small denominators is provided by the theory of continued fractions, which is 
a main tool in the theory of Diophantine approximation. 

In this volume however, Diophantine approximation plays only a minor role. 
Our main reason for a detailed study of continued fractions lies in the fact that the 
continued fraction of a real quadratic irrational z is ultimately periodic, and that the 
period carries arithmetical information about z. We shall derive the general theory 
as far as it is needed for our purpose in Section 2.1, and then we shall concentrate 
on the theory of real quadratic irrationals. In Section 2.2 we prove the classical 
periodicity results of Euler, Lagrange and Galois, and we provide a detailed study 
of the solutions of Pell’s equation, a topic whose importance was already mentioned 
in Chapter 1 (see Theorem 1.3.8 and the comments preceding Theorem 1.2.3). In 
Section 2.3 we introduce ambiguous and symmetric quadratic irrationals and their 
continued fractions. These concepts will prove to be the appropriate tool for the 
investigation of the ideal class groups of real quadratic orders in Chapter 5. 


The basics of the theory of continued fractions are contained in almost every book 
on elementary number theory. Our main reference is the classical book of O. Perron 
[90]. Other valuable sources are [70] and [43]. A wealth of details and numerical 
examples can be found R. A. Mollin’s book [74]. Concerning Pell’s equation, we also 
refer to [42, §16]. 


2.1. General theory of continued fractions 


For a (finite or infinite) sequence (Un)n>o0 in R such that up, > 0 for all n > 1, 
we define the continued fractions [ug,U1,.-.,Un| for n > 0 recursively by 


ol =tos and, [ni 2c. stg apa] = luo, ey Un—2, Un—1 + oe for n>1. 
nr 
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Explicitly, we obtain 


1 1 
[uo, ui] =Uo+t—, and [uo,u1,.-.,tn] = uot 7 
ai uy + T 
ug + 
a” i 
+ 
Un—1 + — 
Un 
for all n > 1. In particular, it follows that [ug,ui1,...,Un] € R for all n > 0. 


Connected with the sequence (Un)n>0, we define recursively two (again finite or 
infinite) sequences (pn )n>—2 and (dn)n>—2 by 
p2=0, pi=l, and prp=UnPn-1t+Ppn—-2 forall n>0, 


(1) 


gd2=1, g1=0, and gq,=Undn-1+d—2 forall n>0. 
Then pp = up, Pi = vou +1, Go = Gq-2 =1 and q = u1qGQ0 = uy > O. By an easy 
induction we obtain g, > 0 for all n > 0, and thus gq, > dn—2 > O for all n > 2. 


It is convenient to write (1) in matrix form. Then 
P-1 P-2\ _ I and n Pn-1)\ _ (Un 1 Pn-1 Pn—2 for n>0. 
q-1 q-2 0 1 dn In-1 1 O} \@n-1 Qn-2 
By induction it follows that, for all n > —1, 


nm 
Pn Pn-1 ui 1 Dn Pn-1 a 
= and det = ee ee et 
G Pn) Il ( 1 i) & =) Pn@n—-1 — Pn—-19n ( ) 


Theorem 2.1.1. Let (un)n>0 be a (finite or infinite) sequence in R such that 
Un > 0 for alln > 1, and let the sequences (pn)n>—2 and (dn)n>—2 be defined by (1). 


1. If 0<m<n, then [tidis sa 5 ay meee soy thal | = [ilg, tiy«xs Ue 
2. Ifn>0 and x € Ryo, then 
= Pn—-1% + Pn—2 


UO; UL yee 5 Unis @ and 
[ 0,41; »4n—-1) | a oe ae 
Pn 
[Wo,U1,---,;Un] = —. 
dn 
3. If  € Ryo, then uo < [uo,z] = up + 271, and 
1 
tg < [tgs ti, +24 tpi. | < uo + for all n> 2. 
1 


4. If n>0 and u; € Z for alli € [0,n], then it follows that pn € Z, a EN, 


[uo, erace , Un] € Q and (Pres Pn) = (Qn @n—1) = (Pn; In) =1. 


In particular, py is the reduced numerator and qn is the reduced denominator 
OF osccy tel 
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PROOF. 1. Let m > 0 be fixed, and use induction on n >m-+1. Forn=m+1 
there is nothing to do. 


n>m+i1,n-—1—>n: By definition and the induction hypothesis we obtain 


1 
[Rigigas 24 "thingy ths ese) Uys Ue || = luo, seg Unay carer ey Un—2,Un—1 + —]| 
n 


1 
= luo... »Un—2; Un—1 + —| = [tig, -- +) Un—1, Un] : 
n 


2. We use induction on n. For n = 0, the assertion is obvious. 
n>1,n-—-1-—- n: By definition and the induction hypothesis we obtain 


1 
[uo, U1,- 5 “tha 15.2 — [uo ey Un—2, Un—1 + -| 


1 
(un—1 +=) Pn-2 + Pn-3 


1 
(un—1 7 -) Qn—2 + Gn-3 


de Pn—2 
Pa-l Pn—-1© + Pn—2 Pn if 
Gog ee =— 1 r= Un}. 
dn—-1 + ie Gn-1£ + Gn—2 In 
g 
3. We obviously have ug + 27! = [uo,az] > uo. If n > 2, then 1. implies 
uy < [us, ae Mage =i Uy) and 
GS iii cee ging | =| tig; nya s gin 142] 
1 
= up + ———__——- < uy + —. 
[tay ++ 9M 1s 2 U1 


4. By induction on n it follows that p, € Z, dn € N and [uo, u1,...,Un] € Q, and 
SINCE Pndn—1 — Pn—19n = (—1)"*1, we get (Drs Pn—1) = (Gr Geet) = (PasGn) =1. 


Our next theorem paves the way for the investigation of infinite continued frac- 
tions, the representation of real number by means of continued fractions and the 
announced approximation properties. 


Theorem 2.1.2. Let (Un)n>o0 be a sequence of real numbers such that un > 1 
for alln > 1, and let the sequences (pn)n>—2 and (dn)n>—2 be defined as in (1). 


1. If n> 0, then 0 < dn-1 < dn, and if n > 2, then even qn > dn-1 +1 > n. 
2. If up => 0, then up = po < pr < p2, Pn > Pn—-1 for alln => 3, and if uo > 0, 


then p, < po. 
3. If n> 2, then 
eg as if n=0 mod 2, Pe=s 4 Pe if n=1 mod 2, 
dn—2 dn dn—2 dn 
and 
(|=. Pentti) ) is a sequence of nested intervals. 
G2n  G2n4147 20 
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4. Ifn>1, then 
= = n+1 
he a . z= lim ™ exists in R, 
dn Qn-1 Gn—-19n N00 An 


uy = [2] <2 <u +— Sup +l, 
and if m> 0, then 
Z= Jim [uo,- +» Un] a [u0,-- +5 Um» Tim [lm+i,--- Un] : 
PROOF. 1. We use induction on n. 
n<2:¢1=0, ~=1, MQ=u2land@=wugqa+q2u+12 2. 


n>3,n-1—>n: Suppose that gn—1 > da—2 +1 > n-—1. Then it follows that 
Qn-2 >N—-—2>1 and therefore gp = Undn—1 + Gn—2 > In-1 + MIn-2 > Gn-1 +1 > 1. 


2. Again, we use induction on n. 

n€ {1, 2}: p1 = uous +1 > up = po = 0, hence py = usp, + po > pi + Uo = pr, 
and po > p, if ug > 0. 

n>3,n-1—5n: If pp_-1 > pn—2 > 0, then pp = Unpr—1 + Pn—2 > Pn—1- 

3. and 4. Ifn > 1, then 


Pn _ Pn-1 _ Pn@n-1~Pn—-14n _ (-1)"*1 12 O if n is odd, 


Qn In-1 dnQn-1 QnQn—1 | <O if n is even. 
For n > 2 this implies 
a ee (pe, op" 
Gn dn—2 dn dn-1 Qn-1 dn—2 dn QIn-1 dn—19n—2 


= = — —) , and thus sen (2 = mn) =(-1)", 


dn-1 dn—-2 dn dn—2 
( a P2n+1 ) 
q2n q2nt+147 n20 


since Gn > Gn—2. Hence 
is a sequence of nested intervals, and therefore the sequence 


Pp 
(= = ({uo, Ul, in|) sp converges. 
Gn / n>0 2 
If m € No, then «+> [uo,...,Um,2] is a rational function in x € Ry». It is continu- 
ous, and therefore 
= lnm == = lint [tgss0~5 Uns Uy eis se +5 Un 
N—-0o dn nN—- oo 
= Jim [uo, +++) Um; [tem+1, ee , Un] 
— [uo, v5 flys Ue git ge «< Un] : 
noo 
In particular, 
i @= lm [d,s t,l, then. ¢= lug, 11; 2]; 
noo 


and 


1 
uo = |z| <z<upt— <ug+1 by Theorem 2.1.1.3. 
U1 
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If z € Qand z = [uo, u1,..., Un], where n € No, uo € Zand uy,...,Un € N, then 
(by abuse of language) this representation (rather than the sequence (wo,...,Un)) 
is called a (finite) continued fraction of z. If p; and q for i € [—2,n] are defined by 
(1), then p; € Z and q € N for all 7 € [0,n] by Theorem 2.1.1.4, and we call p; the 
i-th partial numerator, q; the i-th partial denominator and E the i-th convergent 
of this continued fraction. 


IfzeR, up € Zand (un)n>0 is a sequence in N such that 


z= lim [uo,w1,..-,Un], then we write z= l[uo,m,...], 
MOO 


and (again by abuse of language) we call this representation (rather than the se- 
quence (Un)n>o0) the (infinite) continued fraction of z. In the subsequent Theorem 
2.1.3 we shall prove that the continued fraction of a rational number is always finite 
(but not unique), and that every irrational number has a unique (infinite) continued 
fraction. 

Consequently, if z = [uo,u1,.-..] € R\ Q, then it follows that the sequences 
(Pn)n>—2 and (Gn)n>—2 defined in (1) and the numbers z, = [tn,Un+1,.-.] € R\Q 
(for n > 0) are uniquely determined by z. We call p, the n-th partial numerator, 
dn the n-th partial denominator, Om the n-th convergent and z, the n-th complete 
quotient of z. Again, it follows that pp, € Z and gq, € N for all n > 0. 


Theorem 2.1.3 (Existence and uniqueness of continued fractions). Let z be a 
real number. 


1. If 2 €Q, then z has precisely two continued fractions. They are finite and 
of the form z = [uo,U1,---, Ux] = [Uo,---,Uz—1, Ux — 1,1], where uo € Z, 
and eitherk =0, ork EN, uy,...,uzn € N and uz > 2. In particular, z has 
precisely one continued fraction whose length has a preassigned parity. 


2. If z € R\Q, then z has a unique (infinite) continued fraction z = [uo, u1,..-]. 
Let (pn)n>—2 be the sequence of partial numerators, (qn)n>—2 the sequence 
of partial denominators and (Zn)n>0 the sequence of complete quotients of 
z. Then the following assertions hold for all n> 0: 


tig = |_| 5. Set = zit = is the successor of z, 


Zn — [Zn] 
Pn (=1)" 
dn dnl Gn eaxt + Gai) 
and 
1 1 1 
—__— < | ge" = ee 
In(Gn oF Qn+1) dn GnQn4+1 dn 


PROOF. Existence: 
CASE 1: z € Z. We set up = z and obtain z = [uo] = [uo — 1, 1]. 
CASE 2: z € Q\ Z. Suppose that 


=. where pEZ, qEN andgq{p. 
q 
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By the Euclidean algorithm, we obtain the following sequence of k+1 divisions with 
remainder (for some k € N): 


rj~=p=uq +n, where up €Z, 71 € [1,q-1], 
ro =q=eumrnt+re, where uz EN, ro € [1,71 — 1], 
ry, = Ura +13, where uz EN, rz € [1,re— 1], 
tee UWe tea tihe, where waa EN, re [rea — 4], 
Ye—-1 = UTR; where up EN, up > 2. 


Now we prove by induction on 7 that 


jes 
2 = (uo... sts : for all i€[-1,k-1]. 
q Tit. 
Finally, for 7 = k — 1 this implies 
Pp 
q — [up, U1,.-., UE 7? [oy Wis ++) U1, Ue > 1,1] : 
For 7 = —1 there is nothing to do, since r_; = p and 19 = q. 
i€[0,k-—1], «—1-—7%: Using the induction hypothesis, we obtain 
P — | Wilt “4 
—~ = |U0,-+++,Ui-1, ——] = | U0s-- +» Ui-1,. 
qd r% vr 
Ti+l r; 
= [wor tina we + | ieee . 
i Ti+. 


CASE 3: z € R\Q. We define sequences (un)n>o in Z and (Zn)n>0 in R\Q 
recursively by 29 = Z, Un = |Zn|, and 


1 
zn Zn 
If follows by the very definition that z, > 1 and uy, € N for all n > 1. We show by 
induction on n, that z= [uo,...,Un,2n41] for all n > —1. 

For n = —1, this is obvious. 

n>0, n-1l—n: Ifn>0 and z= [uo, 


Zn41 = et = for n>0. 


sii y Unt en) then 


P= [Upsscss tig 2h] = luo, prey tignay Unb = [UOps-s ats zac | 
en4+1 
Let (Pn)n>—2 and (dn)n>—2 be defined by (1). Then 
[ug, U1,---] = lim au , and thus we must prove that z= lim Be 


If n € No, then z = [ug,..-, Un; 2n41], and Theorem 2.1.1.2 implies 


Pr _ Pr?ntit+Pn-1 Pn _ Pn-19n —Pr9n-1_ _ (—1)" 


dn Qn2n+1 7 In-1 dn 7 Gr nena ae Qn—-1) Gn Gaeta = Gp=1) ; 
By Theorem 2.1.2 we obtain un4y1 < Zn41 = [Un41, 2n+2] < Un+1 +1, and 


MS dn S Ant = InUnti + In-1 < In2Zn41 + In-1 < dnUnti + Gn + Qn-1 = In + An+1 - 
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Hence it follows that 


1 1 Pn i 1 1 
a ge ee ee tl a aan 
Qn(Gn + Gn+1) Qn(Qn2n4+1 + Gn—1) | In Git Gg n 

and, in particular, this implies convergence. 
Uniqueness: We shall prove the following assertion : 
A. Let uo, up € Z, mn E No, n < m, uw1,...,Un, Uy,-.-,U, € N and 
oe € Rs; such that (ug, ti, .+5 pq; 2] = (Up, Hy, s+ 5th, 2]. Then um = a, 
for all i € [0,n], and x = [uh,44,..., Up, 2’). 
We first prove the uniqueness using A in the following three steps: 
I. If z has two finite continued fractions, then they are as asserted; 
II. z cannot have both a finite and an infinite continued fraction; 
III. if z has two infinite continued fractions, then they coincide. 
I. Suppose that z = [uo, u1,..., Ux] = [up, uj,.-., uj], where k,l E No, k <1, 


Uo, Uy € Z and uy,..., Ux, uy,-.-,u, EN. 

CASE 1: &=0. Then 2= wig = [uh, 0) ,+ +s ,t]. BL = 0, then up =u. 1 =1, 
then up = ul) + ui’, and since u, > 1 it follows that uw, = 1 and uf = uo — 1. If 
1 > 2, then ul, < up < uy tu’ < uy +1, which is impossible. 

CASE 2: & > 1. Then [tig,... jas ue] = [ups e+5 thys [hy 5 eq], amd 
by A it follows that u; = uj for all i € [0,k — 1] and uy, = [uj,..., uj]. Since 
uz = [uz], CASE 1 implies that either k=1, u,=u, or L=k+1, u,=up—-1 
and u,., = 1. 

II. Assume to the contrary that z has a finite and an infinite continued fraction, 
say 2 = [up, U1,-+-, Ux] = (ug, ty,.-.] = [Ugr---1 Up) Mer Ueya---|], where & € No, 
Uo, Uy € Z, w,...,ue € N and ui € N for alli > 1. By A, it follows that 
Up = [Up Upias---] © N, and thus uj, < uz <u, +1, a contradiction. 

III. Suppose that z = [uo,w1,...] = [ug, u4,--.], where uo, up € Zand uj, ui EN 
for all i > 1. For n € N, we have |[uo,..., Un; [Ungi,---]] = [up,---) Uns pail, 
hence wu; = uj, for all i € [0,n] by A, and therefore it follows that u, = uf, for all 
n> 0. 

Proof of A. We proceed by induction on n. 


m= 04 Sines: [tig.te| = [tj i2. tty O | — [hy (assy gs @ || We Ota 
a 1 
as [Oiacces teste’ | 
Tf [tjscce sts | = 1, then m = Oand 2 = 1, hence g-=— 1 and wy = 4). If 
[uj ,---) Um, 2] > 1, then x > 1, hence again up = up and x = [u},...,U,, 2’. 
n>1,n-1—>n: Since [uo, [ui,...,Un,2]] = [up, [uy,---, Wn, a], we obtain 
1 - 1 
vo [u1,..., Un; 2 a [ie acca tel. ste) 
AS. (Ui y.205tins | > uy 2 1 end [js-.4t ga] 2 wy > 1, we get ay = u, 
[ui,...,Un, x] = [u,...,ul,,, az], and the assertion follows by the induction hypothe- 


SIS. 


32 2. CONTINUED FRACTIONS 


Exercise 2.1.4. Calculate the continued fractions of 0, = and i. 


Exercise 2.1.5. Suppose that b € N. Prove that the reduced quadratic irrational 

6, = (b+ Vb? + 4)/2 has the periodic continued fraction 6, = [b,b,b,...], and that 
the partial denominators are given by 

Oy — 6," 

b24+4 
Consider in particular the case 6 = 1. 


The Fibonacci sequence (F,)n>0 is recursively defined by Fo = 0, Fi = 1 and 
F,, = Fn-1 + Fn—2 for all n > 2. Prove that 


for all n > 0. 


i ./ 
fy, = et. ee. forall n>1, 
j=0 
and 
F, 1 5 
a is the n-th convergent of the golden ratio 0, = = ; 
n 
Exercise 2.1.6. Assume that 7 = 3.1415926... (correct to seven decimals). 
Prove that a = [3,7,15,1,...], and the first three convergents of 7 are 2 — and 
= Verify that | - 3 | 210%, 


We continue with an application of continued fractions to the representation of 
a positive integer as a sum of two integral squares. In particular, we shall prove the 
classical result of Fermat that every prime p = 1 mod 4 is a sum of two integral 
squares, and our proof will even provide an algorithm to produce these squares. We 
shall come back to this question at several places of this volume with different meth- 
ods (see Section 3.4 and the Theorems 3.2.5, 6.2.6 and 6.2.13 ). Constructive proofs 
of Fermat’s theorem by means of continued fractions or the Euclidean algorithm 
have a long history, and we refer to [25] for a thorough discussion. Our approach 
follows the version given in [9]. 


Theorem 2.1.7. Let p and q be positive integers, p > q and 


F  ligottigsesytin ls where n€No and uo,...,tn EN. 


Let (pi)ie[—2,n) be the sequence of partial numerators and (qi)ie[—2,n] the sequence of 
partial denominators of this continued fraction. 


1. We have 
Pn 


7 Pn-1 


les tn — 15204 tl 


2. Suppose that p|q?+1 andn =2k+1 for some k € No. Then p= petpi_y.- 


3. Every prime p= 1 mod 4 is the sum of two integral squares. 
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PrRoorF. 1. Induction on n. 
n=0: p_1 =1 and pp = uo. 
n>1,n-1—- n: By the induction hypothesis, we obtain 


[igs Up 13 oie , Uo] = [un ne te , Uo] = Un + a 
[eteg tis Boone , Ug] 
Pn—-2 UnPn—1 + Pn-2 Pn 
= Un + = = —_.. 
Pn-1 Pn-1 Pn-1 


2. By assumption, (p,q) = 1, hence p= pn, =n; Pn > In and q2 +1= ppb 
for some b EN. Since prgn—1 — Pn—1dn = (—1)"*" = 1, we obtain 


Qn(dn — ‘Dn t) = (q - 1) — CAL - 1) = Pnb — PnIn—1 = Pn(b _ ei) ) 
and since (Pn, dn) = 1, it follows that py | gn — pn—1. The inequalities p, > dn > 0 


and. Da = UnPaat + Pao > Pai > 0 imply py > ga. — Poa and pa > Da-1 — On; 
hence |~n—1 — Gn| < Pn, and therefore pp—1 = dn. Since 


Pn Pn 
dn Pn-1 


the uniqueness in Theorem 2.1.3.1 implies uj = un—j; for all 7 € [0,n], and therefore 
Uk+j = Uk+1—; for all 7 € [0,k]. Hence we obtain 


Pp p Pn —P uz 1 : uj tl : U 1 
n—-1)\ n n-1 = a = a k-i 
(; ee mt) (i 7 II (i JU 1 0) 


k k t 
=J[ ut Il ui l\| _ (Pk PR-1 ( Pk dk ) 
a pee dk Gk-1) \Pr-1 U1)’ 


— 


[Mos thts sxx sth [Ras Briss es 5g] 5 


and consequently p= p. + a 

3. Let p = 1 mod 4 be a prime. By Theorem A.6.3.6, there exists some x € Z 
such that 2? = —1 mod p, and we may assume that 0 < x < p. Then p|x?+1, and 
there is a continued fraction of even length 


— [wo,U1,---,U2e+1] for some k € No. 
x 


Hence p is the sum of two integral squares by 2. 


Exercise 2.1.8. Write 10006721 as a sum of two squares. 


Exercise 2.1.9. Let (un)n>0 be a sequence in R such that u, > 0 for all n > 1, 
and let the sequences (pp )n>—2 and (dn)n>—2 be defined as in (1). 


a) Prove that prgn—2 — Pn—29n = (—1)"Un for all n > 0, 


iste ieceestin |) = vs for all n>O if ug > 0, 
Pn-1 
and 
[tip thg—ts>-.+ sti | = = forall n>1. 


- dn-1 
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b) Suppose that n > 1, uo,...,Un € N, and uj; = un—; for all j € [0,n]. Then 
Dn divides g2 + (—1)"*1. 


If z€ R\ Q, then we have proved in Theorem 1.2.3 (Dirichlet’s approximation 
theorem) that there are infinitely many pairs (p,q) € Z x N such that 


and in Theorem 2.1.3.2 we have seen that the convergents of z have this property. 
In the subsequent Theorem 2.1.10 we shall, conversely, characterize the convergents 
of z by an approximation property. In Corollary 2.1.11 we use this result to derive 
a simple criterion for an approximating fraction to be a convergent, and in the 
subsequent Corollaries 2.1.12 and 2.1.13 we present two simple applications to 
binary quadratic Diophantine inequalities. 


Recall from Theorem 2.1.3, that every rational number has a continued fraction 
whose length has a preassigned parity. 


Theorem 2.1.10 (Legendre’s approximation theorem). Suppose that z € R\Q, 
(p,q) € ZX N such that (p,q) = 1, and 


Ee [vo,V1,---,Un], where nENo satisfies (—1)" = sen(2 — *) ; 
qd qd 


vo € Z and v,...,Un EN. Let (p))iej-2,n) be the sequence of partial numerators and 
(di )ie{_-2,n] the sequence of partial denominators of the continued fraction |vo,..., Un| 
(hence pi, = p and q}, =q), and set q' =q},_,. Then 

il 
qiqa+q') 
In this case, p = py is the n-th partial numerator and q = qn is the n-th partial 
denominator of z. 


. is a convergent of z if and only if E = | < 
q 


PROOF. We set 


v=¢lz-4], hence z = —+ 
q q 


Since g > q' > 0 and q > 1, it follows that 


ee Le 


27 qtq 
CASE 1: J > 1. By Theorem 2.1.3.2, 
E _Pl_ 0 1 a 


<1. 


> zs 2 
q! @” @~ gat) 
CASE 2: 3 <1. We set 


implies that P is not a convergent of z. 
qd 


yal ’ 
a a 


p=p,,~ sad w= 
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Then p’g— pq’ = Dy_1%p — PnG—1 = (-1)”, 


7a Dw te _ Pr + Pn-1 1, és w] = |v e Powe Be 
qutq¢ dwt. 00” pM ET ele 
and 
i(P a) ! 
ay 4 
ny ae Po apg = (-1)"00' + 9'¢? 
Pte pq? + (-1)"0q — pd? 
(G+ ? ja-p = 


_ ap'g—pd')—(-1)d¢ _ g@— bd 
(—1)"vq oq 

If n = 0, then qd =O andw=¥!>1.Ifn> 1, then q—0q' > q—q' > 0. In any 

case, it follows that 


w>0, v= a ; 
q + qu 
and therefore 
o< z ; ifandonlyif w>1. 
q+¢q 
CASE 2a: w > 1. Let w = [Unii,Un+2,---] be the continued fraction of w. 
Then vp41 = |w| > land z=[v9,...,Un,w] = [vo,---,Un,Un+1,---], Which implies 


P= Pn and q = qn. 

CASE 2b: w < 1. Then n > 1, hence q’ > 1, and since v, + w7! > vz +1, 
we obtain v, + wt = [un + ¢,Un41,--.] for some c € N. Therefore it follows that 
z= [v0,---,Un—1,Un +, Undi,---], Pi = pi and q; = qd; for all i € [—2,n — 1], and 

Gn = (Un + €)Gn—1 + Gn—2 = UnGn—-1 + In-2 + C1 =I ted > G2 =Gn-1- 

If dun—1 < ¢ < Qn, then q cannot be a partial denominator of z. If qn_1 = q, (that is, 
d,-1=@,); then n = 1 and g=q/ = 1, which implies v; = 1 and up = v9 = p— 1. 
Hence z = [p—1,1+c,...], and therefore p — 1 = (p — 1)/1 is the unique integral 
convergent of z. Consequently, 


— ; is not a convergent of z. 


I | = Pe 
ae q! — 2¢q? 
PROOF. We apply Theorem 2.1.10. If q’ is as there, then 
2) 1 1 
zZ- =| <= < —— 
qq! 2q? ~ a(q+¢’) 


then 2 isa convergent of z. 
qd 


, and thus P isa convergent of z. 
q 


Corollary 2.1.12. Assume that z€R\Q, p,qEN and (p,q) = 1. 


If |p? — z*q"| <z, then e is a convergent of z. 
q 
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PROOF. Let ? € Rso, n E€ No, vo € Z and v4,...,Un € N be such that 


Pp mh Pp 
-== ( ) and — = [v0, V1,---, Un]. 
qd q q 
Let. (pj)ic[—2,n) be the sequence of partial numerators and (q})ic[-2n]_ the sequence 
of partial denominators of the continued fraction [vo,...,Un] (hence pi, = p and 
g}, = q), and set q’ = q,_,. By Theorem 2.1.10 we must prove that 
q 
qtq' 
By assumption, we have 
g = @|2-2| = ee, 
q qz +p qz +p 


If n = 0, then q’ = 0, and since J < 1, the assertion follows. Thus assume that 
n > 1. It suffices to prove that 


ae — which is equivalent to d<®=q-(q-*). 
qz+p qt+q z z 
If n = 1, then 
g-2=4(2-2) <0 and therefore d =a =1<4<q-(a-8). 
ZB q z 
If n > 2, then 
v 1 
Ja-2|=4 2-#|-+< <1, and d= dh-1 Sa-1<4a-(a-*). 
z z qd qz ptqz z 


Corollary 2.1.13. Let DEN be not a square, and p,q EN. 
If |p? - Dd <VD,_ then P is a convergent of JD. 
qd 


Proor. By Corollary 2.1.12, applied with z = VD. 


We close this section concerning general continued fractions with the promised 
criterion for the equivalence of two irrational real numbers (see the remarks between 
the Exercises 1.3.6 and 1.3.7). 


Theorem 2.1.14 (Equivalence theorem). Let z, y € R\Q be two irrational real 
numbers, (zi)i>0 the sequence of complete quotients of z and (y;)i>0 the sequence of 
complete quotients of y. 


n 


1. For every n>0, z is properly equivalent to (—1) 

2. Let A € GLo(Z) be such that y = Az. Then there exist m, n € No such that 
(—1)™*" = det(A) and zp = ym. 

3. z is equivalent to y if and only if there exist m,n € No such that zn = Ym 
(and then it follows that zn4i=Ym4+i for all i>0). 


came 


2.1. GENERAL THEORY OF CONTINUED FRACTIONS 37 


Proor. Let z = [uo,u1,...] be the continued fraction, (pp)n>—2 the sequence 
of partial numerators and (g¢p)n>—2 the sequence of partial denominators of z. 


1. Ifn > 0, then 


Pn-12n + Pn-2 
= Uiy< fof tn 192s =e an = ( 


(—1)" Dna ae ia (=1)" 2, 
Qn—-12n + In—2 


Qn—-1 dn—2 


and 


Qn-1 Qn—2 


det (CPt "ay 


Hence it follows that z is properly equivalent to (—1)"zZn. 


2. We may replace A by —A, and thus we may assume that 
_(a 6 
a=(° and y2+0 > 0. 
For n > —2, we define p> = apn + Ban and g = yPn + 6qn. Then px, gf € Z, 
a : , Ge 
Ont In Qn+1 Qn)’ 

and since pt4149, — Padnai = (—1)" det(A) € {+1}, it follows that (p;,,¢q;,) = 1. If 
n> 1, then 


In—1 = YPn-1 + bQn—1 = y(tn—1Pn—2 + Dn—3) Si b(Un—19n—2 + Qn—3) 
= Un-1%n-2 + In-3 - 


Since 
Ge 1, Gy, = an(y=# +6) foralln >0O and lim Cae re ee ee 0, 
dn n=co On 
there is some N > 3 such that gF_, = Un-1¢@,_9 + G_3 > G_» > 0 (and thus 
g,-, > 2) foralln>N. 
Assume from now on that n > N, and consider the continued fraction 
Di 
Oni 


where m € N is such that (—1)™ = (—1)" det(A), uo € Z, v1,...,Um—1 € N and 
m > 2 (since gi_, > 2). Let (pj) ;c[-2,m—1) be the sequence of partial numerators 


= (vo, U1, eee yeas 


and (95) je[-2,m-] the sequence of partial denominators of the continued fraction 


[v0,21,+--;Um—1]. Since (p*_1,q*%_1) = 1, we obtain p-_, =pi,_1, G-1 = Un-1 
and 


Pe-19m—2 — Ge—1Pm—2 = Pm—19m—2 — Gn—1Pm—2 = (—-1)™ = (—1)"det(A) 


ok x * * 
= Pn—-1%n—-2 ~— In-1Pn-2 - 


It follows that pp_1dm—2 = Pn—19n—2 mod gh_y, hence gj,» = G,—2 mod gr_y, and 
1<qd,o<G,_1 = G_1, since m > 2. On the other hand, we have 1 < g*_5 < g*_1, 
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and therefore we obtain gj, 5 = q7_», hence p),_» = p*_», and 


Az = A Pn-1 Pn-2 ln = 04 Pr—2 Zn 
Qn—-1 Yn—2 Qr-1  In—-2 

_ Ge oe) _ Pim—12n + Pin—2 

= ee 


Gani Gn—2 Qin ee + Criasd 


By the uniqueness of the continued fraction of y we conclude that zp, = Ym. 


y 


= [vo, see) Um—-13 ram : 


3. Obvious by 1., 2., and the uniqueness of the continued fraction. 


Exercise 2.1.15 (Continuation of Exercise 1.3.7). In Exercise 1.3.7 we deter- 
mined all reduced quadratic irrationals of discriminant A € [5,32]. Now calculate 
their continued fractions, group them into classes of (proper) equivalence and deter- 
mine ha and hy for these discriminants. 


2.2. Continued fractions of quadratic irrationals I: General theory 


By a theorem due to Euler and Lagrange (18th century!) an irrational real num- 
ber has an (ultimately) periodic continued fraction if and only if it is a quadratic 
irrational, and by a theorem of Galois, the continued fraction of a quadratic irra- 
tional € is (purely) periodic if and only if € is reduced. These classical results will be 
summarized in the subsequent periodicity theorem 2.2.2. In the course of its proof, 
we will also obtain a proof of the hitherto unproved Theorem 1.3.5.1. First, however, 
let us fix some terminology connected with periodicity. 


A sequence (%p)n>0 is called ultimately periodic if there exist integers k € No 

and 1 € N such that ¢p4; = @, for all n > k, and in this case we write 
(Baas = (xo, see, URK—-1,Uk,--- , &k+I-1) : 

If 7 € N is minimal such that 2,4; = 2%, for all sufficiently large n € N, then we call 
l the period length and (ax,...,@%41-1) the period of (%p)n>o. If 1 is the period 
length of (%,)n>0 and k € No is minimal such that v,4; = x, for all n > k, then 
we call k the pre-period length and (in case k > 1) (x0,...,%%~1) the pre-period 
of (tn)n>o0- If k = 0, then (%p)n>0 is called periodic. The following simple Lemma 
2.2.1 is useful in dealing with period and pre-period lengths. 


Lemma 2.2.1. Let (tn)n>0 be an an ultimately periodic sequence with pre-period 
length k and period length l. For any ky © No and l, EN, the following assertions 
are equivalent: 


(a) 2425 = iy for all M2 hi. 


PROOF. (a) => (b) Let pw, po € No be such that 1; = lw+p and p < I. For all 
sufficiently large n € N we then obtain @, = 2p+pl+p = Xn, and thus p = 0 by the 
minimality of J. It follows that 2, = %,+4,, for all n > ki, hence also &p = &n45,1 for 
all n > ki and j > 0. If 7 € N and jul > k, then 2 = 2p4jyl = Lntjultt = Ln4l 
for all n > k, and therefore ki > k by the minimality of k. 
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Theorem 2.2.2 (Periodicity theorem). Let € = [uo,w,...] € R\ Q be an 
irrational number and (Ep)n>0 its sequence of complete quotients. 


1. Fork €No andleEN the following assertions are equivalent: 


(a) The sequence (Un)n>0 is ultimately periodic with pre-period length k and 
period length l. 


(b) The sequence (En)n>0 is ultimately periodic with pre-period length k and 
period length I. 


(c) The numbers € = 0, £1,.--,&§k41-1 are distinct, and €%41 = &&. 


2. (Euler - Lagrange - Galois) The sequence (Un)n>0 is ultimately periodic if 
and only if € is a quadratic irrational, and it is periodic if and only if € is 
a reduced quadratic irrational. 


3. Let € be a quadratic irrational of discriminant A, k the pre-period length 
and | the period length of (€n)n>0- 


(a) For alln >0, & is a quadratic irrational of discriminant A which is 
properly equivalent to (—1)"€, and if n>k, then €, is reduced. 


(b) Thel numbers €, &41,---,&ke41-1 are all reduced quadratic irrationals 
which are equivalent to €. 


In particular, every real quadratic irrational is properly equivalent to a re- 
duced quadratic irrational (as asserted in the Theorems 1.3.5.1 and 1.3.10). 


Proor. Throughout, we make use of the uniqueness of infinite continued frac- 
tions (see Theorem 2.1.3). 

1.. (a) <= (b) Since E,37 = [Gnajs tnapeasess| and Ey = [Ups tinga,-..| for all 
n,l € No, it follows that €,1; = €, for all n > k if and only if uz1; = un for all 
n >k. Hence (a) and (b) are equivalent. 


(a), (b) => (c) By definition, £4; = €, and we must prove that € # €, for 
all i, s € [k,k +1 — 1] such that i £ s. Thus suppose that k <i<s<k+l and 
£; = €.. Then |ij;, wja4,.-+| = lus, tsaa,.--], and therefore u, = t,1,-; for all > 4. 
By Lemma 2.2.1, we obtain i > k and 1|s —1%, but as s —i < l, this implies s = 7. 


(c) = (a) Since 4; = €, it follows that [uxis, uxtiti,---] = [Uk, Uedi,---] 
and therefore u, = Un4, for all n > k. Let ko € No be the pre-period length and 
lo € N the period length of (un)n>0. By Lemma 2.2.1 we get ko < k and Ip |1, hence 
k +1 > ko + lo, and by the already proved implication (a) = (c) it follows that 
Eko+lo = ko. Hence k +1 = ko +19, which implies k = kp and | = Ip. 


2. We proceed in four steps : 

a. If (un)n>o is periodic, then € is a reduced quadratic irrational; 
b. If € is a reduced quadratic irrational, then (un)n>o is periodic; 
c. If (Un)n>o is ultimately periodic, then € is a quadratic irrational, 


d. If € is a quadratic irrational, then (un)n>o0 is ultimately periodic. 
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a. Let (Un)n>0 be periodic with period length 1, (pn)n>—2 the sequence of 
partial numerators and (qn)n>—2 the sequence of partial denominators of €. Then 
u=u>i1, p1=l1l<u=po, ¢1=0<q=1< qm = WN, and the sequences 
(pi)s>o0 and (q;);>1 are strictly monotonically increasing. Since 


pi-1& + Di-2 
€ =[uo,.--, W_-1, &1] = [uo,--- , W_1, €] = ——_ , 
[uo 1-1, &] = [uo iat] 7 aera 


it follows that 

a6? + (q-2 — pi-1)€ — pi_2 = 0. 
Hence € is a quadratic irrational, € > up > 1, and the numbers € and its conjugate 
€’ are the only roots of the polynomial f = q_—,X? + (q@—2 — p-1)X — pi_2- Since 


f(-1) = q-1 -— G2 + pi-1 — pi_2 > O and f(0) = —py_2 < 0, it follows that 
&' € (—1,0), and therefore € is a reduced quadratic irrational. 


b. Let € be a reduced quadratic irrational of discriminant A and (€;)n>0 the 
sequence of complete quotients of €. Since > = € and €)41 = ct for all n > 0, 
Theorem 1.3.5 implies that (€)n>0 is a sequence of reduced quadratic irrationals of 
discriminant A, but by Theorem 1.3.10 there are only finitely many of them. Hence 
there exist indices k € Nog and / € N such that €%4; = &%, and &, &,...,&k41-1 
are distinct. Therefore 1. implies that the sequences (un)n>o0 and (€)n>0 are both 
ultimately periodic with pre-period length & and period length /. We must prove 
that k = 0, and we assume to the contrary that k > 1. Then €%_1 A €41-1, 


1 1 1 
Exti-1 = Uk+i-1 + >— =Unqi-1t—, €r-1=Ur-1i+—, 
Ektl Ek 


k 


and therefore €,41-1 — €k-1 = Uk4l-1 — Ur-1 € Z. Since {&41-1, &-1} C Q(WA), 
it follows that 4,1 — 1 = (€ksi-1 — €k-1)’ = Esi-1 — &e-1 € Z, and as 
{Ee41-1 €e-1} C (—1,0), we obtain &.,_, = €_1, a contradiction. 


c. If (Un)n>o0 is ultimately periodic with pre-period length k € No, then the 
sequence (Uz4+n)n>0 is periodic, and therefore & = [uz,up41,-..] is a quadratic 
irrational. Since € ~, (—1)*€,, it follows that € ~ &, and therefore € is a quadratic 
irrational, too. 


d. Let € be a quadratic irrational. Ifn > 1, then &, = [un, Un4i,---] ~ €, hence &;, 
is also a quadratic irrational, and €, > un > 1. We shall prove that —1 < &, < 0 for 
some k > 1. Then the sequence (un)n>x is periodic, and consequently the sequence 
(Un)n>o is ultimately periodic. 

Let (Pn)n>—2 be the sequence of partial numerators and (qn)n>—2 the sequence 
of partial denominators of €. For k > 2 this implies 


_ Pr-1€k + Pr—2 —qr—2€ + De—2 Gk—2 


= hence &j = and €,=—-——% 
Qe—-16k + In—k Gnt§ = Deni ‘ Uk-1 
where 
y  Wk-2 »  Pk-1 | Pk-1 | Wk-2 
_ tk~2 ee a eee : 
a Gk-2 Ge-1_Ge-1_Gh-2 _ (—1) 
— Pk-1 Pk-1 ~~ Pk-1\ ~ 
hel gM a= 
dk-1 dk-1 dk-1 
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Since 
. C= . Dk 
jim = aE and lim ma Si 


there exists some kp > 2 such that 


Y >0 and sen(€’ — aes, =sen(¢’—€) forall k> kp. 
kk 


If k > ko is such that (—1)* sgn(é’ — €) = —1, then it follows that 7 € (0,1), and 


— 42 € (1,0) implies &, =- aL e(0), 
k-1 


3.(a) We apply 2. and Theorem 2.1.14.1. If n > 0, then €, is properly equiv- 
alent to (—1)"€, hence equivalent to €, and therefore €,, is a quadratic irrational of 
discriminant A. If n > k then &, = [Un, Unqi,---> Unql_1 |, and thus €,, is reduced. 


(b) By 2. and 3.(a), the numbers €%, €:41,---,&41-1 are distinct reduced qua- 
dratic irrationals which are equivalent to €. Let 7 be any reduced quadratic irrational 
which is equivalent to €, and let (7m)n>0 be the periodic sequence of its complete 
quotients. By Theorem 2.1.14, there exist indices m,n € No such that €&,; = mm. 
Then it follows that €,4; = m+, for all 7 > 0. Let J be the period length of (7m)n>0 
and s,r, 7 € No such that sl > m, n+sl—-m=k+rl+ J and j < l. Then we 
obtain 7 = 70 = Nst = n+sl-m = Ek+jtrl _ Ek+j- 


Remarks and Definition 2.2.3. Theorem 2.2.2 causes the following definition. 
Let A > 0 be a quadratic discriminant and € a quadratic irrational of discriminant 
A. Let (€:)n>0 be the sequence of complete quotients of €, k its pre-period length 
and I its period length. Then we call z() = (&%,&41,---,;&€41-1) the period and 
1 =I(&) the period length of €. By definition, it follows that 


AE iip) = (pi Ce + Os os ee) orally © [0.1 — 1], 


and the | numbers €%,...,€41-1 are precisely the reduced quadratic irrationals 
equivalent to €. 
More generally, a finite sequence z = (£,...,€-1) of quadratic irrationals of 


discriminant A is called a period (of discriminant A) if z = z(&) (then & is 
reduced). Two such periods z(€ ) and z(79) are called equivalent if they are shifts 
of each other. Explicitly, if z(>) = (0,..-,€-1) and z(o) = (70,---,%m-—1), then 
z(&9) and z(no) are equivalent if and only if 1 = m and there is some k € [0,1 — 1] 
such that: (795+: 5711) = (Ek: €pyiy<+e5 Ejay €0y---5Ee-1)> By Theorem 2.1.14, the 
periods z(&9) and z(n) are equivalent if and only if ) and 7 are equivalent. Therefore 


ha =|Xa|_ is the number of equivalence classes of periods of discriminant A. 


If (€0,---,€i-1) is any period of discriminant A, then we define its periodic 
extension (En)nez by setting & = € if ne Z, j € [0,1— 1] andn = 7 mod 1. By 
definition, if (€))nez is the periodic extension of a period z(&p), then (€)n>o0 is the 
sequence of complete quotients of €. 


42 2. CONTINUED FRACTIONS 


Example 2.2.4 (Short periods). 

1=1: Let z= (€) bea period of length 1. Then € = [b] for some b € N, hence 
1 b+~Vb?2 +4 

€ = [b,é] =b+ e and therefore «?—bé-1=0 and €= 2 


(see Exercise 2.1.5). Hence € is of type (1,0, —1) and discriminant A = b? + 4. 


[= 2: Let z = (€,&1) be a period (note that € 4 €,). Then € = [a,b] = [a, 6, €] 
for some a, b € N such that a 4 b. Hence it follows that 


il Va*b? + 4ab 
OT ee? and therefore 6 Eee 


2b 
Consequently, if d = (a,b), then € is 
b - 2b? + dab 
of type (=, 2. =) and discriminant “ : 


Exercise 2.2.5. Determine all reduced quadratic irrationals € with I(€) = 3. 


The following Theorem 2.2.6 comprises a collection of formulas connected with 
the continued fractions of quadratic irrationals. These formulas are the basis of an 
efficient algorithm, which is explicitly given in the subsequent Corollary 2.2.7. 


Theorem 2.2.6 (Continued fractions of quadratic irrationals). Let A > 0 be 
a quadratic discriminant, € = [uo,u1,...] a quadratic irrational of discriminant 
A, (Pn)n>—2 the sequence of partial numerators, (qn)n>—2 the sequence of partial 
denominators and (En)n>0 the sequence of complete quotients of €. For n € No, let 
(an, 0n,Cn) be the type of €,, and set a_y = —Co. 
1. The following relations hold for all n> 0: 
(a) bpbdnti + A = 2anbdny1Uin + 4QnGn41- 
(b) bn + bn = 2antn. 
(c) A=082,, + 4anan41- 
(d) Cy = —Gn_1. 
(e) 2aoPn—1 — b0dn—-1 = Ondn—1 + 2AnGn—2- 
(f) Agn—1 = 2a0(Pn—1bn + 2Pn—2Gn) — b0(Gn—16n + 2Gn—24n)- 
( (2a0Pn—1 _ bodn—1)” _ Aq. = 4(—1)"agan. 
2. If n>1, then 


le) 


@ 
Soot SF, Ra 


0a 


(—1)" 7" @n-1 


n-1 
On = [J &* = (-1)" (Pn-2 — n—2€), and N (On) = 
t=] 


ag 
ProoF. 1. (a),(b) Since 
bn, A Ja 
En = Un + , it follows that bn +VA = Un eel 
En+1 2dn, basi + VA 


which implies A + bpbayi + (bn + bn4i)VA = Qantin( VA + bn41) + 4anan41. Now 
(a) and (b) follow by the linear independence of (1, V/A). 
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(c) Multiply (b) by —b,41 and add the result to (a). 
(d) By definition, a_; = —cp. For n> 0, (c) implies 
yy 
4an41 


(e), (f) We start with the relation 


bo + VA =¢= Pn—1§n + Pn-2 _ Pn—16n + Pn-ivA + 2anPn—2 
249, n—1En + 9n—2 Qn—1bn + Qn-1WA + 20ngn—2 
Cross-multiplication and comparing coefficients implies (e) and (f). 
(g) We multiply (e) by 2agpn—1— bodn-1, (f) by —dn—1 and add the resulting 
equations to obtain (g). 


Cn+1 = —An .- 


2. We use induction on n. 

n=1: 1=0;=p_1—€q-1. 

n>1,n—>4n+1: Since 

= Pn—1§n + Pn—2 te bial go} _ Qn—1§ — Pn-1 
Qn—1n + Gn—2 —Gn—26 + Pn—2 
and the induction hypothesis implies 


[[&* = (-))" "@n-2 - Qn-26) &&* = (-1)"(Pn-1 — Gn-18). 
71, 


By Theorem 1.1.2.2 and 2.(d) it follows that 


n-1 a ate ee (—1)" tan-1 
(mn) = TIM = ING) “a 


i=l 


Corollary 2.2.7 (Continued fraction algorithm). Let A > 0 be a quadratic 
discriminant and € a quadratic irrational of type (a,b,c) and discriminant A. Let 
the sequences (An)n>0; (bn)n>0, (En)n>0 and (tn)n>o0 be recursively defined by 
ag = a, bo _ b, 


bn +VA A — bF 
En = + » Un = | Era ; Digit = =D, + 2anUn and An+1 = —— 
24n, Aan 
for alln > 0. Then € = [uo, u1,...], and (En)n>0 is the sequence of complete quotients 
of €. 


PRooF. Obvious by Theorem 2.2.6. 


Exercise 2.2.8. Calculate the continued fraction of € = (5+ /24)/2 using the 
algorithm given by Corollary 2.2.7. Observe that € is of type (4, 20, 1). 


We conclude this section with a thorough theory of Pell’s equation using the 
continued fraction of reduced quadratic irrationals. This approach will not only 
furnish a new proof of the existence of infinitely many solutions (see Theorem 1.2.3), 
but we will also obtain a deep insight into the structure of the set of solutions. 
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Theorem 2.2.9 (Pell’s equation). Let A > 0 be a quadratic discriminant, € a 
reduced quadratic irrational of discriminant A, | = I(&) its period length and 


€ = [uo,v1,-.-] = [WoW m7] 


its continued fraction. Let (€,...,€-1) be the period, (pn)n>—2 the sequence of par- 
tial numerators and (dn)n>—2 the sequence of partial denominators of €. We consider 
the quadratic irrational 


I-1 
EA = llé € Q(vA). 
i=0 
1. For allm € No we have 


ml—-1 (—1)™ 


eR = [] & = ama€+Gmi-2 = N(eR) = (-1)", 
1=0 


Pml-1 — Gmi—1€ ; 
and e® is a zero of the polynomial X? — (pmi—1 + dmi-2)X + (—1)™. 
2. (Solution set of Pell’s equation) 
utvVA 
oc | u,v ENo, |u? — Av?| = 4} = {dmi-1€ + dmi-2 |m € No} 
= {eR |mENo} c Q(VA)*, 
and 
A 
aes | u,v EZ, |u2 — Av*| = 4\ = (-1,€,) 
= {+e% |meZ} c QWA)™. 


In particular, 


utvVA 
2 


EA = with u,vEN, eq, N(ea) = (-1), 


and Pell’s minus equation «2? — Ay? = —4 has an integral solution if and 
only if N(eq) = -1. 

3. The quadratic irrational ce, and the parity 1+2Z € Z/2Z of the period length 
I(€) only depend on A (and not on €). 


4. If Y denotes the set of all reduced quadratic irrationals of discriminant A, 


then 
h 
II n= EX. 
ney 


Proor. Since €&; € Q(WA) and &; > 1 for all i € [0,1 — 1], it follows that 
en € Q(VA) and eq > 1. Let (En)nez be the periodic extension of (€,...,€—1)- 
Then (€;)n>0 is the sequence of complete quotients of €. 


1. For m € No, we obtain u; = uj+m for all z > 0, hence 


Pmi-1§ + Pml-2 
(1) € = [uo, W,---,Umi-1, 6] = —— 
Gopi ik + Imil—2 
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and therefore gmi—1¢? — (Pmi-1 — Gmi—2)€ — Pmi-2 = 0. Theorem 2.2.6.2 implies 


l-1 lm-1 —)m 


ek = ([I&)" = I] &= He - 


Pmi-1 — Iml- 16 


and since 
(Pmi—1 — Gmi—1§)(Gmi-1 + Imi-2) 
= Pml-19ml—2 — Imi—1[¢mi—1€" — (Pmi—1 — Gmi—2)€] 
= Dml—19ml—2 — Iml—1Pmi—2 = (-1)™, 


it follows that 


Mm _ (—1)™ a 
EX = > = m_-1€ + Gmi-2 - 
Pml-1 — Gmizit 


By (1), we obtain eR€ = (qmi—1€ + Umi—2)€ = Pmi-1€ + Pmi-2 and the eigenvalue 


equation 
ar c = Pml-1 Pml-2 E : 
1 Qml-1 YIml—2 1 
Hence e'x is a zero of the polynomial 


X — Pmi-1 —Pml-2 2 
( —ml-1 X — Gml—2 (Pini 17 ml 2) ( ) 


and therefore N(e%) = (—1)™. 


2. Let (a,b,c) be the type of €. Thena > 0, 0<b< VA, 2a+b> VA and 
A = b? —4ac. If m EN, then gmi—1€? — (Pmi—1 — Imi-2)§ — Pmi-2 = 0 by (1). By 
Theorem 1.1.2.2 there is some v € Z such that av = qdmi_1, bv = Pmi—1 — Gmi—2 and 
CU = —pmi—2, hence 


b+VvA ut ova 
2a 


ER = Qmi-1€ + Gmi-2 = av dml-2 = ~~ - 


where u = bv + 2qmi_2 € Z, and we assert that u, v € No. 
Indeed, if m = 0, then av = q_1 = 0, hence v = 0 and u = 2q_2 = 2. If m > 0, 
then av = dmi_1 > 0, hence v > 0, and 6 > 0 implies u = bv + 2qmj_2 > bu > 0. 


Since u? — Av? = 4N(e®) = 4(-1)™, it follows that 
a) 
2 


u, vENo, uw? —Av?| = 4 D {dmi-1€ + Gmi-2 |m € No}. 


For the proof of the reverse inclusion, let u, v € No be such that. ju? — Av?| = 4. 
Then u = Av = bv mod 2, and u # 0 since A is not a square. If v = 0, then u = 2, 


and 
utuvA 0 
gee ee 


Thus we may assume that v > 1. We set 


b —b ! 
pa p=-cv, g=av, {= and A=(? a) 
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Then p,q€N, p,q’ € Z, 4 det(A) = 4(pq! — gp’) = u? — b?v? + 4acv? = u? — Av? 
and A € Stab(£) by Theorem 1.2.2. We consider the continued fraction 


—_ 
ion [M0 ; Vip 5 Roa] 5 
qd 


where k EN, vp © No, v1,...,v~ € N and (—1)* = det(A). Let (pi ie[-2,h—-1] be the 
sequence of partial numerators and (q});cj-2,.—1) the sequence of partial denomina- 
tors of [vo,...,Ug—1]. In particular, p, , =p, g_, = and 

pq’ — gp’ = det(A) = (—1)" = pp_a9h—2 — Ph—2%e—-1 = PU-2 — Wha + 
Hence pq,» = pq’ mod q, and since (p,q) = 1, we obtain gq, = q’modq. As 
utvvA >1+ VA> 2, it follows that 


)_uaby unovA _ 2 det(A) - ‘° if det(A) =1, 


~ 2 2 = utvuJVA —1 if det(A)=-—-1, 
and 
2 )_ 2av-utbu | -utovA _ =? det (A) —1 if det(A)=1, 
A 2 2 — utuJVA 0 if det(A) =—-1. 
Thus we obtain 0 < q' < q if det(A) =1, andO0 <q <qif det(A) =—1. 
Ifk =1, then g=1, det(A)=-1, ¢ =0, a=v=1, u=b, and 


utvvVA  b+VA 
2 a: 
Thus assume that k > 2. Then 0<q 5 <q, hence gy »=4q', ph» =p’ and 


=€=qmf+¢-1- 


Uf / / 
PriS&t+ Pho p&+P 
Vice UE, 6| = — > = AE=€. 
| qiE+h 29 G+ 
Consequently, € = [U0,..., 0x1], and Lemma 2.2.1 implies /|k. If k = lm, where 
m EN, then 
utvVA 2q¢+bu+vVA bav+avVA 
— 2 ne Sg TH EFT = G18 + Gm—2 - 
Therefore we have proved that 
utoVA 
{i | u,v ENo, |u? — Av*| = 4} = {dmi-1€ + Imi-2 | m € No}. 
If m € No and 
A 
ef = SS. where u,vENo, 
then 
= = (—1)ex”, —U = _ (—1yimtezm a —U = = eR, 


Gathering these facts, we obtain 


ene 


,veZ, ju? — vA] =4} = (Lea) = {+e%|meZ}. 
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If there exist x, y € Z such that 2? — Ay? = —4, then there is some m € Z such 
that 
2 A 2 
= em, and —1= —— =N(e®) =N(ea)™, 
which implies (ea) = —1. Conversely, if V(ea) = —1, then there exist u, v €¢ N 
such that 


A 
— and then u?—v’A=4N (eq) = -4. 


3. By 2., since Pell’s equation only depends on A. 


4. Let n,...,n be a complete system of pairwise not equivalent reduced 
quadratic irrationals of discriminant A. For j € [1, h], let 1; =1(n)) be the period 


length - (ne? neo, 1;-1| the period of n). By Theorem 2.2.2.3 (b) we obtain 
Y= {nl |7 € [1,h], n € [0,1; — 1] }, and therefore 
lj;-1 


T=T1( 11) = Tea =«4. 


nEeY j=l i=0 j=l 


The number €,q introduced in Theorem 2.2.9 is called the fundamental unit of 
discriminant A (this terminology will be justified by the theory of quadratic orders 
in Theorem 5.2.1). It is of the form 


A 
= where up, v9 EN, upg =voA mod 2, 
and 
zy pA 
For all n € Z, we have 
A 
Ze. = = where Un, Un € Z, Un =VnA mod 2, and 


NEA)= (1). 
Using the sequences (Un)nez and (Un)nez, we may describe the solutions of Pell’s 
equation : 
{(tn, In) |ne€ Z}= {(u, v) a7 | Jur = vAl = 4} : 
{(un, Un) |n € N} = {(u,v) € N? ju? — vA] = 4}, 
and if N(ea) = —1, then 


{(van41, Van41) |n € Z} = {(u,v) € 7 | w—-v’A= —4}. 


Theorem 2.2.9 suggests the following algorithm for the calculation of the funda- 
mental unit ca. 


e Input some quadratic irrational ¢) with discriminant A> 0. 
e Calculate the consecutive successors £, = eit for n > 1 until 
En =&m for some m€ [0,n—1]. 
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e Set 
n-1 
EA = II Ej , 
j=m 


We illustrate the algorithm by considering the discriminant A = 4(d? — 2) for some 
d € Nyo. We start with 9 = Vd? — 2 and obtain 


d—1+vd*—-2 d—2+~J/d?—2 
Wd —3 ) f= D ’ 


d—2+vV/d?—2 
an a fg=d—-1l+vd?-2, &=&. 
Hence we get ea = €)€9€3£4 = d? — 14+ dvd? — 2. For d = 2, we obtain 


fg=V2, &=1+Vv2, Ba, £3 = £0, 


oHVve—2, e= 


and therefore €g = €9€12 = 1+ V2. 
In the next section we shall investigate the period of the basis number wa more 
closely and obtain an algorithm for the calculation of eq with less effort. 


Example 2.2.10. 1. The following table lists all reduced quadratic irrationals of 
discriminant A € [5,32] (see Exercise 1.3.7). For each of these discriminants, there 
is only one cycle (see Exercise 2.1.15), hence ha = 1. Therefore ¢, is in each case 
the product of all reduced irrationals of discriminant A, hX = 2 if N(ea) = 1 and 
hx =1if N(ea) = —1 (see Theorem 1.3.10 and observe that Pell’s minus equation 
has integral solutions if and only if V(ea) = —1). 


jes __| a [aba fia ta 


14+V5 1+ V5 


eae 1+ 


The class numbers for positive discriminants A < 500 are listed at the end of 
Chapter 1. For more extensive tables we refer to the books [74] and [27]. 


2. We give a more involved example and consider the discriminant A = 316. 
There are 16 types (a,b,c) satisfying 


b? —4dac= 316 and 0< V316—b<2a< V316+b. 
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The corresponding reduced quadratic irrationals of discriminant 316 form 3 periods, 
namely 


ane 14+ V316 ac eee eet eke seve) 


20 6 10 12 18 14 
e + /316 8 + /316 10 + /316 MM + /316 16 + /316 ee ae = 
14 18 12 10 6 20 ; 
“ +7316 144+ /316 16+ V/316 164+ 5 
4 : 30 , 2 , 30 : 


Their continued fractions are given by 


6+/316 —_____ 6 = ee Sl es 
ae het). 2s a ea. 


Multiplication of the numbers in one of these periods yields 


160 + 9V3i 
—ee = 80+ 979 


€316 = and N (e316) =1. 


Therefore h3ig =3 and ee = 6. 


Exercise 2.2.11. Calculate all periods, the fundamental units and the class 
numbers for the discriminants A = 145 and A = 401. 


In the final theorem of this section we show that in every proper equivalence 
class of a quadratic irrational there are representatives with specific properties. This 
result has consequences for the theory of class groups to be discussed in Chapter 5 
and the theory of binary quadratic forms in Chapter 6. For negative discriminants, 
this result could equally have been presented in Chapter 1; for positive discriminants 
however, we make use of reduction by continued fractions. 


Theorem 2.2.12. Let € be a quadratic irrational of type (a,b,c). For every 
positive integer M, there exists a quadratic irrational € of type (a1, b1,¢1) such that 
&, is properly equivalent to €, (a1,M)=1, anda, > M unless €€ H-. 


Proor. If A < 0, then € is equivalent to a reduced quadratic irrational by 
Theorem 1.3.2, and since € ¢ 97, it is even properly equivalent to a reduced qua- 
dratic irrational. If A > 0, then € is properly equivalent to a reduced quadratic 
irrational by Theorem 2.2.2. Hence we may assume that € is reduced and thus 
a> 0. Let M be a positive integer. For N € N, we define 


y= II D, j = II D and 6=06,+MNy. 
per peP 
p|M, pta p\(a,M), pte 


Then (7¥, 61) = 1 by definition, hence (7,6) = 1, and there exist a, 8 € Z such that 


ad — Py = 1. We set 
B 
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Then &, is properly equivalent to €. We assert that £1 is of some type (a1, 61, ¢1) such 
that (a1, M/) = 1, and if N is sufficiently large, then a > M. For this, we calculate 


é —a€+B a%+¥8468  ab+2a8+aVA 
1 — =—_ -_—_—_ _ —-rroO—e—eo 
VE +0 y BVA + § yb + 2a6 + yA 


_ (ab + 2aB + avVA)(yb + 206 — yA) 

7 (yb + 2a6)? —72A 

__ 2aBd + b(ad + By) + 2cay + VA 

7 2(ad? + byd + cy?) ; 
By Theorem 1.1.2.3, &1 is of type (a1, 61,¢1), where a; = ad? + byé + cy”, and we 
assume, contrary to our assertion, that there is a prime p such that p|(a,,M). If 
p\|y, then p { a and thus p|0, a contradiction. If p|6, then p|6,, hence p { c and 
therefore p|7, a contradiction. If finally p{ y and p{ 6, then p{ 61, hence p|a and 
p|c, and since p { 70, it follows that p|b, again a contradiction. Since a > 0, we 
obtain 


lim ay? + byy + acy? = oo. 
yoo 


Hence it follows that a; = ad? +byé+cy? > M, provided that 6 is sufficiently large, 
but 6 = 6, + MN7 becomes arbitrary large with N. 


2.3. Continued fractions of quadratic irrationals IT: Special types 


We introduce symmetric and (weakly) ambiguous quadratic irrationals. In the 
case of positive discriminants, we study their continued fractions and determine 
the structure of their periods (Theorem 2.3.4). These results are of interest for 
themselves, but they also have important implications for the theory of class groups 
(to be discussed in Chapter 5) and for the theory of binary quadratic forms (to be 
discussed in Chapter 6). 

As a special case, we investigate the continued fraction of the basis number of 
a given quadratic discriminant and apply it to describe once more the solutions of 
Pell’s equation. 


Definition 2.3.1. Let A be a quadratic discriminant. A quadratic irrational &€ 
of type (a,b,c) and discriminant A is called 


e symmetric if c=—a; 
e ambiguous if a|b; 
e weakly ambiguous if € ~ €’. 
If A= 4D + 0,, where D € N and og € {0,1}, then the basis number wa is of 
type (1,0, D), and thus it is ambiguous. 


If a quadratic irrational € is both ambiguous and symmetric, then it is of type 
(a, b, —a) with a|b. Hence a = +1, and therefore € is both ambiguous and symmetric 


if and only if 
b+ Ve+4 
5 : 


& = +6) , where A = 
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We have already seen (in Exercise 2.1.5 and Example 2.2.4) that 0) = [b], and 
—6) =—b+96,' implies —6, = [—b, 6]. In particular, 1(0)) = 1(—) = 1. 


In the next theorem we gather the elementary properties of symmetric, ambigu- 
ous and weakly ambiguous real quadratic irrationals. 


Theorem 2.3.2. Let A > 0 be a quadratic discriminant, € a quadratic irrational 
of type (a,b,c) and discriminant A and &*# its successor. 
1. The following assertions are equivalent: 
(a) € is symmetric. 
(b) €=—€'1. 
(c) N(é) =-1. 
(d) A= 4a? + 6. 
If € is symmetric, then € is reduced if and only if a, bE N. 
2. Then the following assertions are equivalent: 
(a) € is ambiguous. 
(b) €+€' EZ. 
(ee (e) eZ, 
In particular, if €* = —€'—1, then € is ambiguous, and if € is ambiguous 
and reduced, then €# = —€'—1, 
3. If € is either ambiguous or symmetric, then € is weakly ambiguous, and if & 
is weakly ambiguous, then €* is also weakly ambiguous. 
ProoF. 1. (a) & (b) As —€'~! is of type (—c, b, —a), it follows that € = —é/—1 
if and only if c = —a. 
(b) & (c) N(é) = €é =—1 if and only if € = —€"-1. 
(a) & (d) From A = Bb? — 4ac we obtain A = 4a? + b? if and only if c = —a. 
Assume now that € is symmetric. If € is reduced, then Theorem 1.3.5 implies 
a,b € N. Conversely, if a,b € N, then 6? < 4a? +0? = A < (b4 2a)? and 


(2a — b)? < A. Hence it follows that 0 < VA—b < 2a < VA +8, and there- 
fore € is reduced. 

2. (a) = (b) Since € + €’ = T(E) = a~!, it follows that € is ambiguous if and 
only if €+ €’ € Z. 

(b) = (c) Obvious, since &’ + (€#)—! = €' 4+ €— [E]. 

If €* = —€'—!, then € is ambiguous by (c). Assume now that € is ambiguous 
and reduced. Then €* is also reduced, hence (€*)~! € (0,1), €’ € (—1,0), and since 
é’ + (€#)—! € Z, it follows that €’ + (€#)~-! =0 and ¢# = —é'"1, 

3. If € is ambiguous, then é’ = —E+n~ € for some n € Z, and if € is symmetric, 
then € = —é’"! ~ €’. Hence € is weakly ambiguous in either case. 

If € is weakly ambiguous, then €* ~ € implies (7)! ~ €’ ~ € ~ &#, and thus €# 
is also weakly ambiguous. 
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In the following Theorem 2.3.3 we determine the structure of inverse periods. 
This result, due to Galois, is the main tool in the subsequent investigations of the 
periods of weakly ambiguous quadratic irrationals. 


Theorem 2.3.3 (Inverse periods). Let A > 0 be a quadratic discriminant and 
€ a reduced quadratic irrational of discriminant A. Let | = 1(€) be the period length, 


(€0,61,---,€-1) the period and € = |uo, w1,...] = [Uo,---, W_-1]| the continued frac- 
tion of € = €). Then | is also the period length of —é'~", 
Se = [Uj-1; Wi—2)-+-, 00 | and z(—é’-+) — (-&", ft peers ae) ; 


In particular, if (En)nez ts the BETAS extension of z(€) and (&*)nez is the periodic 
extension of z(—€'—!), then & = —€'>" for all n € Z. 


Proor. By Theorem 1.3.5.2, —é’~! is a reduced quadratic irrational of discrim- 
inant A. We assert that it suffices to prove the following assertion : 


A. For all i¢ [0,1] we have —£’"! = [uj_1, uj dy +++) Ui» —G]_y | 
Indeed, for i=1, A implies —€’~! = [uj_1, w_2..., uo, —€’"!], and therefore 
—€'"| = [Wa a2, Ho ]- 


Hence [(—é’~1) = I, and if z(—é’~1) = (&},...,€,) is the period of —é’~', then 


€, = [Wp Wi p—2)---; U0, WI-1;---, Wp | 
a =o), for all pe [0,1-1]. 


By periodicity we obtain £* = —€—) = —€'5] for all n € Z. 
Proof of A. We proceed by induction on i. 
i = 0: Obvious, since €& = 9 = €. 
i€[0,1—1], i77+1: Since —— = u—i-1 + . it follows that 


1 
€4-1 = wi t+ = —§_; = w-i-1 +——_, 
7 i ae 
and by the induction hypothesis we obtain 
1-1 1 : 
~~ = [was vee) Ui, W-i-1 + = 2, = [ty_i, +. Us, H-i-1, —&_4-1] - 
l-i-1 


Theorem 2.3.4 (Periods of weakly ambiguous quadratic irrationals). Let € be 
a weakly ambiguous quadratic irrational of discriminant A> 0, | its period length, 
z = (£0, 61,---, 1-1) its period and (&;)iez its periodic extension. Then there exists 
a unique index n € [0,1 — 1] such that —f" = bi 


e If | = 2k for some k € N, then either z contains two ambiguous and no 
symmetric numbers, or z contains two symmetric and no ambiguous num- 
bers. If q © Z and &4 is ambiguous | symmetric], then Eq4% is ambiguous 
[ symmetric], too. 
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e If 1 = 2k—1 for some k € N, then z contains precisely one ambiguous 
and one symmetric number (which coincide if |= 1). If q € Z and &j is 
ambiguous, then Eq+p is symmetric, and if &q is symmetric, then Eg+n—1 1s 
ambiguous. 

The distribution of ambiguous and symmetric numbers in the period subject to 
n is given by the following table: 


[Tn [ambiguous numbers [ symmetric mimbers] 
2 
A 


[E=T [in| xf 
Pak—T | 2m | nse | 


The number n = p(&) is called the palindromic index of the reduced weakly 
ambiguous quadratic irrational €9. In terms of ideals, it was introduced by R. Mollin 
to study ambiguous ideal classes without ambiguous ideals (see [73] and [74, Ch. 6]). 
We shall return to this subject in Section 5.5. 


PROOF. We set | = 2k — e, where k € N and e € {0,1}. Since € ~ &, it 
follows that €) is weakly ambiguous, and therefore 9 ~ & ~ —ft. Since — ae 
is reduced, there exists a unique index n € [0,/ — 1] such that — = &,, hence 
z(-€ *) = (En; £n41)+«+5E41-1), and Theorem 2.3.3 implies £44; = = for all 
GEL. 

CASE 1: n=2m-+1 for some m € No. Then mii = fn-m = —€,', and thus 


Gm i emmbiguous: Since C4 pete = En-ake = hha = net it follows that 
Em+k is symmetric if e = 1, and €,,,, is ambiguous if e = 0. 

CASE 2: n = 2m for some m € N. Then €, = Sn m = —@', and thus &, 
is symmetric. Since Emi = En—mtk = i = Et > it follows that €m+% is 


symmetric if e = 0, and €,4,%_1 is ambiguous if e = 1. 

Up to now we have proved: If e = 1, then z contains one symmetric and one 
ambiguous number, and if e = 0, then z contains either two symmetric or two 
ambiguous numbers. Therefore it remains to prove the following two assertions : 


a. If qe Zandh € [1,/—1] are such that €, is ambiguous and €,+,), is symmetric, 
then |] = 2h —1. 


b. Ifq € Zandh € [1,/—1] are such that both €, and 4+, are either ambiguous 

or symmetric, then | = 2h. 

a. Let gq € Zand h € [1,/—1] be such that €, is ambiguous and Sath is symmetric. 
Then €)41 = — I and 444 = Soa which implies €)474j; = =e 5. _j for all 7 € Z. 
For j = h we obtain €,127 = =e = €,41 and consequently | = 2h — 1. 

b,. Let g € Z and h € [1,1 — 1] be ae that €, and &,4» are both pripienous 
Then €4.4 = =e, and €54A41 = a a: athe which implies €)4n414; = —é is =, for all 
j € Z. For j = h we obtain €442n41 = —er} = €,41 and consequently | = 2h. 

bg. Let g € Z and h € [1,1 — 1] be such that €, and €,4; are both symmetric. 
Then € = =o and 444 = eee which implies 5474; = ace j for all 7 € Z. 


For 7 = h we obtain €442n = —e} = €, and consequently | = 2h. 
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We close this chapter with a thorough investigation of the continued fraction of 
the basis number wa, associated with a quadratic discriminant A > 0. 

The case A = 5 is special. Indeed, 
deans ee hence w*—=ws and ws =(1,1,...]=[T]. 
2 W5 
Consequently, ws is reduced, ambiguous and symmetric, and [(w5) = 1. Let (pn)n>—2 
be the sequence of partial numerators and (qp)n>—2 the sequence of partial denom- 
inators of ws. Then pp—2 = dn—-1 = Fn for all n > 0, where (Fp)n>0 denotes the 
Fibonacci sequence, defined by Fo = 0, Fi = 1 and F, = Fy,_-1 + Fy_2 for all n > 2 
(see Exercise 2.1.5). 


€5 = W5 = 


The following voluminous Theorem 2.3.5 contains detailed information about 
the continued fraction of the basis numbers wa for A > 5. 


Theorem 2.3.5. Let A > 5 be a quadratic discriminant and A = 4D +0, 
where D EN ando € {0,1}. Let wa = [uo,u1,...] be the continued fraction and I 
the period length of wa. Then uw = 2u9-—0 4 ug, Ww; = u; for alli € [1,1—1], and 


o+VA SOin no Te DE 
A= 9 = [uo, U1, Ua2,-.., U2, U1, 2up — a]. 


Let (Pn)n>—2 be the sequence of partial numerators, (dn)n>—2 the sequence of partial 
denominators and (Ep)n>0 the sequence of complete quotients of wa. If n > 0 and 
En 18 Of type (Ans ln, t)2 then ay > 1, by, = 2B, — co with B, © Z, ag = 1, 
bop = Bo = 0, the number 


’ 2up -o + VA 


£1 = [2u0 — 0, U1, U2,.--, U2, U1] = U9 — Wy = 5 
is ambiguous and reduced, aj = 1 and B,; = uo. 
1. For alln > 0, the following relations hold: 
(a) Bn4i = —Bn+aGntnto and anan4i = D—- Byyi(Br4yi — 0). 
(b ) Pn—1 = Bndn—1 + Qndn-2: 
(c) Dqn-1 = = (Br = 7) Pn— 1+ GnPn-2 - 
(d) 4(—1)"a@n = (2pn—1 — 0n—1)? — Ag?_y =4.N(pn—1 — Gn—1Wa). 
(e) (—1)” an = 4 — OPn—-19n-1 — Dig 4s 
2. Bisa = By; for alli € [0,1 — 1], and a; = q_; for alli € (0, J]. 
3. If 1>—1 and n> 0, then 
Pitnl — GitniWa = (pi — GiwWa )(PI-1 — G-1W~ )” 
4. If ex is the fundamental unit of discriminant A, then N(ea) = (—1)!, and 
ER = (pi-1 — G-1Wy )™ = Pmi-1 — Gmi-1¥, for all m>0. 


5. Suppose that k € [0,1—1]. Then apy. = ay if and only if l= 2k +1. In 
this case, & 1s the only ambiguous number in the period of wa, and €%44 1s 
symmetric. 
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6. Suppose that k € [1,l—1]. Then Brit = By if and only if | = 2k. In 
this case, & and & are the only ambiguous numbers in the period of wa, 
2B, = azpuz +o, and the following assertions hold: 


(a) 2pg—1 — o¢k—-1 = Gx (Gk + Ge-2) - 
(b) qi-1 = Ge—1(4k + 9e-2) - 

(c) axpi—a = pe_, + Daz_,- 

(d) (pe-1 — Ge—-10q)? = On ea. 


PROOF. By definition, wa > 1, uo = [wal > 2, wi = (wa — up) > 1, 


and (wi)! = (wh, — uo)! = (—wa +o — uo)! € (—1,0). Hence wr is reduced, 
and therefore wh = [%],-.-,m], where 1 = 1(wa), and Theorem 2.3.3 implies that 
=—wry = [UW W_i,---, U1 |. On the other hand, 

= © = up —0 + wa = [2u9 — 0, U4, U2, ..-], 


and by the uniqueness of the continued fraction it follows that uj = 2ug — 0 4 uo 
and uj_; = u; for all i € [1,/ — 1]. In particular, the number 


€ =(%,,--.5W-1| = [2u9 -—90,%,..-., W] =U —-7+ Wa = Uy — 


is reduced, and as it is of type (1,2uo — o,u2 — upo — D), it is ambiguous. 

Assume now that n > 0, let €, be of type (dn, bn,cn), and apply Theorem 2.2.6 
again and again. By definition, ag = 1, and ifn > 1, then a, > 1 since €, is reduced. 
As by + bay = 2anUn = 0 mod 2 and bo = a, it follows by a simple induction that 
by, =o mod 2, and thus b, = 2B, —o for some B, € Z. 


1. (a) 2antn = by + bry = 2B, + 2Bn4i1 — 20, hence By41 = —Byn + antn +0, 
and 4anjan41 = A- Be od =4D +0 —(2Bys1—0)* =4(D- Beg +o0Bny+1), hence 
AnAn4t1 = D— Bria Brat _ oO) 

(b) Since ag = 1 and bo = a, we obtain 

2Dn—1 — 0dn-1 = Ondn=1 2Andn—2 = (2B, _ 0)Qn—1 + 2AnQn—2 ; 

and therefore pp_1 = Bndn—1 + @ndn—2: 

(c) Since A= 4D +0 and b, = 2B, — 0, we obtain 

(4D ay o)Gn—-1 =2 [Pratl 22, = a) ar 2Pn—24n| OC: Lone Be = a) al 2dn—24n| 

= ABnPn—1 a 4anPn—2 + Odn-1 — 20(Pn—1 a Bndn-1 a AnQn—2) : 

By (b), it follows that pp_1 + Brdn—-1 + Gndn—2 = 2Pn—1, and therefore we get 
Dan-1 = (Br _ TA)Pn—-1 + GnPn—-2- 

(d) and (e) Obvious by Theorem 2.2.6.1(g). 

2. We have already seen that a9 = a; = 1. Thus suppose that i € [0,/ — 1]. Then 


E41 = | Weis +++, Ul, U1,--- oe and therefore 
aa ee Se 8s 
3 = icra »U1,UI,--- ee | = are » Ul-1, Ul, U1,--- | = sare 


—€71 is of type (—ci41, bi41, —Git1) = (ai, bi41,-Gi+1), and since £)_; is of type 
(ay_7, bj, 4), 10 follows that a; = az4 and 6.4 = bj, hence Bay = By_4. 
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3. Suppose that 7 > —1 and proceed by induction on n. For n = 0, there is 
nothing to do. 


n>1,n-1—4n: We set j =i+(n-—1)l. Then the induction hypothesis 
implies p;—qjwa = (pi-— Giwa)(Pi-1 — q—iwa)"—', and thus it suffices to prove that 


Pl4j — U4 jWa = (Pj — Gjwa)(pPI-1 — U-1WA)- 
Since (1,wa,) is linearly independent and 
(pj — Qjwa)(pi-1 — U-1WA) = pipi-1 — (Pjqi-1 + GjPI-1) Wa + Gyqi-1(D + owa) 
= pypi_-1 + qjqi-1D + (qjqi-10 — p3qi-1 — QjPI-1)a , 


we must prove that 


Pitt =PiPI1+qa-1D and gj41=DPjU-1 + GPI-1 — T9jU-1- 


From the matrix equation 
¢ p aut Up 1 
i ” | | ( V ) 
_ 1 0 
Gd W-1 pay 


+5 
Pj+t Pj4t-1\ _ Il UW 1 
G+t G+-1/ CA \1 0 
J 
(ht Bay fe 2 Il uw 1) _ (pi-1 pi—Uopi-1)\ (Pj Pj-1 
q gi-1)/ \1 —wto ae LQ q—-1 U-—Uog-1) \Qj G-1 


0 
it follows that 


Dj+t = DiPI-1 + (PI — Uopi-1)ajy_ and = qj4 = Pjq-1 + (M — UoM-1)4; - 


Since uw — ug = B, —o and aq; = 1, we obtain, using 1.(c) and 1.(b), 


Pl — UoPi-1 = WPI-1 + Pi-2 — UopI-1 = (Bi — 0) pi-1 + Qupi-2 = U-1D 


and 

qi — Uodi-1 = Wig—1 + Gi-2 — UodI-1 = (Bi = o)qi—1 + aqi-2 = pi-1 — C4-1- 
Now the assertion follows. 

4. By Theorem 2.2.6.2, Theorem 2.2.9 and 3., we obtain 


ml 1 ; 

j (1) Pat — Gee) 

i & = —1 ly I-1 — Uml-1¥A Db Re NE DA 
7 II ee 7 ) N (Pmi-1 — Umi-1¥A) 


/ 
(Drait = Fml—1W a )0 ! ! 
= ee = Pml-1 — Uml-1¥A = (pi-1 _ U1, )"” 
ml 


and N(e™) = (-1)™. 
5. Suppose that & € [0,J—1]. If? = 2h+1, then ag41 = aj_x_1 = ax. Conversely, 
if ap41 = az, then 2. implies 
bey t+VA digi t+VA + VA 
2ak41 2ak 2ai_k 
and since €9, &;,...,€ are distinct, we obtain k+1=1/—k andl = 2k+1. By 


Theorem 2.3.4.1, € is the only ambiguous number in the period (&,...,&1) of wa, 
and €+441 = €k41 is symmetric. 


Ekt+1 = = fk 
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6. Suppose that k € [0,/ — 1]. If ] = 2k, then By, = By_~, = Be, and therefore 
2By = aguzp +o by 1. (a). Conversely, if By41 = By, then bp41 = be, and 2. implies 


be + VA _ beri +VA _ br +VA r+VA 


2az 2dr 2 


&e = = fi_-k- 


Since €9, &1,.-.,& are distinct, we obtain | — k = k, hence 1 = 2k, and Theorem 
2.3.4.2 implies that €; and €),, = € are the only ambiguous numbers in the period 


(£1,...,€1) of wa. 
(a) Using 1.(b), we obtain 


2Pr—-1 — COe—1 = 2Buqu_1 + 20K9K—-2 — TOk-1 = AkUEAk-1 + 2aKQK-2 
= ax (de + dk-2) - 


(b), (c) From the matrix equation 
I-1 I-1 
Pi-1 Pl-2 =T] Uy T\ _ (Pr-1 Pr—2 ll Up 1 
U-1 U-2 1 0 dk-1 Mk-2) oo LL O 
i 
=n Cs 4) 
v=k 
k 
_ { Pk-1 Pk-2 II(" ; "ct. 4 
Gk-1 Gk-2) [4 1 —uo 
_ { Pk-1 Pk-2 0 1 
Gk-1 Wk—-2 La 1 i 1/ \l —uo 
Z Ge Pk—-2 Pk — UO 
Gk-1 Wk—2 ~~ Pk-1— U09k-1 


it follows that pj-1 = pr—19gk + Pk—2Gk—-1 and q-—1 = dk-1(dk + Gk-2). By 1.(c), we 
get 


QkPI-1 = GkPk—-19k + AkPk—29k-1 

= anPr_19z + Dag_, — (Br — 7) Pe-19%-1 

= pr_-1[@nUkGk—1 + Onde—2 — (Be — 7) gx—1] + DaR_y 

= Pr—1(Brdr—1 + 4ede—2) + Da_1 = Pe-1 ae Dae : 

(d) Using (a), (b) and (c), we obtain 
(Pk—1 — G1)? = (Dea + Do_1) — 9h-1(2p4—1 — 7aR-1) 0 
/ 

= agpi—-1 + Akgk—1(Gk + Uh—-2) WA 


= az(Pi-1 + U-1WA) = AKEA , 


which completes the proof. 


In the following Examples 2.3.6, 2.3.7 and 2.3.8, we apply our theory to calculate 
the continued fraction of the basis number and the fundamental unit for some special 
quadratic discriminants. 
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Example 2.3.6. Let A = 4a? +r be a quadratic discriminant, where a, r € N, 
r=1mod4andr|la. We start with & =wa, g=1, Bo =ap9=1, A=4D +1, 


and for n > 0 we use the formulas uy, = |&.|, Bn4i = —Bn + Gnun +1, 
2Bn —1+ VA p= Belt Baia _ 1) 
En = eas and = ap4.. = —————————__.. 
an an 


We obtain the following table. 


Since B3 = Ba, we get k = 3, (wa) =6, and agea = (po — gow)”, which implies 


2 D)?) . Ba? 4 
= Cat VON 8 14 Barre and N(eqa) =1. 


r 


Example 2.3.7. Let A = 4D be a quadratic discriminant, where D = a? — r 
for some a,r EN, a> 3, r|2a andr < 2a. We start with = VD, o = Bo =0, 


ag = 1, and for n > 0 we use the formulas uy, = |€n|, Bnii = —Bn + Gnun, 
B,+VD Da 
En = Pa Ve and An+1 = Se ntl 
an an 


We obtain the following table. 


esterase 


2fa-r| or ger (e2t | 
ster 


Since By = B3, we get k = 2, I(VD) = 4, and agea = (p1 +1 VD), which implies 
(a+VJ/D)? — 2a? i 2a 5 


ee ee ee: 
r c é 


—r and N(eqg)=1. 


In the previous two examples we considered positive quadratic discriminants A 
of the so-called extended Richaud-Degert type (that means, D = a? + r, where 
a€N, réeZ, r|4a, and either A= D=1 mod 4 or A=4D),. A thorough study 
of these discriminants (not only in the context of continued fractions, but also in 
connection with Diophantine equations and class numbers) can be found in Mollin’s 
book [74]. We present one further Richaud-Degert discriminant which seems not to 
be treated in [75] and leave some others as exercises. 
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Example 2.3.8. Let A = 4D be a quadratic discriminant, where D = a? — 4a 
for some odd integer a > 7. We start with £) = VD, o = Bo =0, ap = 1, and for 
n > 0 we use the same formulas as in Example 2.3.7. We obtain the following table. 


Since Bz = By, we get k = 3, I(VD) =6, and ageq = (po +q2VD)?, which implies 


3 2 2 
—6 9a — 2 —4 3 
cg = VP and N(eq)=1. 


Exercise 2.3.9. Calculate the continued fraction of wa and the fundamental 
unit ea for the following quadratic discriminants : 


a) A=4D, where D = a? +r for some a, r € N such that a > 3 and r'| 2a. 
b) A =a? +4r, where a EN is odd, r €N, rla andr <a. 


A famous widely open conjecture of Gauss states that there are infinitely many 
primes p= 1 mod 4 satisfying hp = 1. A weaker form of this conjecture asserts that 
for some integer B > 1 there exist infinitely many fundamental discriminants A 
such that ha < B, but even this weaker conjecture is at present out of reach. If 
we allow non-fundamental discriminants, a construction using Fibonacci numbers in 
Section 5.7 will show that hs2n+1 = 1 for alln EN. 

By a theorem of Siegel, 


ha logea = Al/?+94, where m da =0, 


li 

—0o 
holds for fundamental discriminants A > 0 (for a proof see [43, Ch. 12.15]). If Gauss’ 
conjecture is true, then it follows that, for every 6 € Ryo, there exist infinitely many 
fundamental discriminants A > 0 such that logeq > A!/2-%. Thus one possible 
approach towards Gauss’ conjecture could be the construction of infinite sequences 
of fundamental discriminants with large fundamental units. The infinite series of 
quadratic discriminants A produced in the Examples 2.3.6, 2.3.7 and 2.3.8 all have 
log eq X< log VA, which means that there exist positive real numbers c1, c; such that 


loge 
cq < aa <cg for all A in question, a very poor order of magnitude. 


~ log 
If we want to construct infinite sequences of discriminants A with large funda- 
mental units, we must achieve a large period length of wa. Indeed, if (€1,...,€) is 


the period of wa and | = I(wa) is its period length, then the Theorems 2.2.9 and 
1.3.5 imply 


l 
logea = Slog & < I(wa)log VA. 


i=1 
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The best result hitherto is due to Y. Yamamoto [113] who proved that the quadratic 
discriminants A = (p"q +p — 1)? + 4p"q (where p, q are primes and q > p) have 
fundamental units satisfying loge, >> (log VD)°, which means that there exists a 
positive real number c such that 


logea > c(log VD)? for all A in question. 


An improvement of Y. Yamamoto’s result to log eq >> (log VD)* announced in [38] 
turned out to be erroneous (see [47] for a slight improvement of Yamamoto’s result 
in another direction). 

There are many infinite series of quadratic discriminants A > 0 with known con- 
tinued fractions having a period length of asymptotic magnitude I(wa) = log A and 
a fundamental unit ¢, satisfying loge, =< (log VA)? (see [89], [78], [111] or [37] 
and the references given there). We give the details for the quadratic discriminants 
A = (2" + 3)? — 8 (first introduced by D. Shanks [98] and then investigated by Y. 
Yamamoto [113]) and leave some similar series as exercises. 


Example 2.3.10. Assume that n € N and A = (2" +3)? -8 =4D +1, where 
(2” + 3)? -9 
rl ; 


We calculate the continued fraction of wa using the formulas stated in Example 
2.3.6. We obtain 


and ug = 2" 141, 


nl A 
Bo=1, a=1, fy = wy = TYR 


_ = 27+1+VA 
Bye? 1, aye o2-1 = pa 
-! 6 6if G<n 
and ugj_-1 = = for alli € [1,n+1 
— eae if i=nt+1 | 
- | on _14V/B 
By =o", ago, 69 = —Sar and 


ug = 2"-* for all 4 € [1,n]. 
Hence it follows that 
1+VA 
2 
I(wa) = 2n+ 1, and consequently N(ea) = —1. According to Theorem 2.2.9 we 
calculate 


= (aa le ce ae ee 


2n+1 n+1 n 

P+14+ VA 7 2"-14VA 
cA = II can II gn—i2 lel eal 
j=l i=1 i=1 
7 sie (ea 
= ; ; : 

A simple calculation shows that 
logen  _ 1 


noo (log VA)? a log 2 , 


and therefore loge, =< (log VA)”. 
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Exercise 2.3.11. Assume that n > 2, and calculate the continued fraction of 
wa and the fundamental unit ¢, for the following discriminants : 

a) A= (p"q+ p—1)*4+ 4p"q, where p, qEN, q|p—1 and A=1 mod 4. 

b) A=4D, D=(p"q+c)*? + p"q, where p, gq, cE N, p=4c+1 and gq|c. 
Distinguish in both cases between g = 1 and q > 1. 


Exercise 2.3.12. For a quadratic discriminant A > 0, let c(A) be the number 
of reduced quadratic irrationals of discriminant A. Prove that ha < c(A) and 
halogea < c(A)log VA. Use Siegel’s theorem mentioned above to prove that for 
every B € N there are only finitely many positive fundamental discriminants A 
satisfying c(A) < B. 

The number c(A) is called the caliber of A (see [63], [48]). 
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CHAPTER 3 


Quadratic residues and Gauss sums 


This chapter is centered on quadratic reciprocity and the theory around it. In 
Section 3.1, we start with an elementary theory of power residues based on group- 
theoretic arguments. Then we specialize to quadratic residues. In Section 3.3, we 
prove Gauss’ quadratic reciprocity law and (again) Fermat’s theorem on sums of two 
squares. In our presentation, we disregard the historical development of the subject. 
For a readable appreciation of the historical development we refer the interested 
reader to the books [107] and [67]. In this volume, we use Gauss sums to give a 
concise proof of the quadratic reciprocity law, and we use Jacobi sums for a proof 
of the theorem on sums of two squares (compare to the presentations given in [17], 
[44] and, even more detailed, in [6]). Gauss and Jacobi sums are introduced in 
Section 3.2, and a thorough presentation of the theory of quadratic characters is 
given in Section 3.5. All this material however does not only permit a simple proof 
of the quadratic reciprocity law, but has wide influence on the development of the 
following chapters. It will be used for the theory of Dirichlet series in Chapter 4, for 
Gauss’ genus theory of binary quadratic forms in Chapter 6, and for the theory of 
biquadratic residues in Chapter 7. 


3.1. Elementary theory of power residues 


Let m and n > 2 be positive integers. An integer a is called an n-th power residue 
modulo m if a = x” mod m for some x € Z. Otherwise we call a an n-th power non- 
residue modulo m. If n = 2 [n = 3, n = 4], then an n-th power (non-)residue modulo 
m is called a quadratic |cubic, quartic or biquadratic] (non-)residue modulo m. 


From an algebraic point of view (which we shall adopt whenever this will be 
convenient) an integer a € Z is an n-th power residue modulo m if and only if the 
residue class a + mZ is an n-th power in the residue class ring Z/mZ. If, moreover, 
(a,m) = 1, then a is an n-th power residue modulo m if and only if a+ mZ is an 
n-th power in the prime residue class group (Z/mZ)”*. In this case, if n = dk, where 
d, k € N and (d,k) = 1, then a is an n-th power residue modulo m if and only if a 
is both a d-th and a k-th power residue modulo m (see Theorem A.5.1.3). 


Simple algebraic considerations yield criteria for an integer a to be an n-th power 
residue for a given modulus m (see the subsequent Theorems 3.1.1, 3.1.2 and 3.1.5). 
However, given a € Z, it is a difficult question to characterize those moduli m such 
that a is a quadratic residue modulo m. Indeed, it is rather simple to say which 
persons are likable to me, but it is a delicate question to which persons I am likable 
(this analogy goes back to my teacher Alexander Aigner, see [1, p. 128]). The higher 
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reciprocity laws of algebraic number theory connect the n-th power character of a 
modulo m with the n-th power character of m modulo |a|. For n = 2, this is done 
by the quadratic reciprocity law and its refinement by Jacobi. For n > 2, this is part 
of Artin’s reciprocity law in class field theory (see [{85, Ch. VI, §8]). 


By the Chinese remainder theorem, we reduce the question of n-th power residues 
to prime powers, and an elementary argument shows that it suffices to consider prime 
residues (see Theorem 3.1.1). 


Theorem 3.1.1. Let n> 2 be an integer. 
1. Suppose that m= pj'-...- pS", wherer EN, pi,...,pr are distinct primes 
and €1,...,e@r € N. Then an integer a is an n-th power residue modulo m if 
and only if a is an n-th power residue modulo p<‘ for alli € [1,7]. 


2. Let p be a prime, e € No anda = p%b € Z, whered € No, bE Z and pt b. 
Then a is an n-th power residue modulo p® if and only if 
e either d>e, 
e or d<e, nid, andb is an n-th power residue modulo p°¢. 


Proor. 1. If ¢ € Z and z” = a mod m, then obviously x” = a mod p;' for all 
i € [1,r]. For the converse, assume that, for each 7 € [1,r], a is an n-th power 
residue modulo p;', and let 2; € Z be such that x? = a mod p;'. By the Chinese 
remainder theorem, there is some x € Z such that x = x; mod p;'. Then it follows 
that 2” = 2? =a mod p*' for all i € [1,r], hence z” = a mod m, and a is an n-th 
power residue modulo m. 

2. If d > e, then a = 0” mod p*. If d< e, d|n and 6 is an n-th power residue 
modulo p*~@, then there exist d, y € Z such that d = nc and y” = b mod p*¢. With 
these settings, we obtain (p°y)" = a mod p*, and thus a is an n-th power residue 
modulo p*. 

Assume now that d < e, and a = pb is an n-th power residue modulo p*, say 
x” = pb mod p® for some x € Z. Then x” = p4b+ p*u = p4(b + p®-u) for some 
u € Z, and we set x = p*y, wherec € No, y € Zand p{ y. Then it follows that 


nc, n d 


prey” = p*(b + p?4u), hence d=ncand y” =b mod p**. 


Now we do the prime power case, and finally in Theorem 3.1.5 we specialize to 
quadratic residues modulo prime powers. 


Theorem 3.1.2. Let p be a prime, e,n€N anda an integer such that pt a. 
1. If a is an n-th power residue modulo p*©, then 
(n, p°"(p _ 1) uf Pp 4 2, 
{2 + p°Z | c” =a mod p*}| = 1 G p=2in, 
gminfe—ldtl} Gf p=2 and ve(n) =d>1. 


2. If pt{n, then the following assertions are equivalent: 
(a) a is an n-th power residue modulo p°. 
(b) a ts an n-th power residue modulo p. 
(c) a®—-)/@-L”) =1 mod p. 
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3. If dEN, then a is a p*-th power residue modulo p° if and only if 


aP-!=1 mod p™int4+lel if p42, 
a@=1 mod 2mintdt2eh if p=2Q, 


ProoF. Recall that a is an n-th power residue modulo p® if and only if a+ p°Z 
is an n-th power in the residue class group (Z/p°Z)*. Now the proof depends on the 
following elementary number-theoretical and group-theoretical facts (for details see 
the Theorems A.6.4 and A.5.2). 

A. If p# 2, then (Z/p°Z)* is a cyclic group of order p®*'(p — 1), and the sub- 
group {x + p°Z|x=1 mod p} Cc (Z/p*Z)” is of order p*! and generated 
by (1+ p) + p*°Z. 

B. Ife > 2, then U = {2+ 2°Z | x = 1 mod 4} = (54+ 2°Z) is a cyclic group of 
order 2°?, 

C. Let G bea cyclic group with unit element e and |G| = n. An element a € G is 
an d-th power if and only if a”/(® = e, and then |{x € G | «4 = a}| = (n,d). 


CASE 1: p # 2. Since (Z/p°Z)™ is cyclic, 1. follows by C. By A and B, a is 
an n-th power residue modulo p® if and only if 


Z,/n°Z,)* e—1 x | 
a® =1 modp*, where pe ee /p yl ao ) : 
(\(Z/p°Z)*|,n) (pe *(p— 1), n) 

If pt n, then (p*!(p—1),n) = (p—1,n). If x € Z, then 2?” '= 1 mod p? if 

and only if = 1 mod p. Hence 
aP = (a®-1)/@-1n) Pr" — 1 mod p® if and only if a®-)/@-L") = 1 mod p, 
and therefore (a), (b) and (c) are equivalent. 

If n = p*, then B = (p— 1)p*, where k = e — 1 — min{d,e — 1}, and since 
aP-1 = 1 mod p, there is some | € [0,p°-! — 1] such that a?—! = (1 + p)! mod p*. 
Hence a? = (1+ p)? mod p*, and we obtain: 

aP=1modp? — p*|Ip*§ — pmin{d,e—1} |J 


min{d,e—1}+1 min{d+1,e} 


<> (1+p)'=1 modp <> a?!=1 modp 


CASE 2: p= 2. If 24 n, then (x + 2”) is an automorphism of (Z/2°Z)*, and 
there is nothing to do. Thus suppose that n = 2¢u, where d = vo(n) > 1, u EN 
and 2 { u. For e < 2, the assertion is obvious, and thus we assume that e > 3. By B 
and C it follows that 


[{a2 + 2°Z | a2 =1 mod 4, 2” =a mod 2°}| = (n, 2°?) = gminthe-2} 
and since 
{x +2°Z | c"=a mod 2°} = {7 + 2°Z|xz=1 mod 4, z"=a mod 2° } 
w{—-¢ + 2°Z|2=1 mod4, £x"=a mod 2°}, 
it follows that 
{a + 27 | xv” =a mod 2° }| =e gmin{d.e—2} _ gmin{d+l,e—1} | 
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It remains to prove 3. If e > 2 and a is an 2¢-th power residue modulo 2°, then 
a = 1mod 4, hence a + 2°Z € U and a = 5! mod 2° for some | € [0,2°-? — 1]. 
Therefore a is a 2¢-th power residue modulo 2° if and only if 


U . 
a® =1 mod 2°, where B= U| = 9e-2 one 2a) 
(\U|,) 


If k =e—2-—min{e — 2,d}, then a? = 52"! mod 2°, and we obtain: 
a? =1 mod 2° <> 20-7) 2%] <> gmintde2h 1] 
“ 5! = 1 mod gmin{d,e—2}+2 


=> a=1 mod 242} | 


Example 3.1.3. We use Theorems 3.1.1 and 3.1.2 to determine all a € Z which 
are 36th power residues modulo 864. Since 864 = 2°-3°, a is a 36th power residues 
modulo 864 if and only if it is a 36th power residues modulo 32 and modulo 27. 
If 2|a, then a is a 36th power residue modulo 32 if and only if a = 0 mod 32. 

If 2 { a, then a is a 36th power residue modulo 32 if and only if a is a biquadratic 
residue modulo 32, and this holds if and only if a= 1 mod 16. 

If 3| a, then a is a 36th power residue modulo 27 if and only if a = 0 mod 27. 

If 3 { a, then a is a 36th power residue modulo 32 if and only if a is a biquadratic 
residue and a 9th power residue modulo 27, and this holds if and only if a= 1 mod 3 
and a? = 1 mod 27, which is equivalent to a = 1 mod 27. 

Putting the information together, we obtain: ais a 36th power residues modulo 864 
if and only if a = 352 mod 864 or a=0, 1 or 81 mod 482. 


Exercise 3.1.4. Which integers are 9th power residues modulo 18000? 


Theorem 3.1.5. Leta be an integer. 
1. Let p be an odd prime such that p{a ande EN. Then the following asser- 
tions are equivalent : 
(a) a is a quadratic residue modulo p°. 
(b) a is a quadratic residue modulo p. 
(c) a®-Y/? =1 mod p. 
If a is a quadratic non-residue modulo p, then a'—)/2 = —1 mod p. 
2. If 2{a ande EN, then a is a quadratic residue modulo 2° if and only if 
e either e=1 
e or e=2 and a=1mod4 


e or e>3 and a=1 mods. 
e 


3. Suppose that m = 2°pi'-...-per, wheree, rE No, e1,...,€r EN, pi,---,Dr 
are distinct odd primes, and (m,a) = 1. Then a is a quadratic residue modulo 
m if and only if the following assertions hold: 


e For all i €([1,r], a is a quadratic residue modulo p;. 
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e Ife=2, then a=1 mod 4. 
e Ife>83, then a=1 mod 8. 
If these conditions are fulfilled and 6 = min{2,e — 1}, then 
\{a + mZ € (Z/mZ)* | 2? =a mod m}| =2"t°. 
Proor. 1. and 2. The criteria for quadratic residues follow by Theorem 3.1.2. 
If p is an odd prime and a € Z\ pZ, then a®-))/2 = +1 mod p by Theorem A.6.3.3. 


Consequently, if a is a quadratic non-residue modulo p, then a'?~))/2 = —1 mod p. 
3. Obvious by 1., 2., Theorem 3.1.1 and Theorem 3.1.2.1. 


Later, in Theorem 3.5.11, we shall give another formula for the number of solu- 
tions of a quadratic congruence using Kronecker symbols. 


3.2. Gauss and Jacobi sums 


A reader not familiar with roots of unity, group characters and algebraic integers 
should consult the Sections A.7, A.8 and A.9. Throughout, let Z be the ring of all 
algebraic integers, and for m € N we the denote by G, = e2"'/™ the normalized 
primitive m-th root of unity. 

In this section we specialize the general theory of group characters to residue 
class characters and Dirichlet characters. For these, we investigate Gauss and Jacobi 
sums, notions which will further be used in the Chapters 4, 7 and 8. 


For m € N, we denote by X(m) = Hom((Z/mZ)*,C*) the character group of 
(Z/mZ)* (equipped with point-wise multiplication) and call its elements characters 
modulo m. The unit element 1,, € X(m) (the constant character with value 1) is 
called the principal character modulo m. Note that |X(m)| = |(Z/mZ)*| = v(m) 
(Euler’s y function). Hence, if y € X(m), then d = ord(x)|y(m), and the values 
x(t) for t € (Z/mZ)* are d-th roots of unity. A character x € X(m) is called 


e real if x? =1,, [equivalently, y(t) € {+1} for all t € (Z/mZ)* ]; 


e quadratic if ord(x) = 2 [equivalently, x is real and y 4 1, |. 


If (Z/mZ)* = (w) is cyclic (for example, if m is an odd prime power), then 
a character y € X(m) is uniquely determined by its value y(w) € C%*, we have 
ord(y) = ord(x(w)), and |{x € X(m) | ord(xv) = d}| = y(d). In particular, ifm > 3 
and (Z/mZ)* = (w), then there exists a unique quadratic character py € X(m), 
given by y(w*) = (—1)* for all k € Z. Quadratic characters will play a central role 
in this volume and we shall study them in detail from Section 3.3 on. 


Let now again m € N be arbitrary. For a character y € X(m), we define 


x(a+mZ) if (a,m)=1, 
0 t. (acm) 1, 


and we call the function y: Z — C the associated Dirichlet character modulo m. 
As there is no danger of confusion, we will in the sequel always write y instead of 
x. Therefore, a character y € X(m) is both a homomorphism y: (Z/mZ)* — C* 
and a Dirichlet character y: Z— C modulo m. 


X¥:Z3C_ by xa)={ 
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Consequently, if x € X(m), then 
e x is real if and only if x(a) € {0,41} for allae Z, 


e x is quadratic if and only if x is real and x(c) = —1 for some cE Z, 
e x(ab) = x(a)x(b) for all a, b € Z, and x(a) = 1if a=1 mod™m, 
e x(at) = x(a)x(t) for all a € Z and t € (Z/mZ)* , 


ctm—1 y(m) f vs 
oy x(t) = 5 =| 0 eek: for all cE Z, 


1 if —el 
Lala) = : (asm) for all aE Z, 
O. a (any 1 


and X(1) = {11}, where 11] = 1: Z—C is the constant function with value 1. 


Let k, m € N be such that k|m, w © X(k) and x € X(m). Then x is said to 
be induced by w if x(a) = y(a) for all a € Z satisfying (a,m) = 1. A character 
x € X(m) is called primitive (modulo m) if it is not induced by a character modulo 
k; for some proper positive divisor k of m. 

By definition, a character y € X(m) is primitive if and only if its inverse y~* = ¥ 
is primitive. If p is a prime, then every character x € X(p) \ {1p} is primitive. The 
unit character 1,, is induced by 11, and therefore 1,, is primitive if and only if 
m=. 


1 


For a character y € X(m) and a € Z/mZ, we define the Gauss sum attached 
with y and a by 


rxia)=  S> x(E)6RE, where Gn = e2t/™ 
t€(Z/mZ)* 


For a € Z, we set T(y,a) = T(y,a + mZ), and we define 


m1 
‘(oS D= SS eG =s 200e 
t€(Z/mZ)* j=0 


Since |X(m)| = y(m) it follows that y(t) € Z[Cj~m)] and 7(x,@) € Z[Gnym)] C Z 
for all x € X(m), t € (Z/mZ)* and ae Z. 


Theorem 3.2.1. Let m be a positive integer and x € X(m). 
1. y is primitive if and only if for every proper positive divisor k of m there 
exists somea€ Z such that (a,m) =1, a=1modk and x(a) £1. 
2. If aE Z, then 
abe a) = x=) T(X; a) ) 
and if either (a,m) = 1 or x is primitive, then 
(xa) = ¥(a) T(x). 
3. If x is primitive, then 


Ino) = vm and r(x)r(X) = x(-1)m. 
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ProorF. 1. If v is not primitive, then there exists a proper positive divisor k 
of m such that y is induced by some character ~ € X(k). In this case, if a € Z, 
(a,m) = 1 and a=1 mod k, then x(a) = (a) = 14+ kZ) = 1. 

Assume now that there exists some proper positive divisor k of m with the 
property that x(a) = 1 for all a € Z satisfying (a,m) = 1 anda =1 mod k. There is 
a surjective homomorphism 7: (Z/mZ)* — (Z/kZ)* such that m(a+mZ) = a+kZ 
for all a € Z such that (a,m) =1 (see Theorem A.6.1), and 


Ker(z) = {a+ mZ|ae€Z, (a,m) =1, a=1 mod k} 
C Ker(x: (Z/mZ)* > C). 
Hence there exists a unique homomorphism w: (Z/kZ)* — C* such that wor = x. 


We obtain w € X(k), w(a) = x(a) for all a € Z such that (a,m) = 1, and yx is 
induced by w. 


2. For s € (Z/mZ)*, we have ¥(—s) = X(—1)X(s) = x(—1)X(s). Hence 


Tma= D> OG = DY xs 


te(Z/mZ)~* 


If (a,m) = 1, then 
x(a)r(xa)= Do x(atlhom = do xls)Gn =70x), 


and therefore T(x, a) = X(a)x(a)T(x, a) = X(a)T(x). 

Assume now that y is primitive and (a,m) = d> 1. Then X(a) = 0, and we 
must prove that 7(y,a) = 0. Suppose that a = db and m = dk, where b, k € N. By 
1., there exists some c € Z such that (c,m) =1, c=1 mod k and y(c) £1. For all 
t € (Z/mZ)*, we obtain C3 = (at — Pt — cbte — cdbte — cate hence 


xOora@a= S| x= S| xa 
t€(Z/mZ)* t€(Z/mZ)* 
= > x(s)Gr" = t(x,a), andthus r(y,a)=0. 
bet s€(Z/mZ)* 


3. We calculate 


m—1 m—1 m—1m—1 
ITO)? = 700700 = 700 SOKO GR’ = So r0G MGR’ = D5 SO xe” 
v=0 v=0 v=0 pu=0 
oa = i; a a2 
=~ x(u) 52 ey =m, since So Gedy = ae 
u=0 v=0 maa m if p=l1. 


Hence |r(x)| = /m, and m= |r(x)|? = t(x)T(x) = x(—1)r(x)7(X), which implies 
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Exercise 3.2.2. Let p be a prime and y € X(p). Calculate 


a T(x, @) - 


acFp 


Exercise 3.2.3. Suppose that m, k € N, n= mk, a € Zand y € X(m). Prove 
that 


= . 0 if kta 
Set ax. ; 
y X(D)Gn eee if kla. 


Next we introduce Jacobi sums and investigate their connection with Gauss 
sums. For an odd prime p and characters y1, x2 € X(p), we define the Jacobi sum 


J(x1, x2) € Z by 
Joasx2)= S> xa(a)x2(1-a). 


a€Fp \{1} 


If d € N is such that y? = x4 = 1,, then J(x1, x2) € Z[Cal. 


Theorem 3.2.4. Let p be an odd prime and x, x1, x2 € X(p) \ {1p}. 
1. (1p, 1p) =p—2, (1p) =JS(x, lp) = -1 and J(x,x7*) = —x(-D). 
2. If x1xX2 # lp, then r(x1)T(x2) = T(x1X2) I(x1, X2), and |JOxa, x2)| = VP. 
3. If ord(y) =n, then 


PROOF. 1. By definition, J(1p,1p) = p — 2, 
=) ¢=)5G-1=-1, Jooy= SO x= x-1=-1, 
teF y teFp teFy \{1} tcF> 


and 


ise) = > x(a)yx~1(1 — a) 


acFX\f{1} acFp \{1} 


The map g: Fy \ {1} > Fy \ {-1}, defined by 


g(a) = — , is bijective its inverse is given by g 1(b) = i , 
—a 


and therefore 


JSoax y= Sx) = S5 x(6) - x(-1) =-x(-1). 


beFX\{-1} beFX 
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2. If vix2 £1, then 


Ti Xa) 
=> - aeweOG => Suwa” = 
teFX sex t€Fy s€F, lu=stt] 
= S35 Yo xls 8)xa(u — s)¢ => Yo uls )xo(u — s)¢u 
u€Fp scFp u€Fp scx 
= x2(-1) si X1X2)( +S) s x1 (u w)xa (=) xa(1 — = \G = 


seFp ucFy seFp 


Yo Cxaxe)(wGe SO xa@)xa(1 = ¥) = 70x1x2) Ja, x2). 


ueFp veFy \{1} 


Since |7(x1)| = |7(x2)| = I7(x1x2)| = v®, it follows that |J(x1, x2)| = \/p, too. 
3. We prove first by induction on / that 


x!) II J(ix,x*) for all 1 € [1,n—1]. 


For | = 1, there is nothing to do. 
Lé [1,n—2], 13141: Since y't+! 4 1, we obtain, using 2. and the induction 
hypothesis, 


l 
T(x) = r(x)r(x)! = OTL ae a ce a ) TT 4 


n—-1 


Now x”-* = X, Theorem 3.2.1 implies that r(y)r(X) = die and therefore 


n—2 n—2 
T(x)? = OX) (x) = 7X) (0X) TT J x*) = px(-D TT] Jo, x*) 
k=1 k=1 


As an unexpected application of Jacobi sums we give an elegant proof of Fermat’s 
theorem on sums of two squares. With completely different methods, we have this 
already done in Theorem 2.1.7, and we shall examine the subject again in Section 
3.4 and later on in Chapter 6. 


Theorem 3.2.5 (Fermat’s theorem on sums of two squares). A prime p is the 
sum of two integral squares if and only if either p= 2 or p=1 mod 4. 


Proor. Clearly, 2 = 1?+1?. Thus let p be an odd prime. If p = a? +b? for some 
a, b€ Z, then b=a+1 mod 2, and p=a? + (a+ 1)? =1 mod 4. 

To prove the converse, assume that p= 1 mod 4. Then F¥ is a cyclic group of 
order |F>| =p —1=0 mod 4, and therefore there is some character y € X(p) such 
that ord(x) = 4 (explicitly, if F> = (w), then we may define y by x(w™) = i* for 
all k € Z). Since J(x, x) € Zi], there exist a, b € Z such that J(x,x) =a-+ bi, and 
since y? £1), Theorem 3.2.4.2 implies |J(x,x)|? =a? +b? =p. 
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3.3. The quadratic reciprocity law 
Let p be an odd prime. For a € Z \ pZ, we define the Legendre symbol of a 
modulo p by 


(£) _ Jj 1 if ais a quadratic residue modulo p, 
—1 if ais a quadratic non-residue modulo p. 


By definition, the Legendre symbol of a modulo p only depends on the residue class 
a=a+pZeF*>, and we set 


{= 6)= 1 if ae FX, 
p/ \p/ )-1 if we pay oaae 
Recall that F* = (Z/pZ)* is a cyclic group of order p—1, and an integer w is called 
a primitive root modulo p if (Z/pZ)* = (w+ pZ). 
If Fy = (w), then 


(=) =(-1)* forall ke Z, andtherefore yy = (=) eRe {ely 


is the unique quadratic character modulo p. In accordance with Section 3.2, we view 


the quadratic character y, as a Dirichlet character modulo p, and then we obtain 
Pp(a) = Yp(a) (=) (=) 0 if aépZ and a=a+pZ=0€EF,. 
Pp 


By definition, it follows that 


@ = = (-) and (=) =1 forall a,beEZ. 


Theorem 3.3.1 (Euler’s criterion). Let p be an odd prime. If a € Z, then 


(5) =a?-V/? mod p. 


In particular, 


(=) = (-1)@-D? = 1 «if p=1 mod4, 
z —l1 if p=3 mod 4. 


ProorF. If a € pZ, the assertion is obvious. Thus assume that a € Z \ pZ. By 
Theorem 3.1.5.1, we obtain 
(=) = +1 if and only if a®-)/* =+1 mod p, hence (=) = qi? mod p. 
Pp Pp 
In particular, 


—1 —1 
(—) = (-1)"-)/? mod p, and consequently oe = (-1)@-D/?, 
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Exercise 3.3.2. Let p and q be primes such that q = 2p +1 anda € Z\ qZ. 
Prove that 


a is a primitive root modulo q if and only if (=) =-—1 and a#-1 modq. 
q 


Exercise 3.3.3. Let p be an odd prime, N = (p—1)/2, a€ Z\ pZ and 
n= |{j € [1,N] | a7 +4 =0 mod p for some k € [1, N] }|. 
Prove Gauss’ lemma (compare [27, Sec. 3.5] ): 
‘ (p-1)/2 


(=) =(-1)”", and if a is positive and odd, then n= Ss a mod 2. 


Pp j=l 


Exercise 3.3.4. Let p be an odd prime. For ¢1, €2 € {+1}, we set 


N,p(€1, €2) = {re [1,p — 2] | e. = €, (=) =e}. 


Verify the values of the following table : 


and 


yee) = aC) ae) = -1 (where nn’=1 mod p). 


n=l 


(Compare [42, §10.5].) 


Theorem 3.3.5. 


1. Let p be an odd prime, m € Z\ pZ and ~ € X(m) a primitive real character 
modulo m. Then 
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2. Let p be an odd prime. Then 


(=) = Ene)? = 1 vf p==l1 mods, 
2 —1 if pH=+3 mod 8, 


and 


(=) _ 1 if p=lor3 mod8, 
— )-1 tf p=5o0r7 mods. 


3. (Quadratic reciprocity law for the Legendre symbol) Let p and q be distinct 
odd primes. Then 


Ce aa ra alae 


and 


(2) (2), wee gh Cnirry 


Proor. 1. We calculate the Gauss sum t(y) € Z modulo p (we refer to the 
Appendices A.8 and A.9 for the elementary arithmetic of algebraic integers and 
congruences between them). Since y? = y = F, we obtain 


r(y)? = ( >. elt)cin) = S° v(t) =r(y,p) = ¢()r(y) mod p, 
te(Z/mZ)* te(Z/mZ)* 
and therefore 
T(p)P*t = [r(y)'J? VP r(y)? = v(p)r(y)?_ mod p. 
Since T(y)? = y(—1)m and (y(—1)m,p) = 1, we may cancel 7(y)? from this con- 


gruence and obtain, using Theorem 3.3.1, 


ae = [r(y)2]”-Y/? = g(p) mod p, and thus (evn) = lp). 


2. Let x: (Z/8Z)* — {+1} be defined for a € Z \ 2Z by 


1 if p= +1 mod 8 
87, = mi (a2—1)/8 = 1 (a—1)(a+1)/8 — ? 
a ae (-1) —1 if p==+3 mods. 


Then x € X(8) is a primitive quadratic character modulo 8, y(—1) = 1, and 1. 


implies 
2). fx(—1)84, _- _ (p?-1)/8 
(5) = (A) =x@) =) | 
Hence it follows also that 


(2) = (AE -corm={2, PETE mews 
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3. The quadratic character ~, € X(q) is primitive. Hence 1. implies that 


- —1)(@-1)/2 * = = 
oe Ge) 


and therefore we obtain 


(2)(4) -(3)""" = (ate a if p=q=3 mod4, 


q/ \p p 1 otherwise. 


The second formula is now obvious. 


Examples 3.3.6. Let p be an odd prime. 
1. If p #3, then 


a ™~ 
| 

rane 

ae 
I 


(5) =1 ifandonlyif p=1mod3, 


(=) = (=) (=) —1 if and only if (=) = (=) . 


and 


75 


Hence —3 is a quadratic residue modulo p if and only if p= 1 mod 8, and 3 


is a quadratic residue modulo p if and only if p= +1 mod 12. 
2. If p{ 6, then 


(=) = (=) (=) —1 if and only if (=) = (-) 
(=) = (=) @ =1 if and only if (=) = (=) 


and 


By 1. and Theorem 3.3.5.2 it follows that 6 is a quadratic residue modulo p 
if and only if p= +1 or +5 mod 24, and —6 is a quadratic residue modulo 
p if and only if p=1, 5, 7 or 11 mod 24. 


Exercise 3.3.7. For each m € {5, 7, 10, 11, 13} determine all odd primes p { m 


such that m is a quadratic residue modulo p (observe that this only depends on the 


residue class of p modulo 4m; why? ). 


Exercise 3.3.8. Determine all odd primes p such that —4 is a biquadratic 


residue modulo p. Hint: Theorem 3.1.2. 


In the sequel we extend the Legendre symbol to symbols with a larger domain 
of definition. First, we introduce the Jacobi symbol which is defined for arbitrary 
odd positive denominators. With this extension, the close connection with quadratic 
residues gets lost, but we attain an efficient tool to calculate Legendre symbols. As a 
further extension, we introduce Kronecker symbols. These are defined for arbitrary 


denominators and play an important role in the theory of quadratic forms. 
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Let n = p,-...- pry be an odd positive integer, where r € No and py,...,p, are 


(not necessarily distinct) odd primes. For any N € Z, we define the Jacobi symbol 
using Legendre symbols by 


T 
—_ 


2) 11) eon 


L 


In particular, if m is an odd prime, then the Jacobi symbol coincides with the Le- 
gendre symbol. Note that 


(=) =0 if (N,n) #1. 


n 


Theorem 3.3.9. Let n,n’ € N be odd and N, N’ € Z. 
1. If N=WN' mod p for all primes p satisfying vp(n) = 1 mod 2, then 


/ 
a: 
2. The Jacobi symbol is multiplicative in both variables, that is, 
/ / 
a ae) GG 
3. Suppose that ¢ = (—1)"-)/2, Then 


(=) =.= 1 if n=1mod4, 
|) =-1 if n=3 mod 4, 


(=) a (-1)?-D/8 = (-1)-2)/4 = 1 if nm = +1 mod 8, 
—1 ifn=x+3 mod 8, 


and 


(=) = 1 if n=1or3 mod8, 
~ )-1 if n=5 or7 mod 8. 


4, (Quadratic reciprocity law for the Jacobi symbol) If 2+ N, then 


©) (i) coe 


Ca = (~) , where N*= Kien, 


n 


and 


5. If n=n’' mod 4|N, then 
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PrRooF. 1. If N = N’ mod p for all primes p such that v,(n) = 1 mod 2, then 


o> Et Ge tT He): 


Vp(n)=1 mod 2 Vp(n)=1 mod 2 


2. The first assertion follows by the very definition. If n = p,-...-p, for some 


r © No and odd primes 7j,...,p,, then we obtain 


®) -0) -114)- Oe. 


Di Pi Pi 


3. Suppose that n = p,-...-p,, where r € No and py,...,p, are odd primes. By 


2. and quadratic reciprocity it follows that 


F)= Tene, = Tne and 


(QQ 


Now the assertion holds since (by Lemma A.3.4) 


fey de n—-1 n2—1 
a = mod 2, a = mod 2, 


and if n = 4m +¢, where m € No, then 


2 
‘i = 
— = tne Sn = — 7 mod 2 
4, We may assume that (N,n) = 1. 
CASE 1: N > 0. Set N= P,-...-P, and n= p,-...-+p,, where r, s € No 


and P,,...,Ps,p1,...,pr are odd primes. Then the quadratic reciprocity law for 


the Legendre symbol implies 
(=) G) - TG) ) - 
where A= ee , 


i=1 g=1 


and, as above, 


CASE 2: N <0. By 3. and CASE 1 we obtain 


2) (Fa) = ED =o cs 
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Finally, in both cases, we get 


n n-1 N-1 (N —1\(N-))/27N N* 
aoe GG Ga: 
|N| n n n n 
5. We may assume that (n, N) = (n’, N) =1, and N = (—1)°2°p,-...-p,, where 
a, 8, r © No and pi,...p, are odd primes. If n = n’ mod 4|N], then it follows that 
n = n' mod p; for all i € [1,r], n =n’ mod 4, and even n = n’ mod 8 if 6 > 0. 
Hence we obtain 
/ 


(2) = (Bienes = (Sens 


= (=) for all i € [1,7], 


oo” _ (5 | 


n nN 


(%) = (2) 1) - (2) Te) =). 


We demonstrate the use of Jacobi symbols and the quadratic reciprocity law for 
the calculation of Legendre symbols by a numerical example. We verify that —874 
is a quadratic residue modulo 5399 (which is prime!) by means of the following 
calculations. 


(Sa) ~ (st) (5) (50) (sa 7 ~ le Cre) -(P 
rer LO) =-Q)= 8 
Saga eg) 

Exercise 3.3.10. Suppose that m,n € N, (m,2n) = 1, and n is a quadratic 


residue modulo m. Prove that (4) = 1. Show by an example that the converse need 
not be true. 


and 


Occasionally, we shall use the Jacobi symbol for fractional arguments as follows 
(compare Theorem and Definition A.8.5). Suppose that n € N and z=c7la€ Zin) 


where a, c € Z and (a,n) = (c,n) = 1. Then we define 
Z\  fe\/a 
ale) 
Obviously, this definition depends only on z (and not on a and c); the map 
(=) : Lin =? {£1} 
is a homomorphism and induces a homomorphism 


(Zinj /NZin})* = (Z/nZ)* = {1}. 
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3.4. Sums of two squares 


In the Theorems 2.1.7.3 and 3.2.5 we proved that every prime p = 1 mod 4 
is the sum of two integral squares. We continue with a more comprehensive inves- 
tigation of sums of two squares. We will return to the subject again in Chapter 6. 
There we shall reprove Theorem 3.4.1 and provide also quantitative results using 
the theory of binary quadratic forms. 


Theorem 3.4.1. Let m be a positive integer. 


1. m is the sum of two coprime integral squares if and only if 4{m, and p{m 
for all primes p = 3 mod 4. 


2. m is the sum of two integral squares if and only if 2|vp(m) for all primes 


p=3 mod 4. 
3. m = 4a? +l? for some a,b € N such that (a,b) = 1 if and only if m > 1 
and 


e either m =1 mod 4 and m is the sum of two coprime integral squares, 
e or m=4mo, where mp € N, mp = 2 mod 4, and mpg is the sum of two 
coprime integral squares. 


PRooF. 1. Suppose first that m = a? + b?, where a, b € Z and (a,b) = 1. Then 
it follows that m = 1 or 2 mod 4 and thus 4 { m. If p is an odd prime dividing m, 
then p{ab, and —a? = b? mod p. Hence —a? is a quadratic residue modulo p, 

2 
1 = (=) = (—) , and therefore p=1 mod4. 
Pp Pp 

Assume now that 4{m, p{m for all primes p = 3 mod 4, and every proper 
divisor of m is already the sum of two coprime integral squares. If m € {1, 2}, there is 
nothing to do, and ifm = p= 1 mod 4 isa prime, the assertion follows by Theorem 
3.2.5. Otherwise, either m = p* for some prime p = 1 mod 4 and k > 2, or m is the 
product of two coprime smaller positive integers. 


CASE 1: m = p* for some prime p = 1 mod 4 and k > 2. By the induction 
hypothesis, p = a? + b? and p*—! = c*? + d?, where a,b, c,d € Z, (a,b) = 1 and 
(c,d) =1. Then 

p* = (ac — bd)? + (ad + bc)? = (ac + bd)? + (ad — bc)”, 


and we assert that either (ac — bd,ad + bc) = 1 or (ac + bd, ad — bc) = 1. Assume 
the contrary. Then p divides ac— bd, ad+ bc, ac+ bd and ad -— bc. Hence p also 
divides (2ac, 2bd, 2ad, 2bc) = 2(a(c, d), b(c,d)) = 2(a, b)(c,d) = 2, a contradiction. 

CASE 2: m = uv for some u,v € [2,m — 1] such that (u,v) = 1. By the 
induction hypothesis, u = a? + b? and v = c? +d’, where a, b,c, d€ Z, (a,b) =1 
and (c,d) = 1. Then 

uv = (ac + bd)? + (ad —bc)?, and we assert that (ac+ bd,ad— bc) = 1. 
Assume to the contrary that there exists some prime ¢ such that t|ac — bd and 
t|ad+ bc. Then t divides c(ac+ bd) + d(ad— bc) = av, d(ac+ bd) — c(ad — bc) = bu, 
a(ac + bd) — b(ad — bc) = cu and b(ac + bd) + a(ad — bc) = du. Hence t also divides 
(av, bu, cu, du) = ((a, b)u, (c,d)u) = (v, u) = 1, a contradiction. 
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2. Suppose first that m = a? + b?, where a, b € Z, and set d = (a,b). Then 
a=dao, b= dbp and m = d’?mo, where ao, bo € Z, (ao,b0) = 1 and mo = a2 + 02. 
If p=3 mod 4 is a prime, then p{ mo by 1., and thus v,(m) = 2v,(d) = 0 mod 2. 

Assume now that 2|v,(m) for all primes p = 3 mod 4. Then there exists some 
t © N such that m = t?mo, pt mo for all primes p = 3 mod 4, and 4{ mo. By 1, 
mo = a? + b? for some a, b € Z, and therefore m = (ta)? + (tb)?. 

3. Suppose that m = 4a? + b?, where a, b € N and (a,b) = 1. Then it follows 
that m > 1, and 

e if 246, then m = (2a)? + b? =1 mod 4 and (2a,b) = 1; 
e if 2|b, then b = 2b9, 2a, (a,bo) = 1, and therefore m = 4mo, where 
mo =a? +b2=2 mod 4. 
The converse is obvious. 


We say that a positive integer m € N has an essentially unique representation 
as a sum of two integral squares if the following assertion holds. 


e If a, b,c, dE No and m =a? +b? =c? +d’, then {a,b} = {c,d}. 


By the subsequent Theorem 3.4.2 every prime p # 3 mod 4 has an essentially 
unique representation as a sum of two integral squares. A partial converse of this 
assertions is the content of Exercise 3.4.3. 


Theorem 3.4.2. Let p be a prime, and suppose that 
p= fa? + gb? = fe’ + gd’, 
where f, g, a, b, c, dE N. Then it follows that eithera =c andb=d, or f =g=1, 


a=dandb=c. In particular, every prime p 3 mod 4 has an essentially unique 
representation as a sum of two integral squares. 


Proor. Since fa’, gb’, fc’, gd? € [1,p — 1], it follows that p { abcdfg, and 
therefore there exist u, v € N such that bu = amodp and dv = cmod p. Since 
p = fa? 4+ gb? = fb?u? + gb? = (fu? + g)b’, it follows that fu? +g =0 mod p. In 
the same way, p = fc? + gd? implies fv? + g = 0 mod p, hence fu? = fv? mod p, 
and thus u = ev mod p for some « € {+1}. Since ad — ebc = bdu — ebdv = 0 mod p 
and |ad — ebc| < ad + bc < 2p, we obtain ad — ebc € {0, +p}. 

If ad —ebc = 0, then e = 1, ad = bc, and since (a, b) = (c,d) = 1, it follows that 
a|c and cla, hence a = c and b= d. 

If ad — ebc = +p, then p? = (fac + egbd)? + fgp’, hence f = g = 1 and 
ac + ebd = 0. We obtain e = —1, ac = bd, and as above it follows that a = d and 
b= ¢ 


Exercise 3.4.3. Prove that a positive integer m has an essentially unique rep- 
resentation as a sum of two integral squares if and only if m = 4*c?n, where k € No, 
c is a product of primes gq = 3 mod 4, and n € {1,2,p,2p |p € P, p=1 mod 4}. 


Exercise 3.4.4. Prove that every positive integer which is the sum of two ra- 
tional squares is already the sum of two integral squares. 
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Our next result deals with the arithmetical properties of a and 6 in the repre- 
sentation p = a? + b? of a prime p. 


Theorem 3.4.5. 
1. Suppose that m = a2 + b? = 1 mod 4, where a,b EN, (a,b) =1 and 2|b. 
Then it follows that (a,m) = (b,m) = (a+b,m) =1, 


(FB) =) = ors Ga aa ane (5) = (Sa) 
2. Let p=1 mod 4 be a prime and p= a? +b”, where a,b€N and 2\b. 


(a) If cE Z is such that ac=b mod p, then 


C=-1lmodp and 2°-Y/4 = c%/? mod p. 


(b) If p= 1mod 8, then 4|b, and 2 is a biquadratic residue modulo p if 
and only if 8|b. 
3. Letp=1 mod 8 be a prime. Then 2 is a biquadratic residue modulo p if and 
only if p= u? + 64v? for some u, v EN. 
PrRooF. Throughout, we tacitly apply Theorem 3.3.9. 
1. Obviously, (a,b) = 1 implies (a,m) = (b,m) = 1. Since a+ b= 1 mod 2 and 
(a+b)(a—b) +m = 2a?, we also get (a+b, 2m) = 1. For all primes p dividing a we 
have m = b? mod », and therefore 


vp(a 
(2)=(%) y= 
Since (a + b)? =m + 2ab = 2ab mod m, it follows that 


(=) =1, and consequently (*) = (=) =F. 


m m 
From the congruence 2m = (a +b)? + (a — b)? = (a— b)? mod a+b it follows that 


te) Galas Ga ae) 

~ \atb/ \at+b/\a+b m/ \a+b/ \a+b/" 
2.(a) Since p{ ab, there exists some c € Z be such that ac = b mod p. Then we 

get a?(1+c?) =a? +b? =0 mod p, hence c? = —1 mod p, and 


2 2 2 
( = (-1)@ +2ab+b?—1)/8 — ,(p-1)/4+ab/2 mod me 
a+ : 


By 1. and Euler’s criterion (Theorem 3.3.1), we obtain 


(ab)®-Y/4 = (g2c)@-D/4 = g-D/20-D/4 = (=)ce-a = c?-/4 mod p, 
Pp 


and since (a + b)? = 2ab mod p, it follows that 
( Z ) = (: + *\ = (a + b)°-D/2 = (2ab)®-D/4 = 20-D/4Q0-D/4 mod p, 
Pp 


a+b 


hence 2(?—})/4¢(p-1)/4 = (p-1)/4+4b/2 mod p, and therefore 2°—})/4 = ¢%/2 mod p. 
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(b) Suppose that p = 1mod 8. Then 4|b, and, by Theorem 3.1.2.1, 2 is a 
biquadratic residue modulo p if and only if 2@-)/4 = 1 mod p. Now the assertion 
follows by (a), since 


g(p—1)/4 = (ey = ( 1" — ( ij" mod p, 
and therefore 2”—))/4 = 1 mod p if and only if 8]. 
3. Obvious by 2. (b). 


3.5. Kronecker and quadratic symbols 


Our final generalization of the Legendre symbol is the Kronecker symbol, where 
also the denominator is allowed to be any non-zero integer. We start with the general 
case, then we investigate the connection with quadratic discriminants, and in this 
case we call the Kronecker symbol quadratic symbol because of its prominent role in 
the more advanced theory of binary quadratic forms (Chapter 6). Throughout this 
section, we tacitly use the properties of the Jaobi symbol (see Theorem 3.3.9). 


Let m and n be non-zero integers, and suppose that m = 2°m ,, where 6 € No 
and m, € Z \ 2Z. We set 


sgn(m)—1 sgn(n)—1 —1 if m<O0 and n< 0, 
o(m,n) =(-1) 89 89> = | 
1 otherwise. 


By definition, o(m,n) = o(n,m), and if m = m’m” for some m’,m” € Z, then 
a(m,n) = a(m',n)o(m",n). 
We define the Kronecker symbol using the Jacobi symbol by 


(5) = Gra ny(-1yrer 9/8 (I if (m,n) =1, 


and 
n 


(=) =0 if (n,m)#1 
m 
(note that (m,n) =1 and 8 £0 implies n? = 1 mod 8). 
If m € N is odd, then the Kronecker symbol coincides with the Jacobi symbol. 


Theorem 3.5.1. Let m and n be non-zero coprime integers. 
1. We have 


(—) =(—1-)/2 | (=) = sen(n), 
and if 2{n, then 


2. If m= m'm" and n= n'n", where m', m",n', n” € Z, then 
/ " 


ae a 
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3. Suppose that m = 28m, and n = 2°ny, where 8,5 € No, mi, m1 € Z and 
2{myn4. Then 
(2) (2) = mayen 


PROOF. 1. We have 


(=) =sem(om)(T) = sem(mmy(—1y 9 = (ym, 


The other assertions follow by the very definition. 
2. Set m! = 2%'m!, and m!" = 2°"m'!, where 6’, B” € No, mj), m/ € Z and 


24mim!!. Then m = 2°+8"m! m!, and 

(5) (te) = ato nase 
=a(m, n)(— 1) 49"(""—Dis(_h__) = *) 

If m = 2m, where 8 € Z, m, € N and 2{ mz, the 

()(Z) trim tycaorvnotn(a) 


m 
= o(m,n) ee) - (=) 


5 


since 
ni2—1 nll? — 1 nz —1 
= mod 2. 


8 5 8 ~ 8 
3. The assertion is symmetric in m and n, and as (m,n) = 1, we may assume 
that 6 =0 and n = n,. Then we obtain 


(Fa) FE) = ome ayee (otro) = CF) rat) Ga) 


= Fa) = Ga) Ge OR 


my-1 n-1 


sgn(n) my=1 |n[-1 (-1)72>— > if n>O, 
= ( \(-1) 2 2 _ Imy|—-1 , my—1 n41 
|ma| (-1)—2— ts if n<0. 


If n > 0, we are done. If n < 0, then 


—1 —1 1 —ln-1l 
Wal =2 = i eae 7 mod2, if m>0O, 


2 2 a 2 2 


and 


2 2 2 a 2 2 
In both cases it follows that 


ii —1 1 —-ln-1l 
|mi| es a med. Se we ee: 


(=) (7) = o(mny (p=. 
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Exercise 3.5.2. Prove that 


_1)(™-1)/2q, 
een 


; =(F)o(m.n) if m,neZ and 24m, 


m 


Exercise 3.5.3. Let m,n, k be non-zero integers, 2{m, nt+km #40, n= 2?ny 
and n+ km = 27n2, where 6, y € No and 71, ng € Z \ 2Z. Prove that 


n a km sgn(m)—1 sgn(n+km)—sgn(n) n 
(A) yma 


m m 


(; a) ~ oes ae () j 


Now we specialize the Kronecker symbol to the case where the numerator is 
a quadratic discriminant A. In this case, the Kronecker symbol turns out to be a 
quadratic character modulo |A| and even modulo a proper divisor of |A| unless A 
is a fundamental discriminant. To make allowance for this fact, we introduce the 
notion of a reduced quadratic discriminant. 


and 


Let A = sgn(A) 2°pi-...- pe be a quadratic discriminant, where e, r € No, 
€;,...,e, € N and py,...,p, are distinct odd primes. Then we define the reduced 
discriminant A* associated with A by 


A* = 2°) p12. pp, 
0 if A=1mod4, 
h (A) 1 if A=4 mod 16, 
where Cc = 
2 if A=12 mod16 or A=16 mod 32, 
3 if A=8& mod16 or A=O mod 22. 


By definition, A* | A, and A* = |A| if and only if A is a fundamental discriminant. 
Moreover, if n € Z, then (A,n) = 1 if and only if (A*,n) = 1. 


Theorem 3.5.4. Let A be a quadratic discriminant and A* the associated re- 
duced discriminant. If m and n are non-zero integers such that and m =n mod A*, 


then 
ea 
m/ \n 
PROOF. We set D = epi’ -...- per and A = 2°D, where ¢ = sgn(A), e, r € No, 
€1,...,er € N, and py,...,py are distinct odd primes. Then A* = 2°4)p, -...- p, 


with c(A) € [0,3] as above. Let m,n € Z® be such that m = nmod A*. Since 
m =n mod p; for all i € [1,r], we obtain 


Ga, = (Dp) , hence (pp (i) =1, and we assert that (=) (=) =1, 
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We set m = 2?m, and n = 2°n,, where 8,56 €No, 8 <6 and mj, n; € Z\ 2Z. We 
may assume that (A,m) = 1, hence (A,n) = (A*,n) = (A*,m) = 1, and we obtain 


(F) (Z) = atom, Ado(n, ay(yeroner nis)" =)" ) 


[ma|7 \Jmal7 \Jraf7 ra] 


m nm 
= _1)(8+8)/(42-1/8(_2 _)° (lal) (Iral) (_) 9 (4+) 
aor (a Gapleraek ae 
= = (8+6)/(A?—1)/8 2 e segn(mn) = Det (leat, lt) 
= o(mn, A)(-1) (—) eum ) (17 ee) 


CASE 1: A=1 mod 4. Thene=0, D=A, and 
BA fs sgn(mn)\ _ 
(=) (]) = tenn. ay( Al )=1. 
CASE 2: A=0O mod 4. Then 6 =6=0, my =m, n1 =n, and 
BA (BS > sen(mn) 2 \e Dot (inlet Inlet) 
(F(a) = oo (FE) aa) Cao). 
If A= 4 mod 16, then e = 2, D=1 mod 4, and we obtain 
Ba phy. sen(mn)\ _ 
(a) GG) = 2m. DT) = 1 
If A #4 mod 16, then c(A) > 2, m=n mod 4, and we assert that 
sgn(mn D=1 (|mj-1, |nj-1 Ay 7h 2 \e 
tom 2) SH) aye) <1, tae (3)(2)= ZY 
Indeed, if mn > 0, then 
sen(mn)\ | 4) 2=t(leety elt) |) Dad mineg _ 
a(n, DE aye arr) = (1) ES = 1, 
and if mn < 0, then 


=1 (|mj-1, |nj- if) 

o(mn, D) (SAUm) (_1) 75" ( po) sen(D)(—) (1-9? =, 
|D| D| 

If A = 12 mod 16 or A = 16 mod 32, then e = 0 mod 2, and we are done. In all 

other cases, c(A) > 3 and m = n mod 8, hence mn = 1 mod 8, and we are done, 

too. 


Let now A be a quadratic discriminant and A* the associated reduced discrim- 
inant. By the Theorems 3.5.1 and 3.5.4, the Kronecker symbol induces a character 
Qa € X(A*) such that 


rN 
Qa(at+ A*Z) = (=) for all a€Z such that (A,a) =1. 


The character Qa: (Z/A*Z)* — {+1} is called the quadratic symbol associated 
with A. According to the conventions made in Section 3.2, we also view Qa as a 
Dirirchlet character modulo A*. Under this aspect, it is function 


Qa: Z— {0,+1} 
such that the following assertions hold for all a, b € Z: 
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e Qa(a) = 0 if and only if (A,a) #1. 
© Qa(ab) = Qa(a)Qa(b). 
e Qa(a) = Qa(b) if a=b mod A*. 
In the following two theorems, we investigate the properties of the quadratic 
symbol in detail. Then we calculate the Gauss sum 7(Qa) for fundamental discrim- 
inants A (Theorems 3.5.7 and 3.5.8), and we close this section with an explicit 


description of the group of all real characters modulo m for an arbitrary modulus 
(Theorem 3.5.10). 


Theorem 3.5.5. Let A be a quadratic discriminant and A* the associated re- 
duced discriminant. 


1. Qa € X(A*) is a quadratic character, 
Qa(—1) =sgn(A), and if A=1 mod 4, then Qa(2) = (-1)4-D/4, 


2. Suppose that a € Z and (A,a) = 1. 
(a) If A=1 mod 4, then 


Qa(a) = (ia) 


In particular, if A = (—1)®-)/2p for some odd prime p, then Qa = Pp 
is the unique quadratic character modulo p, and 


a 
Qa(a) = (5). 
(b) Suppose that A = 2°D, wheree >2, DEZ and 2{ D. Then 


— (— ele? =1)/84+- 54 2S (_ © 
Qa(a) = (-1) ee? (iB) 


A —Qa(a) if either e=3 or e=2, D=3 mod4, 
Qa (a aE =) = : 
2 Qa(a) otherwise. 


3. If mE Z, (A,m) =1, and A is a quadratic residue modulo 4|m|, then 
—-1 wif A<O and m<0O, 


1 otherwise. 


Qaim) =oelm, A) = 


4. If p is a prime, then A is a quadratic residue modulo 4p if and only if 
Qa(p) # 1. 


Proor. 1. By definition, we have Qa(—1) = sgn(A), and Qa(2) = (-1)4-D/4 
if A=1 mod 4. 


It remains to prove that also for A > 0 there exists some k € Z such that 
Qa(k) = —1. Suppose that A = 2°d, wheree € No, d€ N and 2{ d. 
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CASE 1: d is not a square. Then d = p*'+!do for some odd prime p, | € No, 
do € N and pf do. Let k € N be such that k = 1 mod 8dp, and k is a quadratic 


non-residue modulo p. Then 
anw)= (8) = (284) @OE)-@)- >. 
CASE 2: dis a square. Since A > 0, it follows that e is odd, and therefore 
axt)=(8)=(2)=Q)=-4 


2. Suppose that A = 2°D, where e € No, D € Z\ 2Z and a = 2%a,, where 
BE No and a; € Z\ 2Z. Then we obtain 


Qa(a) = (=) eats ay(1ye-n(2 (2) 


_ aa, A)(—1) a" —nistetat—n/s (FO) (-1)"4> 5 


CASE 1: A=1 mod 4. Then A= D, e = 0, and 
ane) ofa) (h) (at) = ot. (EO) (8) = (8). 
CASE 2: A=0 mod 4. Then 6 =0, a; =a, and 


Qa(a) = o(a, D)(-1)@ “Dis Dai (5) (<) . 


Hence we must prove that 


a(a,D) (9) (-1) or Ses 


This is obvious if a > 0, and if a < 0, then 


oD Sop Oe = 


Next we consider the three special discriminants. 
e A=-4: e=2, D=-—1, and ifae€ Z\ 2Z, then 


—1 

= (— (a-1)/2 _ —- 
Q-a(a) = (-1) (—). 

e A=8: e=3, D=1,andifae€Z\ 2Z, then 


_ (_)@-n/s _ (2 
Qs(a) = (-1) (=). 
e A=-8: e=3, D=-—1, and ifae€ Z\ 2Z, then 


a-l = jennie = (2) (2) =(2), 
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Finally, if e > 2, then 
(a£2°'D)-1  a@-1 , 2°aD+27e-?D? 
— &  ° °»4x- 4 
(at2°4D-1)D-1 a-1D-1 , 2#'1D(D-1) 


2 2 2 2 4 , 
and therefore 


Qa(a +4 >) = Qala +2°1D) = Qa(a)(-1)2, 


where 

e(2°aD + 27e-2D?)  -2e!D(D—-1) —_2°D(ae + 2° 2eD + D—1) 

nn So 
8 4 8 

Now the assertion follows since 


p= 


8 mod 16 if either e=3 or e=2, D=3 mod 4, 


2°D 2°eD+D-l)= 
re . ) ‘3 mod 16 otherwise. 

3. Suppose that m = 28m,, where 3 € No and m, € Z \ 2Z. If A is a quadratic 
residue modulo 4|m]|, then A is a quadratic residue modulo p for each prime p 
dividing m,, hence 

A 2 A 

Qa(m) = (=) = a(m,A)(-1 B(A “Dis 

(m) = (=) = o(m,a)(-) ~ 

If 6 = 0, there is nothing to do. If 6 > 0, then 4m = 0 mod 8, A =1 mod 4, and 

A is a quadratic residue modulo 8. Hence A = 1 mod 8, and again the assertion 
follows. 


4, CASE 1: p{ A. Then 


) = o(m, A)(-1)9O-V/4, 


A 
Qa(p) = & by the very definition. 


If p £ 2, then Qa(p) = 1 if and only if A is a quadratic residue modulo p, and as 
A=0or 1 mod 4, this holds if and only if A is a quadratic residue modulo 4p. 
If p = 2, then Qa(p) = 1 if and only if A= 1 mod 8, that is, if and only if A is 
a quadratic residue modulo 8. 
CASE 2: p|A. If p 4 2, then A is a quadratic residue modulo p, and as A is a 
quadratic residue modulo 4, it follows that A is a quadratic residue modulo 4p. If 
p = 2, then A = 0 or 4 mod 8, and thus A is a quadratic residue modulo 8. 


Theorem 3.5.6. Let A = 2°D be a quadratic discriminant, where e € No, 
DeéZ and |D| =p} -...- pe withr ENo, e€1,.-.,er € N and distinct odd primes 
pi,---;pr- Let A* be the reduced discriminant associated with A. Then Qa is a 
primitive character modulo A* if and only if 2{ e; for alli € [1,r], and one of the 
following conditions is fulfilled: 


e e=0. 
e 2te. 
e 2\e and D=3 mod 4. 
In particular, if A is a fundamental discriminant, then A* = |A|, and Qa is a 


primitive character modulo |A\. 
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ProorF. Let c = c(A) € [0,3] be such that A* = 2°p,-...-p,. By Theorem 
3.2.1.1, Qa is primitive if and only if for every proper positive divisor k of A* there 
exists some a € Z such that a= 1 mod k and Qa(a) = —1. 

CASE 1: 2|e; for some 7 € [1,r], say 2|e,. We set k = 2°p, -...+ pp_1, and we 
assert that Qa(a) = 1 for all a € Z satisfying (A,a) = 1 and a=1 mod k. 

Thus assume that a € Z, (A,a) = 1 anda=1 mod k. Then 


(i) = TG)" =)" =" 


i=1 

and if A= 1 mod 4, then Qa(a) = 1. 

If A = 0 mod 4,then we obtain Qa(a) = (1)? -D/8+23 A and we must 
consider the different possible cases. 

If A=4 mod 16, then e = 2 and D=1 mod 4, hence Qa(a) = 1. 

If A = 12 mod 16 or A = 16 mod 382, then 2|e and c = 2, hence a = 1 mod 4 
and thus Qa(a) = 1. 

If A = 8 mod 16 or A = 0 mod 82, then c = 3, hence a = 1 mod 8, and again 
Data) = 1. 

CASE 2: 2{ e; for all i € [1,r]. We prove first: 

A. Ifk|A* and p,-...-p, +k, then there exists some a € Z such that (A,a) = 1, 

a=1 mod k, and Qa(a) = —-1. 
Proof of A. Suppose that k| A* and p, { k. Let a € N be such that 
a=1 mod 8p, -...-pr—1 and @ =—-l. 

Then a= 1 mod k, and we obtain (regardless of A = 1 or 0 mod 4) 


ano) ate-nnesi (TY = (2) =. ota 


i=1 


Using A, we get the following criterion: 


Qa is primitive if and only if, for every y € [0,c — 1] there is some a € Z 
satisfying (A,a) = 1 and a=1 mod 27p,-...-p, such that Qa(a) = —1. 


In particular, it follows that Qa is primitive if e = 0. 
Assume now that e > 2. If y € [0,c— 1] and a € Z is such that (A,a) = 1 and 


a=1 mod 27p,-...-p,;, then (as above) 
Qa(a) = (-1) “D8 Me 
If 2|e and D=1 mod 4, then Qa(a) = 1 whenever a= 1 mod p, -...- p,, and 


thus Qa is not primitive. 
If 2 fe and y € [0,c — 1], then y < 2, and there exists some a € Z such that 


a=1 mod 2%p,-...-p, and a = 5 mod 8, which implies Qa(a) = —1. Hence Qa is 
primitive. 

If 2}e and D=3 mod 4, then c = 2. If y < 1, then exists some a € Z such that 
a=1 mod 27p,-...-p, and a = 3 mod 4, which implies Qa(a) = —1. Hence Qa is 


primitive also in this case. 
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To calculate the Gauss sum T(Qa), we consider first the case of a prime discrim- 
inant A = (—1)-)/?p for an odd prime p. In this case, Qa = ¢p is the unique 
quadratic character modulo p. 


Theorem 3.5.7. Let p be an odd prime and pp € X(p) the unique quadratic 
character modulo p. Then 


_ jp tf p=1mod4, 
nto = | ¥F if p=3 mod4. 


PRooF. There exist several proofs of this famous theorem of Gauss, both an- 
alytic and algebraic. We refer to [6] for an overview. Here we present an algebraic 
proof due to W. C. Waterhouse [106]. 

Since yp € X(p) is primitive and J, = yp, Theorem 3.2.1.3 implies T(yp) = Ev/P, 
where ¢ € C and |e| = 1. We must prove that 


aa 1 if p=1 mod4, 
~ )i if p=3 mod4. 


Let V be the complex vector space of all functions F* — C (with point-wise 
composition). For v € FX let e, € V be defined by e,(u) = 6,,, for all up € FF. 
Then (€v very is a C-basis of V, and dimc(V) = p— 1. 

We fix some w € F¥ such that FX = (w) and denote by x € X(p) the unique 
character satisfying x(w) = G1. Then x(-1) = x(w-1)/2) = oa = —l, 
X(p) = (x), and we assert that {y” | v € [0,p — 2]} is also a basis of V. For this, 
it suffices to prove that {x” | v € [0,p — 2]} is linearly independent over C. Let 
(ay )ve[0,p—2] be a sequence in C satisfying 

p—2 p-2 p-2 
Sa =0, and thus So ax’ (wi) = ae =0 forall we [0,p— 2]. 
v=0 v=0 v=0 
Since det(¢r" 1), ,n[0,p—2] # 0 (it is a Vandermonde determinant), we obtain a, = 0 
for all v € [0, p — 2]. 
Now we define 0: V > V by 


O(f)(n) = S> f(v)GR’ forall f eV and neFyx. 
veFp 
© is C-linear, and we shall calculate its determinant twice, first using the basis 


(€))yeRx: and then using the basis (x”),<[0,p—9)- 


For 7, n € pa we have 
O(e))in) =O eG = (TI GeL)in), hence O(e)) = Yr gfe, 
veFp veFp veFp 
and therefore, by Lemma A.7.2, 


det(O) = det(@?), serx = det()r, nefop—2] = iPP-)/25) for some bo € Rso- 
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To calculate det(@) using the basis (x7) j<{o,»—2], we decompose V into ©-invariant 
subspaces. For n € F>, we obtain 


O(1p)(n) = DO GG’ = DO GY -1=-1=(-1p)(n), 


veFp veFp 


O(yp)(n) = Y> oplv)GeY = Tp.) = Yp(n)r (yp) = [r(¥p) ep] (n) , 


very 
and, for all j € [1, (p — 3)/2], 


O(x*/)(m) = SO OGY = rm) = XP (n)rx*9) = OXF I(n). 


very 


Hence we have the decomposition 


(p—3)/2 
V=C1, Cy ® Ba V;, where V; =Cyi+Cy~ forall je == ; 
j=l 
The action of © on the O-invariant direct summands is given by O(1,) = —1), 
O(Yp) = T(Pp) Pp, and 
; = a 0 t(x74 ; p—3 
j ee ee ea 
(O(x ), Ox i (x x ) & 0 ) for all j € 1, 5 : 
Thus we get det(Q|C1,) = —1, det(O|Cy,) = T(y,), and (using Theorem 3.2.1.3) 
det(9| Vj) = —7O2)t(x4) = -x3(—l)p = (-1)/t"p. Putting this information 
together, it follows that 
(p—3)/2 (p—3)/2 
det(O) = det(©|C1p) det(©|Cyp) TJ det(©| Vj) =-r(yp) TT [(-1)*"2] 
j=l j=l 


= = 2_ © 
= (-1)1+2+--+(@ 0/27 (py) p? 3)/2 _ (1) DIB (py) p” 3)/2 
= (—1)®*-D/8<p, for some 6; € Ryo. 


We compare the two results and obtain 


e = jp@-1)/2-(?-/4 — -1)2/4 J 1 tf p=l mod 4, 
i if p=8 mod4. 


Theorem 3.5.8. Let A be a fundamental discriminant. Then T(Qa) = VA. 


_7~_\ VA if A>O, 
(Qs) = VE={ Ma if A<O. 


PROOF. We use induction on the number of prime factors of A. The main diffi- 
culty arises for odd prime discriminants, and this case was already done in Theorem 
3.5.7. 
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CASE 1: A is a prime discriminant. If A = (-1)?-D/?p for some odd prime 
p, then Qa = Yp, and the assertion holds by Theorem 3.5.7. It remains to consider 
the discriminants A € {—4, +8}. Simple calculations show that 


7(Q-a) = Q_a(1) i + Q_4(3) 9 = 21 = V—4, 
#(Qs) = Qal1)en4- Qa(3C2 £0, (8/08 + (NI =G—G-2 +c = 24,01-i) =+8 


and 
7(Q_s) = Q_-a(1)dg + Q_9(3)G3 + Q_8(5)GB + Q-a(7G =@+G-G-¢ 
= 2¢é(1 +i) = V-8. 


CASE 2: A is not a prime discriminant. It suffices to prove: 


A. There exists a factorization A = A ,Aps into fundamental discriminants 
Ay, Ag such that (A;, Ag) = 1, and for each such factorization we have 


(Qa) = —7(Qa,)T(Qa,) if Ar <0 and Ao <0, 
= T(Qa,)T(Qa,) otherwise. 


Indeed, suppose that A holds, and let A = A, Ao be a factorization into fundamen- 
tal discriminants A;, Ag such that (A;, Az) = 1. Then 7(Qa,) = VA; fori € {1,2} 
by the induction hypothesis, and it follows that t(Qa) = VA, since 


if A A 0 
HO i On\ 4) ee = oa ae Ae 


otherwise . 


Proof of A. The factorization of A can be deduced from Exercise 1.1.7, but it 
can also be seen by an elementary argument as follows. 

We set A = 2°D, where e € {0,2,3} and D € Z\2Z. Ife = 3, then |D| # 1, and if 
e € {+1} is such that D = € mod 4, then A = (8¢)(eD) is the desired factorization. 
If e = 2, then again |D| 4 1, D = 3mod 4, and A = (—4)(—D) is the desired 
factorization. If e = 0, then D = 1mod4, D = D,Do2, where D;, Do € Z are 
squarefree, |D;| > 1, |D2| > 1, (Di,D2) = 1, and D; = Dg mod 4. If e € {+1} 
and D; = Dg =¢é a 4, then D = (€D,)(€Dz2) is the desired factorization. 

Let now A=A he be a factorization of A into fundamental discriminants 
Ay, Ag such that (A;, Az) = 1. By Theorem A.3.5.2, there is a bijective map 


®: (Z/|Ai|Z)* x (Z/|A|Z)* — (Z/|A|Z)* 


such that 
(ti, + |Ai|Z, th + |Aeo|Z) = ty |Ae| + th/Ai| + |A|Z 
for all (t',,th) € Z? satisfying (¢, A;) = 1 for i € {1,2}. 
For i € {1,2} and t; € Z/|A;|Z, we fix some representative ti; € N satisfying 
t; = t, + |A;|Z. Then we obtain 
TQa= YS) QaGa; 


te(Z/|A|Z)* 


> DY. QaltilAal + Arg ana tales! 


t1€(Z/|A1|Z)* t2€(Z/|A2|Z)* 
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Throughout the following calculations, we use the Theorems 3.5.1 and 3.5.4. First 


‘ ~ = 5 t |Ag|+t5|A 
we fix some (ty, t2) € (Z/|A1|Z)*x(Z/|Ag|Z)*. Then GBI = ch ce and 


A Ay Ao 
tila a a a es ei nL | OC eer. 
Qa(tldal +414) = (aaa) = Gaga) (ea ea) 


A 
= (a) ae) BREA 
= 0(A1, A2)Qa, (t1) Qa, (t2) , 


where 


(Ay, Ao) —1 if A, <Oand Ay <0, 
oO p) = ° 
ie 1 otherwise. 


For the proof of the last equality, observe that Ay = 1 mod 4 or Ap = 1 mod 4, and 
therefore 


(=) (=) = (S55) (45) (3) (2) eee ee 


Hence we obtain 
(Qa) =o(A1,42) SO D5 Qai (1) Qara (2) Ra} 
t1€(Z/|Ai|Z)* te€(Z/|A2|Z)* 
= 0(Ai, Ao)r (Qa, )T(Qa,)- 


Exercise 3.5.9. For k € N and m € Z, we define 


k-1 
g(m,k) = Sop’. 
n=0 


Prove the following assertions. 

a) Ifte Z, a, be N and (a,b) = 1, then g(tb,a)g(ta, b) = g(t, ab). 

b) If p is an odd prime, y, is the quadratic character modulo p and m € Z\ pZ, 
then 

g(m,p) = () ry). 
Pp 
c) If p, q are distinct odd primes, then g(1,pq) = \/(—1)I-))/2 nq. 
We continue with an explicit description of all real characters for an arbitrary 


modulus. On this occasion we shall also determine the primitives among them and 
obtain a counterpart to Theorem 3.5.6. 


Theorem 3.5.10. Suppose that m = 2°pj'-...+ pe > 2, where r,e € No, 
Pi,---,pr are distinct odd primes and e1,...,e, € N. Note that for a € Z the residue 
classes a+p1Z,...,a+p-Z anda+2°Z are uniquely determined by the residue class 


a+mZ. We set 
r if e<l, 
p=<sr4+1 if e=2, 
r+2 ff e=3, 
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and we define quadratic characters p1,..., Pp: (Z/mZ)* — {+1} as follows: 
For a € Z such that (a,m) = 1, we set 


pila +mZ) = (=) for i¢€[1,r]. 


Pi 


| 
prei(a+mZ) =(—) =(-1) 9" if e 22, 


and 


2 : 
~r+2(a + mZ) = (=) = (1) “D8 if e>3. 


1. (Y1,---,Yp) 18 a basis of the elementary 2-group X(m)[2] of all real charac- 
ters modulo m, and 


|X(m)[2]| = ((Z/mZ)* :(Z/mZ)**) = 2°. 


2. For a real character y € X(m), the following assertions are equivalent: 
(a) y is primitive. 
(b) e € {0,2,3}, e; =1 for alli € [1,r], and either p = 1 -...+ Qo, or 
e=3 andyp=1-...+ Yrr+a- 
(c) A= y(—-1)m is a fundamental discriminant, and yp = Qy. 


ProoF. For i € [1,7], let 7; € Z be such that 
(a, + pFiZ) = (Z/pi'Z)* and 7; =1 mod oe 
i 
If e > 2, let 7-41 € Z be such that 
Tritt =—1 mod 2° and 7,4; =1 mod — 
If e > 3, let 7-42 € Z be such that 
Tr+2=5 mod 2° and amp42=1 mod x : 
Then (71 + mZ,...,7%) + mZ) is a basis of (Z/mZ)* (see Theorem A.6.5), and 
obviously 2| ord(a; + mZ) for all i € [1, p]. 
1. It suffices to prove the following assertion : 
A. For all i, 7 € [1,p], we have 
-1 if i=j 
fare Z\= y 
() ily + mZ) f 


Indeed, suppose that A holds. If i, 7 € [l,p| and i # j, then y;| (a; + mZ) is 
the unique quadratic character of the cyclic subgroup (7; + mZ) of (Z/mZ)*, and 
yi | (a; +mZ) = 1m. Hence (¥1,...,%,) is a basis of X(m)[2] by Corollary A.7.4, 
and |X(m)| = ((Z/mZ)* :(Z/mZ)*?) = 2°. 
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Proof of A. Suppose that i € [1,7r]. Then 7;+p;'Z is not a square in (Z/p;'Z)*, 
hence 7; is not a quadratic residue modulo p;' and thus it is not a quadratic residue 
modulo p; by Theorem 3.1.5.1. Hence 


pila; + mZ) = (=) =-1. 


Pi 


If 7 € [1,r] \ {¢}, then 7; = 1 mod pj, and therefore 


pj(m + mZ) = (=) aie 


Py 
If e > 2, then 7; = 1 mod 2°, and therefore yj(a; + mZ) = 1 for j € [r + 1, p]. 
If e > 2, then 7,41 = —1 mod 2° and 7,4; = 1 mod p; for all 7 € [1,r]. Hence 


Pr4i(tr+1 +mZ) = —-1, ~j(ar41 + mZ) = 1 for all 7 € [1,r], and, if e > 3, then 
Pr+2(Tr+1+mZ) = 1. 
If e > 3, then 7-42 = 5 mod 2° and 7,42 = 1 mod p; for all j € [1,1]. Hence 
Pr+2(Tr+2 + mZ) = -1 and yj (t-42 +mZ) = 1 for all i € [1,r + 1]. 

2. We set P= pj -...+ pr. 


(a) = (b) Let y € X(m) be a primitive real character. Then there exists a 
subset I C [1,] such that 


0 if e<1l, 
ga Ils: and we set m’ =2°P, where e'=42 if e=2, 
el 3 if e>8. 


Ifa € Z, (a,m) = 1 anda=1modm’, then y;(a) = 1 for all i € [1,p], hence 
y(a) = 1, and therefore m’ = m. It remains to prove that either I = [1, p], or e =3 
and I = [1,r]|U{r+2}. We assume the contrary and prove that there exists a proper 
positive divisor k of m such that y(a) = 1 for all a € Z such that (a,m) = 1 and 
a=1 mod k. Indeed, 
e if i € [1,r] \ J, then we obtain y(a) = 1 for all a € Z satisfying (a,m) = 1 
and a= 1 mod mp; "3 
eife =2andr+1 ¢ I, then we obtain y(a) = 1 for all a € Z satisfying 
(a,m) =1 and a=1 mod P; 
eife =3 andr+2 ¢ I, then we obtain y(a) = 1 for all a € Z satisfying 
(a,m) =1 and a=1 mod 4P. 


(b) => (c) We set 6= v1 -...-y,. Ifa € Z and (a,m) = 1, then 
HoT) = 
Pra) 


CASE 1: e=0. Thenm=P, y= ¢, and A = y(—-1)m = (-1)" Ym is a 
fundamental discriminant. If a € Z and (a,m) = 1, then 
a 


Qa(a) = (—) = (a). 


m 
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CASE 2: e=2. Thenm=4P, y= 6,41, 


1 if P=3 mod 4 
—l)= —1)y,. —1)= -(-1 (P-1)/2 _ ) 
p( ) o( yp aii ) ( ) L if 1 sad. 


and therefore A = 4y(—1)P is a fundamental discriminant. If a € Z and (a,m) = 1, 
then 
— (A) (P(-I)P\ (ly ((-DEVPPy | 7 

Qa(a) = (=) = (2) = (=) (>) = @ (0) = 9). 

CASE 3: e = 3. Then m = 8P, vy = oYr+2 or Y = OYr41Yr+2. In any case, 
A = 8y(—1)P is a fundamental discriminant. Let a € Z be such that (a,m) = 1. 

If yp = $yp42, then y(—1) = o(-1) = (—1)-Y/2, and 

(AY (8(-DYP VPP) 72) ((-1)P “VPP 
oe 2. 


a a a 


= (Yr+2)(a) = 9(a). 
If p = $yr4ir42. Then y(—1) = —¢(-1) = —(-1)P-Y/?, and 


age )= ea) 216 (ones 


= (Yr+1¥r+29)(a) = pla). 


(c) = (a) By Theorem 3.5.6. 


We conclude this section with a new formula for the number of solutions of a 
quadratic congruence using Kronecker symbols (Theorem 3.5.11). This formula will 
be used in Chapter 6 to obtain quantitative results concerning the representation of 
integers by binary quadratic forms (see Theorem 6.2.12). 


Theorem 3.5.11. Let m € N anda € Z be integers such that (a,m) = 1, 
a=0O or1 mod 4, and 


Nm(a) = |{2 + 4mZ € Z/4mZ | x? = a mod 4m}|. 


1. If mo is the square-free kernel of m, then 


waiel=2 5 (8) 


1<d|mo 


2. a is a quadratic residue modulo 4m if and only if 
(=) =1 for all primes p dividing m, and then N,,(a) 
Pp 


where r is the number of distinct primes dividing m. 


— grt 


PROOF. Suppose that m = 2°%pi!-...- p&*, where e,s € No, pi,...,Ps are 
distinct odd primes, and ¢€1,...,e, € N. By the Chinese remainder theorem, we 
obtain 


Ss 
Nm(a) = {2 + 4mZ € Z/4mZ | 2? =a mod 4m}| =] [ Ni, 
i=0 
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where 
2 if e=0, 
2/1+($)] if e>1, 


No= eter Ze Ze Z | 2 =e modo" = 


N; = l{x + piZ E Z/2%Z | a =a mod ps \ — il + eG) for all 1 — (1, s], 
and therefore 
voto) =[L%=2 Tf +(2))=2 © (8) 
i=0 es P 1<d|mo 
p|mo 


By Theorem 3.1.2, a is a quadratic residue modulo 4m if and only if a is a quadratic 
residue modulo 2°*? and modulo p** for all i € [1,s]. Now we apply Theorem 3.1.5. 
If e = 0, then a is a quadratic residue modulo 4 by assumption. If e > 1, then 
(a,m) = 1 implies a = 1 mod 4, and a is a quadratic residue modulo 2°*? if and 
only if a = 1 mod 8, that is, if and only if (¢) = 1. For alli € [1, s], a is a quadratic 
residue modulo p;’ if and only if a is a quadratic residue modulo p;. Hence it follows 
that a is a quadratic residue modulo 4m if and only if (3) = 1 for all primes p 
dividing m. 
In the calculations made above, we set 
8 if 2{m, 


No=4 if e>1, r= 
s+1 if 2|m, 


and then it follows that Nj,(a) = 2"*1. 
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CHAPTER 4 


L-series and Dirichlet’s prime number theorem 


4.1. Preliminaries and some elementary cases 


The main purpose of this chapter is a proof of the following Theorem 4.1.1, 
called Dirichlet’s theorem on primes in arithmetic progressions or Dirichlet’s prime 
number theorem. 


Theorem 4.1.1 (Dirichlet’s prime number theorem). Let m and k be positive 
integers. If (m,k) = 1, then the arithmetic progression k + mN_ contains infinitely 
many primes | equivalently, there are infinitely many primes p=k mod m]. 


The full proof of Dirichlet’s prime number theorem needs analytic methods. 
There exist proofs avoiding the analytic machinery, but they are not really elemen- 
tary and are beyond the scope of our book (see, e.g., [96]). The idea for the analytic 
proof is to consider the convergent (eventually infinite) series 


S- = for s € Ry 
peP 
p=kmod m 

and to prove that it tends to infinity as s > 1. For this proof, we develop the basics 
of the theory of multiplicative functions and Dirichlet’s L-series in the Sections 4.2 
and 4.3. These results will be used again in Chapter 8 when we investigate the 
analytic theory of quadratic orders and binary quadratic forms. The actual proof of 
Dirichlet’s prime number theorem will be completed at the end of Section 4.3. In 
Section 4.4, we deal with the summation of [-series and pave the way for the proof 
of the analytic class number formula in Chapter 8. 

For a deeper study of analytic number theory, a thorough knowledge of complex 
analysis is indispensable. To get an impression, the reader may consult the textbooks 
[45], [12], or (more elementary) [2]. A concise axiomatic approach can be found in 
[33]. In the present volume, our requirements are more modest. Besides standard 
real analysis of one variable, we shall use only basics from the theory of complex 
variables. In Appendix B the reader may find those analytic prerequisites which 
usually are not covered in an introductory course. 


Exercise 4.1.2. Let a € Z be not a square. Use Dirichlet’s prime number 
theorem to prove that there exist infinitely many primes p such that a is a quadratic 
residue modulo p and also infinitely many primes such that a is a quadratic non- 
residue modulo p. 
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We proceed with the discussion of some special cases of Dirichlet’s prime number 
theorem which can be handled by elementary methods without analytic tools. We 
deal with the unit class in Theorem 4.1.4, with the prime residue classes modulo 8 
in Theorem 4.1.5, and leave the prime residue classes modulo 12 as an exercise. We 
start with a simple observation. 


Theorem 4.1.3. Let m and k be coprime positive integers, and suppose that 
for every 1 € N there is some prime p #k satisfying p =k mod m!. Then there are 
infinitely many primes p= k mod m. 


PROOF. Assume to the contrary that there are only finitely many primes p such 
that p= k mod m, say {p€ P| p#k, p=k mod m} = {pj,...,p,}, where r ¢ N 
and p,,...,pr are distinct. Let 1 € N be such that m! { (p, — k)-...- (pp — k). 
By assumption, there exists some prime p 4 k such that p = k mod m!, and thus 
p¢{pi,-.--,Pr}, a contradiction. 


The following proof of Dirichlet’s prime number theorem for the unit class is 
taken from [95]. 


Theorem 4.1.4. For every positive integer m > 2 there exist infinitely many 
primes p=1 mod m. 
PROoF. We make use of two auxiliary results. 
I. Ifn €N and 7,...,2%, € R, then 
MA Gy. 6.g Mat = os (—1)!!-! minf{x; |i € J}. 
OAIC(I,n] 
II. Ifa, me N>o, n€N and pj,..., py are distinct primes dividing m, then 
(a™/Pt — 1... ,a™/Pn — 1) = gi /PrPn 1, 


Proof of I. As both sides of the asserted equation are symmetric in 71,...,2n, 
we may assume that 71 < ®g <...< 2,, and then we obtain 


S> (-1)"-1 min{a; | i € I} 


OAIC[1,n} 

= So (ll minfa;|ie + S2 (-1)!"! min{x; | ie TU {n}} 
OAIC[1,n—-1] Ic{1,n—1] 

= (-1)""t minfa [ie + SO (-1)"lmin{a; | i € I} + tn = ap. 
OAIC[1,n—-1] OAIC[1,n—-1] 


Proof of TI. It is well known (see Theorem A.3.1) that 


(GE AA pt 1) aa" 1, where d= (=,....4). 
P1 Pn 
Since p,-...- pnd =m ged({p. -... + Di-1Pi41 +--+ Pn | 4 € [1,n]}) = m, it follows 
that as 
a 


a 
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Now we can prove the theorem. By Theorem 4.1.3 it suffices to prove that. for 
every m > 2 there exists some prime p = 1 mod m. Suppose that m > 2, and let 
p1,---,pr be the distinct prime factors of m. We consider the number 


_ m™—1 
~ lem{m™/P1 —1,...m™/Pr — 1} 
Since m’/Pi —1|m™ —1 for all i € [1,r], it follows that N € N, and we assert that 


N > 1. Assume to the contrary that m™ — 1 =lem{m'/?! — 1,...m™/Pr — 1}. For 
every prime p, I. implies 


vp(m™ — 1) = max{v,(m"/?i — 1) | 4 € [1,r]} 
= So (-1)"F1 min{vp(m™/?' — 1) |i I}, 
OATC{I1,r] 
and, for every ) AI C [1,r], II. implies 
min{v,(m™?: —1)|ie I} = Vp (ged{m/Pi —1jieT}) 
= vp(mir/Pr —1), where pr= ||. 
ie 
Consequently 
0= » (—1)lv,(m™/P! — 1) = vp( Il (m™/Pr — yen") . 
Ic{1,r] IC{[1,7] 
and since this holds for all primes p, we obtain 
II (mm/pr — 4D" = 1, 
Ic{1,r] 
and therefore 


II (m™/Pt =i) II (mi/Pr —1)=0. 


Ic{1,r] Ic[1,r] 
|I|=0 mod 2 |I|=1 mod 2 


If I ¢ [1,r], then m™/?1 = 0 mod m'™/?1--Pr+1, and thus it follows that 


+(mPiPr — 1) = II (m™/P1 =f I (mm/Pr —1) =0mod mn/ Pr Prtl 


I¢[1r] I¢[Lyr] 
|I|=0 mod 2 |Z|=1 mod 2 


a contradiction. 


Let p be a prime divisor of N. Then m™ = 1 mod p, and we assert that m is 
the order of m+ pZ € (Z/pZ)*. Once this is proved, then it follows that m|p— 1 
and thus p= 1 mod m. 

Assume to the contrary that m'/?' = 1 mod p for some i € [1,r]. Then 


;-1 
Cie ae wad m™ —1 
——$—$— es: pi\k — . 
dm )* =p; modp and p|N a 


a contradiction, since p ¥ p,;. 
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Theorem 4.1.5. For each k € {3,5,7}, there exist infinitely many primes p 
such that p= k mod 8. 


PROOF. The proof is modeled upon Euclid’s proof of the infinitude of primes. 
We suppose that, for some r € N, there exist already primes p,,...p, congruent to 
k modulo 8, and then we construct yet another such prime. We set N = p,-...- Dr, 
and we apply the Theorems 3.3.1 and 3.3.5. 

k = 3: Ifa = N* +2 and p is any prime dividing a, then —2 is a quadratic 
residue modulo p and therefore p= 1 or 3 mod 8. Since a = 3 mod 8, there exists a 
prime divisor p of a such that p=3 mod 8, and clearly p ¢ {p1,..., pr}. 


k=5:Ifa=N?+4 and pis a prime divisor of a, then N? = —4 mod p, hence 
—4 —1 

(—) = (—) =1, andthus p=1 mod 4. 
Pp 
Since a = 5 mod 8, there exists a prime divisor p of a such that p = 5 mod 8, and 
clearly p ¢ {pi,...,Pr}- 

k=7: Ifa = N*—2 and p is a prime dividing a, then 2 is a quadratic residue 
modulo p and thus p = 1 or 7 mod 8. Since a = 7 mod 8, there exists a prime divisor 
p of a such that p= 7 mod 8, and clearly p ¢ {pj,..., pr}. 


Exercise 4.1.6. Suppose that k € {5,7, 11}, and prove that there exist infinitely 
many primes p= k mod 12. (Compare [97].) 


4.2. Multiplicative functions 


Definition 4.2.1. A function f: N — C is called 


e multiplicative if f(mim2) = f(m1)f(me) for all m1, m2 € N such that 
(m1, m2) = 1; 


e completely multiplicative if f(mime2) = f(m1)f (m2) for all m1, m2 EN. 


If f £0 is a multiplicative function, then f(1) = 1, and 
fin) = II f(pe™) for all nEN. 


peEP 


In particular, a multiplicative function f 4 0 is uniquely determined by its values 
on prime powers. 

Euler’s y function y: N > N © C (see Definition A.6.2) is multiplicative. 
The point-wise product of two (completely) multiplicative functions is (completely) 
multiplicative. For every s € R, the function n +> n* is completely multiplicative. 
If m € N, then every Dirichlet character x € X(m) is a completely multiplicative 
function y: N — C. In particular, if y € X(m) and s € R, then the function 
nt>x(n)n* is completely multiplicative. 
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Theorem 4.2.2. Let f: NC be a multiplicative function. Then its summa- 
tory function 


Sf:N—>C, defined by (Sf)(n) = > f(d), is also multiplicative. 
d|n 


Proor. Let m1, m2 € N be such that (m,,m2) = 1. If dE N, then d|m mz if 
and only if there exist d,, dz € N such that d,|m1, d2|mz2 and d= djd. Hence 


(Sf)(mime)= So f= >) SO f(dicr) 


d|mime2 di|m1 d2|m2 


=>, S- f (di) f (da) = (Sf) (m1)(Sf)(mz2) - 


d,| my d2| m2 


Multiplicative functions are a powerful tool in number theory. Some of their 
interesting properties (which however will not be used in this volume) are collected 
in the following exercise. 


Exercise 4.2.3. For two functions f, g: N — C, we define their Dirichlet con- 
volution f*g: NC by 
n 
= > i (a)9(=) : 
d|n 


The Mobius function uw: N > {0,+1} Cc C is the unique multiplicative function 
such that, for all primes p and e EN, 


{7} if e=1, 
ee SP ete 


The completely multiplicative functions ¢, 1: N — C are defined by 


taf =1 
e(n) = : " * and w(n)=1 forall nEN. 
0 if n>1, 


Prove the following assertions : 


a) The composition * is commutative and associative, and f *« = f for every 
function f: NC. 


b) If f, g: NC are multiplicative functions, then f * g is also multiplicative. 
The relation Sf = f *v yields a new proof of Theorem 4.2.2. 


c) If f: NC isa non-zero multiplicative function, then 
> (a) f(a) = [A - F()) 
d|n p|n 
(where an empty product has the value 1). 


d) wx. =e. In particular, wxSf = f for every multiplicative function f: NC 
(Mobius inversion formula). 
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The study of multiplicative functions is a fascinating topic of number theory 
with many arithmetical applications. The interested reader should consult Elliott’s 
book [91] to get an impression of this theory. The Euler product representation of 
series defined by multiplicative functions (as given in the next theorem) is one of 
the most classical and useful tools in analytic number theory. 


Theorem 4.2.4 (Euler products). Let f: N— C be a function. 
1. Let f be multiplicative. Then 


YF) = TE (S2 0 )1) € Reo {oo}, 
n=0 


pEP j=0 


and if this expression is finite, then 


700) = [1 (92 10). 


pEP j=0 


2. Suppose that f is completely multiplicative, f(1) = 1, and |f(p)| < 1 for all 
primes p. Then 


1 
YA) I= [] 7p € Boo fo} 


pEeP 


and if this expression is nee, then 


rf A} = 990) = aye 


peP j=1 peP 


PROOF. 1. For every N € N, we have 


N N oe) 
Sif@l < TP Solf@)| < Sof) 
n=1 n=1 


psN j=0 


and for N — oo, it follows that 


Slifml=T]S fe) 
n=1 


peEP 7=0 


Assume now that this expression is finite and let ¢ > 0 be arbitrary. Then there 
exists some N, € N such that 
[oe] 


S> lal <e. 


n=N,+1 


For N > Nj, let T(N) be the set of all n € N not divisible by some prime p < N. 
Then we obtain 


co (oe) 


ore - IL (32 7@%)| = Os fn|< SO @< YO @l<e, 


i j=0 neT(N n=N+1 n=N,4+1 
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and consequently it follows that 
Yim =T] (Se). 
n=1 peP j=0 
2. Since | f(p)| <1 and f(p’) = f(p)/ for all primes p and j € No, we get 


: it 
Yvel=T (Soe) ’) = lor 


peP j=0 
If this expression is finite, then (see Appendix B.1.3) 


o¢or{ De DY bald 
TF Qe") - D4 


peEP pEeP j=0 


Exercise 4.2.5. Let f: N — Rso be a multiplicative function and x € Rs». 
Prove that 


— v 1\-1 
S > f(r) < [] So fo”) and deduce that loge < [] (1-5) ; 


n<a p<a v=0 peu 


which implies that there are infinitely many primes (this nice argument it taken 
from [14]). Hint: Use the inequality 


“1 
log(n +1) < be P <1-+logn, which follows by Lemma B.2.6. 
k=1 


Corollary 4.2.6. Leta: N > C be a non-zero completely multiplicative function 
and 3? € Rso such that 


— |a(n)| 
) <oo for everyo>W. 
ne 


n=1 
Let F: Hyg > C and W: Hy > C be the — functions defined by 
f(s) = > an) and = 5) ipl (see Lemma B.2.2). 
n>1 peP j>1 


Then 


F(s)= oe a) = ILC - a =exp(W(s)) forall seHy,, 


pe 
and if a is bounded, then the assertion holds for 0 = 1. 


PROOF. Since a is completely multiplicative, the function f: N > C, defined by 
f(n) = a(n)n~* is also completely multiplicative. Hence Theorem 4.2.4.2 implies 
the product representation of F' and the relation F = exp(W). 
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4.3. Dirichlet L-functions and proof of Dirichlet’s theorem 


This section is the core of the chapter. We introduce and investigate Dirichlet 
L-functions so that we can prove the theorem on primes in arithmetic progressions. 
We start with some useful estimates of character sums. Recall that for m € N we 
denote by 1,, € X(m) the unit character modulo m. In particular, 1 = 1; is the 
constant function with value 1. 


Theorem 4.3.1. Let m be a positive integer and x € X(m) a (Dirichlet) 
character modulo m. 


1. If k, n EN and (k,m) = 1, then 


oe _ J) em) if n=k modm, 
ZL wr={ A ee, 


2. For everyc € Z we have 


c+tm : 
_ y(m) if x=1n, 
Yw-{ DP sees 


where yp denotes Euler’s function. 
3. If yx Alm, 8,2, X € Ryo anda < X, then 


| » x(n)| <m and | S> xt) 


a<nc xX a<ncxX 


3m 


= 7s * 


ProoF. 1. If (n,m) 4 1, then n #k mod m, y(n) = 0 for all x € X(m), and 
the assertion holds. Thus suppose that (n,m) = 1, and set 7 = r+ mZ for r € Z. 
Then we obtain (see Theorem A.7.7 ) 


S> xk) x(n) = S> x( F'n) 


xEX(m) xXEX(m) 
y(m) if k7=T1 (that is, if n=k mod m), 
) 0 if k'aAT (that is, if n#k modm). 


2. Let c € Z. We apply Theorem A.7.7 again and obtain 


= gm) t x =1Lp,, 

xm) = x = NT 

n=c+1 te (Z/mZ)* x m- 

3. Suppose that y A 1m, 8,2, X € Ryo, x < X, and set |X| = |x| +km+r, 
where k, r € No and r < m. By 2., it follows that 


k-1 |vl|+jm+m |v |+km+r 


Sex@<[E Lo xewol+ Yo kl =r<m. 


<n x j=90 n=|a|+jm+1 n=|a|+km+1 
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Now Lemma B.2.4, applied with a= x and g(&) = €~°, yields the inequality 


y> xX) 


T<ncx 


Definition 4.3.2. Let m be a positive integer and x € X(m) a (Dirichlet) 
character modulo m. We define the Dirichlet L-function L(-,x): Hi > C and the 
logarithmic L-function A(-,x): Hi > C by the Dirichlet series 


L(s,x) = x and Meany for 2 Ai. 


n>1 peP j=l 


According to Lemma B.2.2, L(-,x): Hi > C and A(-,x): Hi > C are holomor- 


phic functions. 
Of particular interest is the Riemann zeta function 


¢=L(-,1):H, >C, given by (=e for all s € Hy. 


n> 


Based on our preliminary work, it is now easy to prove the analytic properties 
of the Dirichlet D-functions. 


Theorem 4.3.3. Let m be a positive integer and x € X(m) a (Dirichlet) 
character modulo m. 
1. If x 41m, then the Dirichlet L-function L(-,x) extends to a holomorphic 
function L(-,x): Ho > C. 
2. If se Hy, then 
1(s,x) = J] (1— M2)? = expals.x)), (3.4m) = 6s) [[G- 2"), 
pEeP p|m 


and if s © Ryj, then 


]] %.¥) 21. 


WEX(m) 


3. There exists a holomorphic function G: Ho > C such that, for all s © H4, 


6) = T] ps = + 0) and L(s,1m) =¢(s) [[ Q-p™*). 


peP p|m 
In particular, L(-,1m) has an extension to a holomorphic function 
L(-,1m): Ho\ {1} > C, and lim (s—1)L(s,1m) = Am) 
sl m 


PROOF. We have already mentioned that (due to Lemma B.2.2) the functions 
L(-,x): #1 > C and A(-,x): Hi > C are holomorphic. For s € Hj, the function 
n> x(n)n~* is completely multiplicative, and therefore Corollary 4.2.6 implies 


1(s,x) = [] (1— M2) * = exp(ats,x)). 


Ss 
peP 
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In particular, it follows that 


p|m 
If s € Ryj, then 
H 16» =e0( So aw) <e(SH, T ve) 21 
bex(m) pex(m) peP ja wex(m) 


since exp(x) > 1 for all x € Rso, and thy Theorem 4.3.1) 
d> VP") € {0, p(m)} CRso- 
pEex(m) 
Now we apply Theorem B.2.5 with 
= S> x(n) for x € Rs. 
ne 


Ify A 1m, then |A(x)| < m for all c € Rs; by Theorem 4.3.1.3, hence Theorem 
B.2.5 applies with \ = 6 = 0 and shows that L(-,.) extends to a holomorphic 
function L(-,x): Ho > C. 


If m = 1, then y = 1 and A(z) = |x| < @ for all x € Ryo, hence Theorem B.2.5 
applies with 4 = 1 and 6 = 0 and shows that there exists a holomorphic function 
G: Ho > C such that 


J 
(8) = L(5,1) = T] ae = qt 8) for all s € H1. 


If m € N is arbitrary and y = 1, then it is now obvious that 
1 = 
L(8,1m) = [| eo =¢(s) [[GQ-p™*) forall sewn, 
ptm p|m 


hence 


(s—1)L(s,1m) = (s-1)¢(s) [[ Q—-p™*) = s[1+(s—-1)@(s)] [[ G-p), 
and therefore (using Theorem A.6.2 ) 


lim(s — 1)L(s,1m) = [] (1 = =m) 


sol 


p\|m 


Dirichlet L-functions (and in particular the Riemann zeta function) play a funda- 
mental role in prime number theory. They can be extended to meromorphic functions 
in the whole complex plane with only a simple pole at s = 1 if x = 1), and the dis- 
tribution of their zeros controls the distribution of prime numbers. By the yet widely 
open famous generalized Riemann hypothesis, all zeros lie on the line R(s) = 1/2. 
For a deeper study of all these facts we refer the reader to H. Davenport’s book [20] 
and the excellent comprehensive survey of recent results by W. Narkiewicz [84]. 
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Exercise 4.3.4. Let uw: N > C be the Mobius function (see Exercise 4.2.3 ) 
and A: N > C the Liouville function, defined by A(n) = (-1)" if n=pi-...- py, 
where r € No and pj,...,p, are (not necessarily distinct) primes. Prove that, for 
s € Ry, the following identities hold: 


Ce) a ae 
C(s—1) _ y(n) _ 
ay “dw 


The crucial fact for the proof of Dirichlet’s prime number theorem is the non- 
vanishing of Dirichlet’s Z-functions at s = 1, to be proved in Theorem 4.3.5, and the 
behavior of the logarithmic L-function as s + 1+, which is explained in Theorem 
4.3.6. 


and 


3 
oS 
on 
I] 
SIs 
y 


Theorem 4.3.5. If me N and x € X(m) \ {Im} is a non-trivial (Dirichlet) 
character modulo m, then L(1,x) #0. 


Proor. Assume to the contrary that L(1,w) = 0 for some positive integer m 
and  € X(m) \ {1m}. 

CASE 1: ~ 4%. Then % € X(m), and L(s,%) = L(s,%) for all s € Ryo. Since 
L(-,w) is differentiable in 1, there exists a continuous function G: Ryo > C such 
that L(s,w) = (s — 1)G(s) and thus L(s,%) = (s — 1)G(s) for all s € Ryo. By 
Theorem 4.3.3.2, it follows that 


1< [[ Ls,x) = L(s,1m)L(s, p)L(s, $)F(s) = L(s,1m)(s — 1)?|G(s)|?F(s) 
xEX(m) 


for all s € Rx, where 
F(s)= II L(s,x), 
XEX(m)\{1m vv} 
and F’: Ryo > C is a differentiable function. Since 


y(m) 


m 


i _ 2 = i — = 
im, (s 1)|G(s)|"F(s) =0 and im (s 1)L(s, 1m) 


(by Theorem 4.3.3), we arrive at a contradiction. 
CASE 2: »=%. Let ©: NR and W: Ryo — R be defined by 


® 
B(n)= S> vd) and V(r)=S> me 
1<d|n n<a 
By Theorem 4.2.2, ® is multiplicative. If p is a prime and e € No, then 
e+1 if v(p)=1, 


B(p*) = S> b(p) = il if ~(p)=-—1 and e is even, 
i= 0 if pim. 
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Hence it follows that ®(n) > 0 for all n € N, and ®(n?) > 1 for all n € N such that 
(m,n) = 1. For x € Rsi, we obtain 


nox N/E NSfE n>1 
(nym)=1 mntl</z 
and therefore 
lim W(x) = oo 
L—- Oo 


Let « € Rs;. By the Theorems 4.3.1 and 4.3.3.4, it follows that 


— converges, pire |= =) ee me < 


n>1 


and 


If (d,d’) € N?, then dd! < x if and only if 


either d' < /z and Ye <d< 5, or d< Ja and d’< So: 
and therefore 
v@) v@) 
U(x) = ==) 
n<« d|n ue d,d'>1 vdvd' 
dd! <a 
-y2 o@) , pw@ 2 
tegen” jagee gage Ve VO 
Using Theorem 4.3.1.3 and Lemma B.2.6, we obtain 
HO) > 1 3m < 5 | V® dé ir 
an = gift 
d<Je Tt oe 7 4g Vai VE" 
. 1/4 
= sa le /*_241] <6m. 
If y € Rs, then Lemma B.2.6 implies 
S| --[ 5 y) =2,/y-—2+6(y), where 0< Ay) <1, 


nay WY 
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hence | — 2+ @(y)| < 2, and therefore 
peal lE ayaa 
eva P+] 

exe «aly 


=a 


Now it follows that U(x) < 18m for all x € Rj, a contradiction. 


< 12m 


Theorem 4.3.6. Let m be a positive integer and x € X(m). For s € Rs, the 
logarithmic L-functions behave as follows for s > 1: 


im, ACs, x) exists in C if x#1m, and lim, ACs, Lig) =O: 
PROOF. Theorem 4.3.3.1 implies 


_ lm) ; 2 
im (s — DLs; 1) = aa hence im, L(s, La) = 60% 


If s € Ryy, then A(s,1,,) € R, L(s,1,) = exp A(s,1,,), and therefore 
hari. X (6, 1p.) = Go: 
s—1+ 
Assume now that y # 1. Then L(1,y) # 0 by Theorem 4.3.5, hence there 
exists some b € C such that L(1,y) = e?, and we define 
h:Rs13C by A(s)=1-—e°L(s,y). 


Since L(-,x): Ryo > C is continuous, there exist ¢, 6 € (0,1) such that |h(s)| < 0 
for all s € (1—e,1+ 6), h is continuous, and we define H: (1—¢,1+¢) >C by 


This series is uniformly convergent, hence H is continuous, and if s € (1,1+¢), then 


b 
. a: b—A(s,x) | 


1—Ah(s) L(s,x) Y 
The function K: (1,1+¢) > C, defined by K(s) = H(s)—b+A(s, x), is continuous, 
and as e(s) = 1, it follows that K(s) € 2miZ or all s € (1,1 + 6). Hence K is 
constant, say K(s) =c € C for all s € (1,1 + ¢), and 


lim A(s,x) = lim [K(s) —- H(s)+b] =c—HA(1)+beEC. 
s1+ s—1+ 
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PROOF OF THEOREM 4.1.1 (DIRICHLET’S PRIME NUMBER THEOREM). 
Let k and m be positive integers such that (k,m) = 1. For s € Rs, we consider 
the series 


fae >» ES and II(s)= S° x(k)A(s,x). 


an xXEX(m) 
p=kmodm 


Using Theorem 4.3.1.2, we obtain 


=> Y xOw+ OY Y wx 


peEP xEX(m) pEP j=2 yEX(m) 
=ylm)r(s) + SD Gx(s), where G(s) = “Xx Pp. 
xEX(m) peP j=2 


Ify €X(m), 5 <0 <lands> 9, then 


dal s Dy = Lars —3 S$ pas ow < oa 


peP j= =3 2 per P per P 


Hence the series defining G, are absolutely and uniformly convergent in Ry», and 
therefore the functions G, are continuous in 1. For s € Rs, we obtain 


m(s) = ———~ [A(s, 1m) + H(s)], where H(s)= S > X(k)A(s,x)+ So Gy(s). 
yp(m) xX Xx 
sce xEX(m) 


By Theorem 4.3.6, 


lim H(s) existsin C and lim A(s,1lm)=0oo, hence lim a(s)=o0, 
s— 1+ s—1+ s—1+ 


and therefore the set {p € P| p=k mod m} is infinite. 


4.4. Summation of L-series 


For later use (in Chapter 8), we apply our analytical skills to derive a finite 
expression for L(1,x) for primitive (Dirichlet) characters y € X(m) \ {1m}. We 
make use of the series expansion of the principal branch of the complex logarithm 
log: C \ R<o > C, given by 


log(re'®) =logr+i¢ for all r€ Ryo and ¢ € (-7,7). 
If z€C\ {1} and |z| < 1, then R(1 — z) > 0, hence 


n 


1-z=|1-zle®, oe (-2 9? =), and log(1 — z) =— > — =log|1—2| +i¢ 
n=1 


In the following Lemma 4.4.1 we prove a refinement of this relation. 


4.4. SUMMATION OF L-SERIES 113 


Lemma 4.4.1. If meéN andj € [1,m-— 1], then 


32 ~ toe(t- = log(2sin =) + i(— 5 +22) 


and 


= = log(1 — ¢, i) =log(2sin 2) —i(-5 + 2). 


PROOF. We have 


= . . Wd a RIN eet 
1-— (= -@m(Gm — Gr) = —Gm (2 sin =) — (2 sin =) el at a? 
and . 
L=( 721 2¢,< (2sin AL em) 
m 


Since 


ge >0O and + (-<+ *) E (-4.5), 
m 22 


the assertions follow. 


Theorem 4.4.2. Let m be a positive integer and x € X(m)\ {1m} a primitive 
(Dirichlet) character modulo m. Then 


L(1,x) 


and 


PROOF. We tacitly use the Theorems 3.2.1 and A.7.7. For s € Rs, we obtain 
(using absolute convergence) 


lee) y(n) m—-1 lee) 1 m—-1 lee) 1 m—-1 1 
—k)4 

L(s,x)= 2S =x) SO S= xO (E Veh S 

n=1 k=1 i i k=1 n=1 j=0 

n=kmod m 
1 m—-1m-1 ee) cin 1 m—1 lee) eu 
a k —kj m+ _ m 
mie Do x(k) on d nm 2 T(x; Dd at 
since (for j = 0) 
m—-1 


For j € [1,m — 1], we have 
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and therefore 


m—-1 
L(1,x) = XO) 'S* 503) toga - &,) 
j=l 
Using the substitution (j ++ —j), we get 
m—-1 m-1 
(1, x) = XID S™ 5(—5) tog(t — G52) = 22> Uap owt — 4), 
j=l j=l 
and therefore 
7) SF sae, - — 
2L(1,x) = — Xj) [x(—1) log(1 — G,) + log —G,”)] - 
j=l 


Now we use Lemma 4.4.1. If x(—1) = 1, then 
; _ . Wd _ 1d 
log(1 — ¢7,) + log(1 — ¢,”) = 2log (2 sin 2) = 2log2 + log (sin =) ; 
m 


and therefore 


L(1,x) = 


If x(—1) = -1, then 


and therefore 


CHAPTER 5 


Quadratic orders 


We have already introduced quadratic number fields and their discriminants in 
Chapter 1 (see Definition 1.1.8 and Theorem 1.1.9). In this chapter we introduce and 
investigate lattices and orders in quadratic number fields as well as ideals and ideal 
classes. These are the basic algebraic objects built by quadratic irrationals. Their 
structure will be the basis for a deeper understanding of Gauss’ theory of binary 
quadratic forms in Chapter 6. Apart from that, the algebraic theory of quadratic 
orders is of independent interest, and we shall investigate it in detail. 

Several aspects of the theory are dealt with in many books on elementary and 
algebraic number theory. The main references for the treatment in this volume are 
the books [19], [16], [74] and the articles [58] and [40]. 


5.1. Lattices and orders in quadratic number fields 


Let K be a quadratic number field. The map v: kK — K, defined by 1(€) = € 
for all € € K, is a field automorphism satisfying 1|Q = idg (see Theorem 1.1.9). 
Recall that (u+vVd)! = u—vVd if u, v, d € Q and d is not a square. The norm 
and the trace of an element a € K are defined by N(a) = aa’ and T(a) =a+da’, 
and for any subset X C K, we set X' = {a’ | a € X}. For a subring R of K, we 
write q(R) = K if K is a quotient field of R. 


A lattice (in K) is a finitely generate subgroup a of K such that Qa = K. A 
reader not familiar with this notion of Diophantine linear algebra should consult 
Section A.4 for a thorough treatment of the subject. Here we only consider two- 
dimensional lattices in quadratic number fields. By Corollary A.4.3, the following 
assertions are equivalent for a subgroup a of K: 

e ais a lattice (in K). 

e ais finitely generated and contains a basis of K. 

e ais finitely generated, and for every z € K there is some m € N such that 
mz € a. 

e a has a basis consisting of two elements. Explicitly, there exists a linearly 
independent pair (w1,w2) € K? such that 


(os [w1, W9| = Zw, + Zw. 


We shall frequently use the fact that every subgroup of a lattice is finitely generated 
(see Theorem A.4.2.2). 


115 


116 5. QUADRATIC ORDERS 


For two lattices a and 6 in K, we define the product ab and the quotient (a:x% 6) 
by 


neEN, a€a, b; eof and (a:xkb)={aeK|abca}. 


ab = {oan 


Lemma 5.1.1. Let K be a quadratic number field. If a and 6 are lattices in kK 

and X€ K*, then 
a’, Aa, a+b, aNb, ab and (a:xb) 
are also lattices in K, and if a, 8B € K™, then (aa:~ 86) = a8 '(a:K 6). 

Addition and multiplication of lattices in K are commutative and associative laws 
of composition, and the distributive law a(o6+c) = ab+ac hold for all lattices a, b, ¢ 
in K. In particular, the set L(K) of all lattices in K is a commutative multiplicative 
semigroup (and even a semiring). 


PROOF. Suppose that a = [w1,w2] and 6 = [7,72]. Since a+ a’ is an auto- 
morphism of K, it follows that a’ is a lattice, and obviously Aa = [Awy, Awa] is also 
a lattice. 

a+b = [w1,we, 1, 72] is a finitely generated subgroup of Kk and contains the basis 
(w1,w2) of K, and ab = [wym, W211, W172, W272] is a finitely generated subgroup of 
K and contains the basis (wi, 172) of kK. Hence a+ 6 and ab are lattices in K. 

Since anb C a, it follows that amb is finitely generated. If z © K and m1, m2 € N 
are such that m,z € a and mgz € b, then mymgz € amb. Hence aM 6 is a lattice. 

If a € K, then a € (a:x« 6) holds if and only if {a7,a72} C a, and therefore 
(a:x6) =n, 'aN ng ais a lattice. 

Ifa, 8 € K* and z € K, then we obtain: 


zt € (aa: Bb) — > «cBbcaa — a lBrbca <— a! Bre (a:xb) 
<=> £€af'(a:xb). 


Hence it follows that (aa:« 86) = a8~'(a:« 6). The commutative, associative and 
distributive laws are easily checked. 


Exercise 5.1.2. Prove the following relations for lattices a, 6, ¢ in a quadratic 
number field A’, and discuss in which more general (ring-theoretical) context these 
relations hold: 


© ((a:K6):K¢) = (a:K be); 
© (a:x(b+c)) = (a:xb)N(a:xe) and ((aNb):Kc) = (are) N(b:KC); 
e Ifacce, then 

(a:x6) C (e:Kb), (6:Kc) C (b:Ka) and a+(bMc)=(a4+6b)Nc. 


Theorem 5.1.3. Let K be a quadratic number field, € € K*, and let a and c 
be lattices in K such thata Cc and €aCc. Then 


(c:aGa) = N(8)|(crca) . 


5.1. LATTICES AND ORDERS IN QUADRATIC NUMBER FIELDS 117 


PROOF. Suppose that ¢ = [71,72] and a = [w1, we]. Then €a = [€w 1, we], and by 
Lemma A.4.1 there exist matrices A, B € Mo(Z) M GL2(Q) such that 


& =A (™) and (E) =B (™) , which implies (21) = BA} (::) : 
Ww m2 Ewe m2 Ww Ww 
It follows that (c¢:~a) =|det(A)|, (¢:~%€a) = |det(B)| (see Theorem A.4.2.4), and 
€ is a zero of the characteristic polynomial 
g = det(XI — BA!) = X? — Sp(BA™!)X +4 det(BA~+) € Q[X]. 
Hence N(€) = det(BA~'), and 
(c:x€a) = | det(B)| = N(g)|| det(A)| = W(8)|(c:« a). 


Exercise 5.1.4. Let K be a quadratic number field. For a pair (€1,&) € K?, 
we define O0(€1, 2) = (€1& — 62)”. 

a) Prove that 0(&, €2) = 0 if and only if (£1, €2) is linearly dependent. 

b) Let a = [w1,w2] be a lattice in K. Prove that O(a) = O(w1,w2) only depends 
on a. It is called the discriminant of a. 

c) Let a and 6 be lattices in K, aC b and A € K™%. Prove that 


O(a) = A(6)(b:xa)? and (Aa) =N(A)?A(a). 


A subring of a quadratic number field K is called an order (in K) if it is a 
lattice in K. By a quadratic order we mean an order in a quadratic number field. 
For a lattice a in a quadratic number field K, we call 


R(a) = (a:xa) = {AE K | Aac a} 
the ring of multipliers of a. 
After some preparations, we shall prove in Theorem 5.1.12 the following prop- 
erties of orders in a quadratic number field Kk : 
e A subset of K is an order in K if and only if it is the ring of multipliers of 
a lattice in K. 


e There is a natural one-to-one correspondence between the orders in K and 
the quadratic discriminants with associated fundamental discriminant Ax. 


Theorem 5.1.5. Let K be a quadratic number field, let a and 6 be lattices in 
K andX€ Kk*. 
1. R(a) is an order in K, R(Aa) = R(a) and R(a) C R(ab). 
2. If R is an order in K, then q(R) = K, R(R) = R, and every non-zero ideal 
of R is a lattice in K. 


Proor. 1. By Lemma 5.1.1, R(a) = (a:Ka) is a lattice in K. If x, y € R(a), 
then (x—y)a C rat+ya Ca and xya Cc za Ca, hence {x—y, ry} C R(a). Therefore 
R(a) is a subring of K and thus an order in K. 

If a € K, then aa C aif and only if aAa C Aa, and aa C a implies aab C ab. 
Hence it follows that R(Aa) = R(a) C Rab). 
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2. Let R be an order in K. Then RR = R implies R C R(R), and since obviously 
R(R) C R(R)R C R, we get R(R) = R. As R is a lattice, it follows that for every 
z € K there is some m € Z such that mz € R, and ZC R implies q(R) = K. 

Let a be a non-zero ideal of R. Being a subgroup of R, a is finitely generated. 
If (w1,w2) is a basis of R anda € a®, then (w a,w2a) is a basis of K contained in 
a. Hence a is a lattice in K. 


The following Definition 5.1.6 is fundamental for the arithmetic of quadratic 
number fields. It provides the language for the parametrization of quadratic orders 
by quadratic discriminants in the subsequent Theorem 5.1.7. 


Definition 5.1.6. Let A be a quadratic discriminant, K = Q(VA) and Ax the 
field discriminant of K. Recall that Ax is the fundamental discriminant associated 
with A, it is the unique fundamental discriminant such that K = Q(/Ax ), and 
A=AkK fa (see Theorem 1.1.9 and the remarks preceding and following Theorem 
1.1.6). The basis number wa associated with A was defined by 


_oatVvA 
2 ? 


0 if A=O mod4, 


h = 
a ‘ o A=1 tiodd. 


Then A =4D-+0,, where D € Z, and wh = D+aqwa € [1, wa]. Hence the lattice 
Ong = [1, wa] = Z[wa] 
is an order in K. It is called the quadratic order of discriminant A. 
Since (1,wa) is linearly independent, it follows that O, N Q = Z, and since 
wh = 1—wa € Og, we obtain OF, = On. 
The quadratic order Ox = Og, of discriminant Ax is called the maximal order 
or the ring of integers of K. Indeed, in the subsequent Theorem 5.1.7.3 we shall 


prove that every order in K is contained in Ox, and afterwards in Theorem 5.1.9 
we shall prove that Ox = ZMK consists of all algebraic integers lying in K. 


Theorem 5.1.7. Let A be a quadratic discriminant and K = Q(VA). Then 


er, u=vA mod 2}, 


and the following assertions hold: 
1. If f EN, then Ogre = [1, fwa] =Z+ fOa C On, and (Og: Ogre) = f. In 
particular, On C OK, (Ox:Oqa) = fa, andA= Bete: 
2. Let A; be a quadratic discriminant. Then Og, C Og holds if and only 
if Ay = Af? for some f € N, and then f = (On: Og,). In particular, 
On = Ong, holds if and only if A= A. 
3. On C Ox, and fa =(OxK:Oxq) is the conductor of A. 


ProoF. If u,v € Zand u= vA mod 2, then u = voq mod 2, and 


utvVA — u-voa 


5 5 +uwa € [l,wa]l =O. 
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Conversely, if a = a+ bwa € Og, where a, b € Z, then 


aa and 2a+ bon = bA mod 2. 


Hence it follows that 
Dee { 


1. Let f € N. The identities 
f/Af? _ 


A 
ted u=vA mod 2}. 


WA f2 = 


fwa if A=O mod4, 


IR f2 
WA f2 = f =F furs if A=1mod4 and f=0 mod 2, 
and 
—> + fwa 
show that Oa 2 = [1,wa ye] = [1, fwa] C Oa. Now 


(ps) 7 (1 ') (,) implies (Og :Oxj2) = ([1,wa] : [1 fwal) = f. 


Hence we get fOa C Oay2, and therefore Z+ fOa C Oase. On the other hand, 
Oap = Z+Zfwra C Z+ fOg, and thus equality holds. In particular, since Ax 
is the fundamental discriminant associated with A, it follows that A = Ax f% and 
On Cc Onn = Ox. 

2. If Ay = Af?, then Oa, C Oa by 2. Conversely, assume that Oa, C Oa and 
f = (Oa:On,). Then q(Oa,) = K, and fa, = (Ox:Oa,) = (Ox: Oa) f = fa. 
Hence we obtain A; = Axkfa, =Agif = As. 

3. By 2., since A = Ax f2. 


[KR f2 a 
wap = VEE! u if A=1mod4 and f=1 mod 2 


Let A = 1 mod 4 be a discriminant. An element a € Og is said to have half- 
integral coordinates if 


A 
a where u,v€Z and u=v=1 mod2. 


Then Og \ O41, is the set of all a € Og having half-integral coordinates. 


Exercise 5.1.8. Let A be a quadratic discriminant. 
a) Prove that 


Ox= =), ad. S00 =A, 


where 0(Oq) is defined in Exercise 5.1.4. 
b) For f €N, prove that 


On = {244 | gata mod 2 and b=0 mod f }, 


and if f = Icem(f1, f2) for some f1, fo € N, then O, p2 = On pe nN On pp. 
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The following theorem justifies the name “ring of integers” for the maximal order 
of a quadratic number field and proves that it is integrally closed (see Theorem 
A.9.3). 


Theorem 5.1.9. Let K be a quadratic number field. For € € K, the following 
assertions are equivalent: 


(a) €€ Ox. 
(b) € ts an algebraic integer. 
(c) N(€)€Z and T(E) €Z. 
(d) Either € € Z, or € is a quadratic irrational of type (a,b,c) such that |a| = 1. 
(e) There exists a lattice a in K such that €a Ca. 
In particular, Ox =ZK is integrally closed. 


PROOF. (a) => (b) If € € Ox, then 


bVA 
p= where a,b€Z and a=bAK mod 2, 
hence a? — b?Ax = 0 mod 4, and therefore 
f= bk 
€? _ até + ——* =(Q 


is an integral equation for €, which proves that € is an algebraic integer. 

(b) > (c) If €"+an_1€""14+...+a1€+a9 = 0 is an integral equation for € (where 
n€ Nand ao,...,@n_1 € Z), then €’” + dp—16"* +... +a1€' + ao = 0. Hence €' is 
also an algebraic integer, and as €, €’ € Z, it follows that N(£) = €’ € ZNQ=Z 
and T(€) =€+€' € ZNQ=Z (see Corollary A.9.4). 

(c) + (d) Suppose that € ¢ Z, and observe that €? — T(€)E + N(E) = O. If 
(a, b,c) is the type of €, then Theorem 1.1.2.2, implies that there is some y € Z such 
that 1 = ay and thus |a| = 1. 

(d) = (a) If € € Z, there is nothing to do. Thus let € be a quadratic irrational 
of type (a,b,c) and discriminant A such that ja] = 1. Then A = b? — 4ac = Ax f? 
for some f € N, hence b= fAx mod 2, and therefore 


b+VJVA ab+afV/AK 
a 9 =O 


= 


(a) => (e) Seta= Ox. 
(e) > (b) Let a = [w1, we] be a lattice in K such that €a C a. Then 
€ (<1) =A i) for some matrix A € Mo(Z). 
W92 We 


Hence € is a zero of the characteristic polynomial of A, which is an integral equation 
for €. 
The equivalence of (a) and (b) implies that Ox = KZ is integrally closed. 
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Exercise 5.1.10. Let A be a quadratic discriminant, a € Oa and a € Z. Prove 
the equivalence of the following conditions (consult Section A.8 if necessary) : 


a) (o,a) = 1s. b) (e',2) = 1. e) CVia),@) =1. 


Exercise 5.1.11. Let K be a quadratic number field, € € K, and suppose that 
€ satisfies an equation of the form €"+an,_1é""!+...+a,€+ap for some n € N and 
Q0,-++,QAn—1 € Ox. Prove that € € Ox. Hint: Mimic the proof of Theorem A.9.1. 


Theorem 5.1.12. Let K be a quadratic number field and R C K. Then the 
following assertions are equivalent: 


(a) R is an order in K. 
(b) There is some lattice a in K such that R= R(a). 


(c) R is a subring of Ox, and for every z € K there is some m € N such that 
mz € R. 


(d) R=Oyg for some quadratic discriminant A. 


PROOF. (a) = (b) Set a= R. 

(b) =(c) Let a be a lattice in K such that R = R(a). By Theorem 5.1.5.1, R 
is an order in K. In particular, R is a subring of K, and for every z € K there is 
some m € N such that mz € R. If € € R, then €a C a, and Theorem 5.1.9 implies 
that € € Ox. Hence it follows that RC Ox. 

(c) = (d) By assumption, R isa lattice in kK, f = (Ox:R) < oo (see Theorem 
A.4.2.4), and therefore fwa, € R. It follows that Og, 72 = [1, fwa,] C R, and 
since (Ox :Oq,, 2) = f = (Ox: R), we obtain R = Oa, 72. 

(d) = (a) Obvious. 


Corollary 5.1.13. If K is a quadratic number field and a is a lattice in Kk, 
then R(a’) = R(a)’ = R(a). 


Proor. By Theorem 5.1.12, R(a) = Oa for some quadratic discriminant A. 
Since a+ a’ is an automorphism, we obtain R(a’) = R(a)! = OL, = Og. 


5.2. Units in quadratic orders 


In this section, we determine the algebraic structure of the unit group OX of a 
quadratic order Oa and investigate the connection with Pell’s equation. Note that 
we already met Pell’s equation several times in this volume (namely in the remarks 
after Theorem 1.2.2, in Theorem 1.2.3 and in Theorem 2.2.9). 

In a first theorem we shall connect the invertible elements of a quadratic order 
with the solutions of Pell’s equation, and then we shall apply our knowledge of these 
solutions to disclose the algebraic structure of the unit group of a quadratic order. 
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Theorem 5.2.1 (Unit theorem for quadratic orders). Let A be a quadratic 
discriminant. Then the unit group Ox of Ox is given by 


O% = {6 € On |W = 41} = {24 a, vez, ju? — Av?| =a}. 


The group W(Oa) of roots of unity in Ox, is a finite subgroup of OX, given by 


(i) if A=—4, 4 if A=-4, 
W(Oa) = ¢ (-¢3) if A=-3, and |W(O,g)|=<6 if A=-3, 
(-1) otherwise , 2 otherwise. 


1. If A<0, then OX = W(Oag). 
2. Suppose that A > 0. 
(a) If 
A 
ea ees where u,ve€Z andu=v mod 2, 
then é > 1 if and only ifu>0 andvu > 0. 
(b) If ea denotes the fundamental unit of discriminant A (as introduced in 
Theorem 2.2.9), then OX = (1, €a). In particular, OX is an infinite 
group, Ox ARso = (ea), and 


A 
=e for some u,veEN. 


éa =minfe € OX |e > 1} = 


Proor. If € € OX, then {€,€7'} C Og implies {N(E£), V(E~!)} C Z, and since 
1 = N(Eé—") = N(E)N(E—4), it follows that N(€) € {+1}. Conversely, if € € On 
and A(€) = +1, then é’ € Og, and N(€) = €£’ = +1 implies € € OX. Thus we 
have proved that Ox = {€ € Oa | N(€) = +1}. 

If € € Og, then there exist u, v € Z such that 

A a= yr A 

utova and N(¢) == ——, 

2 4 
Hence it follows that M(€) = +1 if and only if u? — Av? = +4. Since u? — Av? = +4 
implies u = vA mod 2, this latter condition can be omitted. 

1. Obviously, W(O,) is a subgroup of OX. If A > 0, then Og C R, and therefore 
W(Oaq) = {+1}. If A < 0, we refer to the (simple) calculations made after Theorem 
1.2.2: There it was shown that 


u=vA mod2, €= 


if A< —4, 
{tov | 2 — ae? = sa} = (BFE | 2 _ aye} . hoes. 
W. if A= —4. 


2. (a) Assume that A > 0, and 


A 
EE or where u,v€Z and u=vA mod 2. 
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Then there is a unique = € {+e, te~'} such that = > 1, namely 


ou + TuVA 
2 
Hence it follows that ¢ > 1 if and only if u>0 and v > 0. 


o,7 € {J 


sy} = Hilti 


= = max{+e, +e1} = max{ 


(b) Let ea be the fundamental unit of discriminant A. We proved in Theorem 
2.2.9 that there exist u, v € N such that 


A 
ee 


and that 


A= 


A 
x = {2A veg, ju? — Av?| =4} = (-1ea). 


Hence it follows that OX M Rso = (ea), and eq = min{e € OX |e > 1}. 


The above proof of the unit theorem for positive discriminants, though very 
short, is unsatisfactory inasmuch as it relies on the existence of ¢, proved using 
the theory of continued fractions. We shall now give a second proof which only uses 
simple geometric ideas together with the fact that Pell’s equation x? — dy? = 1 for 
d € N has infinitely many solutions (note that we gave an elementary proof of this 
fact in Theorem 1.2.3). 


A SECOND PROOF OF THE UNIT THEOREM FOR POSITIVE DISCRIMINANTS. Let 
A > 0 be a quadratic discriminant. Suppose that we already know that Pell’s equa- 
tion x? — Ay? = 1 has infinitely many solutions and that 


a= {Se |e 


Then Ox is an infinite subgroup of R*, and we shall prove that OX = (—1,€0), 
where 


,vEZ, ju? — Av?| = 4}. 


A 
€9 = min(OX NRsi) = owe for some uo, Up EN. 


For « € OX \ {+1}, we define «* = max{te,te~'} € OX ORs1. If u, v € Z, 
then 


_ utouVA a =— 
2 i 2 


0,TE {+1} }, 


implies {+e, 


and therefore 
~  jultlova _ 14+Va 
Ee => —__ > ——_. 
2 — 2 
Hence it follows that ¢9 = inf(OX MRs1) > 1, and we assert that ¢9 € OX. Indeed, 
otherwise there exists a monotonically decreasing sequence (€n)n>1 in OX M Rs 
which converges to €9, and then it follows that 


En En 


€OXORs forall nEN, and lim =1, 


En+1 N00 Ent) 
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a contradiction. Since €9 > 1, it follows that ¢ 9 = €5, and therefore 
— wor voVA 
7 2 

Clearly, e¢9 € OX implies (—1,¢9) C Ox. To prove the reverse inclusion, suppose 
that « € OX \ {+1}, and let k € N be maximal such that ef < e*. Then e* < a, 


hence 1 < e*e9” < eo, and since e*e,* € O%, it follows that «* = ck, and therefore 
e € {te*, +(e*)-1} C (—-1, 49). 


€0 , where uo, vo EN. 


Besides the unit group OX, we consider its subgroup 


Ox = {Ee On| NO =I = {At 


of norm-positive units. Note that OXT = {€ € OX | N(€) > O}, and if A < 0, then 
OX = OX". If A > 0, then 


u,veZ, u? — Av? = 4} 


ea if N(eqg)=1, 
Ox" =(-l,ex), where eX = ‘3 if N(ca) = -1 


and we call Ek the norm-positive fundamental unit of discriminant A. It follows 
that OX = On” if and only if Pell’s minus equation has no integral solutions, and 
(OX :OX*) = 2 otherwise. 

By definition, NV (ea) = —1 holds if and only if Pell’s minus equation has integral 
solutions, and by Theorem 2.3.5, this is true if and only if the period length I(wa) 
of the continued fraction of wa is odd. 


It is a delicate problem and beyond the scope of this volume to determine nec- 
essary and sufficient conditions (not depending on continued fractions) for the solu- 
bility of Pell’s minus equation (see [81] and the papers by L. Redei cited there). We 
proceed with a simple necessary criterion. 


Theorem 5.2.2. Let A > 0 be a quadratic discriminant, and suppose that 
N (eq) =—1. Then A has no prime factor p = 3 mod 4. 


PROOF. Let p be an odd prime dividing A, and suppose that there exist u, v € Z 
such that u? — v?A = —4. Then u? = —4 mod p, hence 


—4 —1 
l= (—) = (—) , and therefore p=1 mod 4. 
Pp Pp 


The criterion of Theorem 5.2.2 is not sufficient. For example, ¢34 = 35 + 6/34 
and N(é34) = 1. In Theorem 5.6.13 we shall prove that N(ea) = —lif A=p" or 
A = 4p" for some prime p = 1 mod 4 and an odd exponent r € N. 


We proceed with a comparison of the unit groups of O, and O,y2 for some 
integer f > 2. If A < 0, it is plain by Theorem 5.2.1 that 


ai A=: 
2 if A=-4, 


1 otherwise. 


_ |IW@a)!| 


(aay) = WOR) 


Af? 
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To investigate the situation for A > 0 we must revert to the theory of continued 
fractions. 


Theorem 5.2.3. Let A >0 be a quadratic discriminant. 
1. Suppose that A=1 mod 4 and €,q has half-integral coordinates. Then it fol- 
lows that {en, eX} C OX \ Osan, A=5 mod 8, EX = Ean € Z[VA] = Ona, 
and (O7307,.) =3. 


2. Let f > 2 be an integer. Then On pp = Onpen On; 


d= (OK :O% po) =min{neN|eQ € Oapa}<oo, and egp =e4, 


If | = (wa) is the period length and (dn)n>—2 is the sequence of partial 
denominators of wa, then dN = {n EN | qni-1 = 0 mod f }. 


ProoF. 1. Let u, v € Z be such that u=v=1 mod 2, 


utoVA 3 (u2 + 3v2A) + v(3u? + v2A)VA 

Since |u? — v?A| = 4, we obtain 4 = u? — v?AA =1— A mod 8, hence A = 5 mod 8 
and u?+3v?A = 3u?+v?A = 0 mod 8. It follows that «4 € Of, and as ea ¢ Of, 
we obtain (OX:O%,) =3, 64 € Of, and €% = e4a € Osa = Z[VAI. 

2. Obviously, OX N Onze = {€ € Oap2 | N(€) = £1} = OK p> and O7Kp A Rso 
is a subgroup of OX NRso = (a). If d € N is minimal such that «4 € One (and 
thus ef € Oa s2 N R50), then O7K pp ARso = (e*). Hence it follows that ed = Earp, 
and (OX :O% 2) = ((-1,ea):(—Le4)) = 

If (pn)n>—2 denotes the sequence of partial numerators of wa, then Theorem 
2.3.5.4 implies €% = Dni-1 — Gni-1, for all n € No. Since Oap2 = Z+ Zfwi, and 
O7Kp = OK NOxpe, it follows that wk € O7np if and only if gnj_1 = 0 mod f, and 


therefore {n € N | qni-1 =0 mod f}={nENlere On pS =dN, 


Exercise 5.2.4. Let A > 0 be a quadratic discriminant such that WV(eq) = —1. 
a) Suppose that f = p{'-...- pf, wherer EN, e1,...,e, € N and py,..., pp 
are distinct primes. Prove that the following conditions are equivalent : 
e There is some odd k € N such that e%* +1 € fOa. 
e N(eqp2) = —1. 
e N(Eqp2) = —1 for all ¢ € [1,7]. 


b) Let p=1+2u be a prime, where \ € N>2 and u € N is odd. Suppose that 
A is a quadratic residue modulo p, and let d € Z be such that d? = A mod 2p. If 
ean = (u+vVA)/2, we set en = (u+vd)/2 and call ea a rational representative of 
ea modulo p. Prove that N(€,a,2) = —1 if and only if eo ==1 mod g. 
(Compare [46].) 


We apply Theorem 5.2.1 to characterize the structure and the absolute norm 
of non-zero principal ideals of Oa (note that OX is the set of generators of the unit 
ideal Oa ). 
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Theorem 5.2.5. Let A > 0 be a quadratic discriminant and a a non-zero prin- 
cipal ideal of Ox. 


1. There exists a unique ag € Oa such that 1 < ag < eq anda = apQag, 
namely ag = min{fa € Og |a>1, a=aOg}, and then 


{a € Oa |a=aOg } = {+eRan|meZ}. 


If we assume that 
uo + uVA 
a0 = oj? 
2 
then it follows that, for allm € No, 
i _ Um + UmVA 


EAQQ = 3 where Um, Um EN, Um =UmA mod 2, 


where uo, u EN, 


and if A> 5, then the sequences (Um)m>0 and (Um)m>o0 are strictly mono- 
tonically increasing. 


2. Form €N, we have 


A 
= sa where Um, Um EN, Un =UmA mod 2, 


and if A > 5, then the sequences (Um)m>0 and (Um)m>o0 are strictly mono- 
tonically increasing. 


3. Suppose that a = a,O, for some ay € Og such that N(a,) > 0. Then there 
exists a unique ag € Oa such that ag > 0, N(ao) > 0, a=aoQg, and 


where ER denotes the norm-positive fundamental unit of discriminant A. 


ProoF. 1. Ifa =a,Oa, where ay € Of, then 
{a € Og |a=aO,g} = {nay |n € OX}. 
By Theorem 5.2.1, we have 
utvVA 
——— > 


for some u, v € N such that |u? — Av?| = 4. Hence there exists a unique 7 € OX 
such that 1 < ap = nay < €,q, and then ag = min{a € Oa |a>1, a=aOg}. 
Assume now that 


OX =(-l,ea), where eq = 1 


ug + voVA 
ao = a a 
For m € No, we obtain 
Um+1 + Um41VA Um + UmVA ut+ vVA 
2 2 2 
1 A 4 
= ; (= a 4 ae va) 


where ug, v9 EN. 
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and therefore 
Unit FOE UmU + Umv 
—$§—— and vps. = — 
2 2 

A simple induction shows that Um, Um € N for all m € No. If u > 2, then both 
sequences are strictly monotonically increasing. However, if u = 1, then we obtain 
1 =u? > Av? —4> 5v? —4> 1 and thus A = 5, which is the exceptional case. 

2. By 1., applied with ap = ea. 


Um+1 = 


3. We may assume that a; > 0 (otherwise we consider —a,), and we observe 
that 


a, N(ar) 


If an denotes the norm-positive fundamental unit of discriminant A, then 
OX = {n € OX | N(m) = 1} = (-1, 4), 
and therefore 
{ae On |a=aO,g, a> 0, N(a) > 0} = {eX | me Z}. 


The assertion follows since there exists a unique m € Z such that ag = EA a1 
satisfies the inequalities 


Corollary 5.2.6. Let A > 5 be a quadratic discriminant and u € N such that 


|u2 — A] = 4. Then 
_utvA 
= 


Proor. By definition, 7 = (u+vvVA)/2 € OX and 7 > 1. Hence it follows that 
n = e'X for some m €N, and Theorem 5.2.5.2 implies m = 1. 


EA 


Exercise 5.2.7. Discuss the exceptional case A = 5 of Theorem 5.2.5. 


Exercise 5.2.8. Let A be a quadratic discriminant. 


a) Suppose that 
VA VA 
a and = Nc O%, where u, v EN. 


EA = 
Prove that vo | v. 
b) Let p be a prime, and let a, b, n € Z and o € {+1} such that a? — 40 = bp? 
and A = p*n? — 2an + b. Prove that 
pen—-a+tpVA 
a ar 


and either e =e, or A =d?+4 for some d € Z. Discuss some numerical examples. 
(Compare [115], [116] and [80].) 


Ee Ox, Nea)=o, 
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The following Theorem 5.2.9 is a powerful tool for recovering real quadratic 
orders with large class numbers. For historical details and applications we refer to 
(74, Ch. 3 and Ch. 5]. 


Theorem 5.2.9. Let A > 0 be a quadratic discriminant and a € Of. Then 


—e-l A 
W(a)| = ——, where es 


and N(éa) =e € {+l}. 


ProoF. The assertion is trivial for A = 5. Hence we may assume that A > 5 
and thus u > 2. Suppose that 


A 
a= a. where x,y €No, y is minimal, and t = |N(a)|. 


Then it follows that x? — Ay? = 46t for some 6 € {+1}, 


Au-vVA 1 sxru—yvA — 
noe ee ee. 


2 2 2 2 2 
and since a = a,Qq, we obtain (by the minimal choice of y) 
_ —2 2 
eel Sy, hence pS), ce eee SY 
v v 


In the first case, it follows that 


2 2 
A6t = 2? — Ay? < & (uw? —4u +4) — Ay? = 4 (4e — du +4), 
v v 
hence 
y? y? u—-e-—l 
bts ale-urt)), and therefore t2glu-e-l)2— 7B _, 


since e—u-+1< 0. In the second case, we obtain 


2 2 
Adt = 2? — Ay? > & (uw? +4u +4) — Ay? = 4% (4e + 4u +4), 
v v 
hence 
le y? u—-e-—l 
>= (e+u+1),. and therefore ¢ > (u+e+1) = —,—_; 
v v v 


since e+ 1>-—e-1. 


With the aid of the unit group OX we can now determine the algebraic structure 
of the stabilizer group of a quadratic irrational of discriminant A (as investigated 
in Theorem 1.2.2). 


Theorem 5.2.10. Let € be a quadratic irrational of type (a,b,c) and discrimi- 


nant A. Then there is an isomorphism ®: OX — Stab(€), given by 
ct+tyJVA _ 3(x + by) —cy _at+yVA x 
o( 5 et ve ee oy) forall c= 5 eO7 s 
and ®(OX*) = Stabt (é). 
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Proor. By the Theorems 5.2.1 and 1.2.2, the map ®: OX — Stab(€) is bi- 
jective and satisfies ®(OX*) = Stabt(€). A simple (but lengthy) calculation shows 
that ®(e;¢9) = ®(e1)®(e2) for all €1, €2 € OX. Hence ® is an isomorphism. 


5.3. Lattices and (invertible) fractional ideals in quadratic orders 


We start this section with a parametrization of lattices and their rings of mul- 
tipliers by means of quadratic irrationals (Theorem 5.3.1). This parametrization 
will be the main tool for the arithmetic investigations of ideals and ideal classes 
in the following sections. After that, we introduce (invertible) fractional ideals and 
derive their elementary algebraic properties. Although the notion of a (fractional) 
invertible ideal is a general concept in multiplicative ideal theory, we restrict here 
to the case of quadratic orders. For a more general approach we refer the reader 
to textbooks on ideal theory (e.g., [65]). Several results however, in particular the 
subsequent Theorem 5.3.5, are typical for quadratic orders and not valid in a more 
general context. 


Theorem 5.3.1. Let K be a quadratic number field. 

1. If a is a lattice in K, thenanQ=mZ, where m= min(an Qso) € Qso, 
and there exists some quadratic irrational € € K \ Q such that a = m1, €]. 

2. Let € € K be a quadratic irrational of type (a,b,c) and discriminant A 
and m € Q*. Then a = m1, €] is a lattice in K, aa’ = m?a~!Oq and 
R(a) = On. 

3. Let €,& € K be quadratic irrationals and m,m , € Q*. Then we have 
m1,é] = mi[1,&1] if and only if |mi| = |m| and & = 6€ + 7 for some 
6€ {+1} and ye Z. 


ProoF. 1. Let a be a lattice in K and a € a®. Since R(a) is a lattice, there 
exists some gq € N such that ga’ € R(a), and the ga’a = qN(a) € aN Q*. Hence 
a™Q is a non-zero finitely generated subgroup of Q, and therefore an Q = mZ, 
where m = min(aM Qso) (see Theorem A.4.2.2 and Corollary A.4.4). 

Let (w1,w2) be a basis of a and c,, cz € Z such that m = cw + cgw2. We assert 
that (d,, dz) = 1. Indeed, if d = (c1, cz), then d~!m = dew, +d~teqw, € aN Qso, 
and therefore d = 1. Let u,, ug € Z be such that cyuy — cpug = 1. Then we obtain 
€) = Uqw, + ujwe € a, 


Le os , andsince det a =). 
I ug us) \we u2 UI 


it follows that a = [m, &] = m[1,m71&]]. 


2. By definition, a is a lattice in K, 


b+VA 


2a 


Ona = ml, wa] [iL e) = mil, wa, €,wa€] ’ and a = 


Since 


ontVA _ ca~b  b+VA _ oA—b 


5 5 ; 5 «TCE [bg] 


WA = 
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and 


(ca+ VA)(b+ VA) 4 CAE? b+VA _ oa +b 


wag = See pe NE act Bee ig, 


it follows that Oaa C ml[1,&] = a, and therefore OA, C R(a). Observing that 
(a, b,c) = 1, we obtain 
b A b-VA 

mana! = a1, €) [1,€'] = fa, ag, a’, a6¢"| = [a, EVE PVA 
b+VA b+JVA 

PB «1 YB) anion, 
hence R(a) = OAR(a) = m~7aaa'R(a) = m-2aaa’ = Og and aa’ = m2a7!Oy. 

3. Suppose first that a = m[1,€] = m1[1,&]. Then aN Q = mZ = m)Z, hence 
|m| = |m| and [1, ] = [1, €1]. In particular, this implies 


()=G 8). som (7 4) cou 


By the linear independence of (1,€) we obtain a = 1 and 8 = 0, hence 6 € {+1} 
and €; = 6€+ 7. 

Conversely, if |m| = |m,| and €; = 6€ + y for some 6 € {+1} and y € Z, then it 
follows immediately that m[1,€] = |m|[1, €] = |ma|[1, &1] = mi[1, &1]. 


cae la, b,c, 


Exercise 5.3.2. Let A be a quadratic discriminant, d, e € N and f = de. Prove 
that a = dO, MN Og is an ideal of Og s2, and R(a) = One. 


Definition 5.3.3. Let A be a quadratic discriminant and K = Q(VA). 
e By a fractional O,-ideal we mean a lattice a of K such that Oaa C a 
[ equivalently, O, C R(a)]. 
e A fractional O,-ideal a is called O,-invertible if there exists a fractional 
Oxa-ideal a; such that aay = Oa. 


If \ € K*, then AOq is an Og-invertible fractional O,-ideal | indeed, (A, Awa) is a 
basis contained in AOx, and (AOx)(A-'Ox) = Ox]. We call A\XOKx the fractional 
principal ideal generated by \ and Ox itself the unit ideal. 


Before we proceed with the general theory, we gather the elementary properties 
of (invertible) fractional ideals. 


Lemma 5.3.4. Let A be a quadratic discriminant and K = Q(VA). 

1. If a and 6 are fractional Oa-ideals and \ € K*, then Aa, aNb, ab, a+b 
and (a:« 6) are also fractional O,-ideals, and a is Oa -invertible if and only 
if Aa is Oa -invertible. 

2. For a subset a of K, the following assertions are equivalent: 

(a) a is a fractional Ox, -ideal. 
(b) There is some m€N such that ma is a non-zero ideal of Og. 
(c) There is some a € Og such that aa is a non-zero ideal of On. 
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3. If a and 6 are fractional O,-ideals such that ab = Oa, then b = (Oya: Ka). 
In particular, a is Oa-invertible if and only if a(Oa:Ka) = Og. 

4. If a and 6 are fractional O,-ideals, then ab is Oa-invertible if and only if 
both a and b are O,a-invertible, and then (Oa:K ab) = (Oa:Ka)(Oa:K b). 


ProoF. 1. Let a and b be fractional O,-ideals and A € K*. Then Aa, amb, ab, 
a+b and (a:x b) are lattices, Oa(Aa) C Oaa Ca, Oa(anb) C OganOab Cc anb, 
Oagab Cab and Oa(a+b) C Oga+ Oab Ca+b. Hence amb, ab and a+b are 
fractional O,-ideals. 

If a € Og and $8 € (a:x 6b), then {86 C a, hence afb C aa C a, and thus 
a3 € (a: 6). This proves that Oa(a:% 6) C (a:«% 6), and therefore (a:« 6) is a 
fractional O,-ideal. 

If a is O,-invertible and a, is a fractional O,-ideal such that aay = Oa, then 
A~ ta, is also a fractional O,-ideal and (Aa)(A~!a,) = Oa. Hence Xa is also Oa- 
invertible. The converse follows since a = A~!(Aa). 

2. (a) = (b) Let m € N be such that ma C Og. Since Og C R(a) = R(ma), 
it follows that ma is an ideal of Oa. 

(b) = (c) > (a) Obvious. 

3. If ab = Og, then b C (Oa: Ka) = (Oa:Ka)ab C b, hence (Oa :xa) = 6. 

4. Let a and b be fractional O,-ideals. If both are O,-invertible, then there 
exist fractional O,-ideals a,, 6; such that aa; = 6b; = Oa, and thus aba, b, = Og. 
Hence ab is O,-invertible, and (Oa: ab) = a,by = (Oa: Ka)(Oa:Kb) by 3. 

Conversely, if ab is O,-invertible, then there exists a fractional O,-ideal ¢ such 
that abe = Oa, which implies that both a and 6 are Og-invertible. 


Theorem 5.3.5. Let A be a quadratic discriminant. 

1. For a fractional On -ideal a, the following assertions are equivalent: 
(a) a is O,g-invertible. 
(b) For every fractional O,-ideal b such that 6 C a, there exists a unique 

ideal ¢ of Oa such that 6 = ac. 

(c) For all fractional O,-ideals b and c, ab=ac implies b=c. 
(d) R(a) = Og. 

2. A is a fundamental discriminant if and only if every fractional O,-ideal is 
Oa-invertible. 


PROOF. 1.(a) => (b) Let a; be a fractional O,-ideal such that aya = Og, and 
let b be a fractional O,-ideal such that b C a. Then ¢c = ay6 C aya = Oa. Hence c 
is an ideal of Oa, and ac = aa,b = b. It remains to prove uniqueness. If ¢, is any 
ideal of Oa such that b = acy, then c= a,b = ayacy = ¢}. 

(b) = (c) Obvious by the uniqueness in (b). 

(c) = (d) Since a = aR(a) = aQyg, it follows that R(a) = Og. 

(d) = (a) By Theorem 5.3.1, there exist a quadratic irrational € of type (a, b,c) 
and discriminant A; and some m € Q™ such that a = m[1,€], aa’ = m?a~!O,, and 
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R(a) = O,g,. By Theorem 5.1.7.2 we obtain A; = A, and since a(m~aa’) = Og, 
it follows that a is O,-invertible. 

2. We consider the quadratic number field K = Q(VA). 

If A is a fundamental discriminant and a is a fractional O,-ideal, then A = Ax, 
and Ox = Oa C R(a) implies R(a) = Oa. Hence a is O,-invertible. 

Conversely, if A is not a fundamental discriminant, then Oa ¢ Ox, and if a is 
a fractional Ox-ideal, then a is also a fractional O,-ideal, but since R(a) = Ox, it 
follows that a is not O,-invertible. 


We pause for an algebraic consideration of our results. Let A be a quadratic 
discriminant, K = Q(VA) and £L(K) the multiplicative semigroup of all lattices in 
Kk. Let Fa be the set of all fractional Oa-ideals and Ja the set of all non-zero ideals 
of Og. Then Ja C Fa C L(K) are subsemigroups, and Ja and Fa are monoids 
with unit element Oa. A fractional O,-ideal a is O,-invertible if and only if it is 
an invertible element of the monoid F,, and then (O,q :x« a) is its inverse in F,. In 
particular, the unit group FX of Fa is the group of Oa-invertible fractional O,- 
ideals. A non-zero ideal a of O, is O,a-invertible if and only if there exists an ideal 
a, of Oa such that aq; is a non-zero principal ideal. The map 0: K* —+ FX, defined 
by O(A) = AOag, is a group homomorphism with kernel Ker(0) = OX. 

If A; is a quadratic discriminant such that Oa, C Oa, then Fa is a submonoid 
of Fa,, and FX = {a € Fa, | R(a) = Og }. 


Exercise 5.3.6. Let A be a quadratic discriminant and a a fractional O,-ideal. 
Prove the equivalence of the following conditions : 


(a) ais O,-invertible. 
(b) There exists some lattice cin K such that ac = Og. 


(c) For every fractional O,-ideal b, there exists a (unique) fractional O,-ideal 
c such that 6 = ac. 


(d) For every fractional O,-ideal 6 we have (O,q:a)b = (6:4). 
(e) For all fractional O,-ideals 6 and c¢, if ab C ac, then b Cc. 


5.4. Structure of ideals in quadratic orders 


The main objective of this section is to introduce regular ideals of quadratic 
orders and to investigate their structure in connection with quadratic irrationals. 


Definition 5.4.1. Let A be a quadratic discriminant. 


1. An element a € Og is called O,a-primitive if e~t'a ¢ Og for all integers 
e> 2. 


2. An ideal a of Oj is called 

e Og-primitive if e~'a ¢ Ox for all integers e > 2, 

e Og-regular if it is Oa-primitive and O,-invertible. 
3. For a non-zero ideal a of Oa we call 

e Na(a) = (Oa:a) the absolute norm of a. 
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Note that Ita(a) < co (see Theorem A.4.2.4). If a € O4%, then Theorem 5.1.3 
(applied with ¢c = a = Og) shows that 

Na (aOa) = |N(O)|, 
which justifies the terminology. 


If a € Og, then the principal ideal a@O, is Oa-regular if and only if it is Oa- 
primitive. If e € N, then e~taO,a C Og if and only if e~ta € Oa. Hence aQ, is 
O,-primitive if and only if a is O,-primitive. If a, b € Z and a=a+ bwa, then a 
is Oa-primitive if and only if (a,b) = 1. 


Theorem 5.4.2 (Structure theorem for ideals in quadratic orders). Let A be a 
quadratic discriminant and K = Q(VA). 


1. Let a be a non-zero ideal of Oa. Then there exist integers a,e € N and 
b, c€ Z such that 


b+VJVA 
2 


a=ela, and A=b? —A4ac. 


Let a, e, b, c be as above, g = (a,b,c) and Ay = g~7A. Then the following 
assertions hold: 
e ae=min(aNN), anZ=aeZ, ae? =MNay(a) €a and g|Na(a); 
e e 1a is On-primitive, and if 0: K > Q is defined by 0(x+yVA) = 2y 
for all x,y €Q, then 6(a) = eZ; 
e A; is a quadratic discriminant, aa’ = gMa(a)Oa,, R(a) = Oa,, and 
(R(a):Oa) = 9; 
e a is Oa-primitive if and only ife =1, ais Oxg-invertible if and only 
if g=1, and a is Oa-regular if and only if e=g=1. 
2. Let a be a non-zero ideal of Oa. If a, ai, e,e1 € N and b, by € Z are 
integers, then 


ee eee 
2 2 
holds if and only if a=a,, e=e, and b= by mod 2a. 
3. Let a, b, e be integers such that ae #0, and 
a= a ued Ay | 
, 2 
Then a is an ideal of Oa if and only if 


ela, 2e|eA—b and 4ae|b? — Ae’. 


Moreover, if this is the case, then a is Oa-primitive if and only if |e| = 1, 
and a is Oa-regular if and only if 
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Proor. 1. By Theorem 5.3.1, there exists some € € K\Q such that a = m|1, §], 
where m = min(aNQso). Since aNQ C OANQ=Z, it follows that m € N. Suppose 
that € is of type (ao,bo,co) and discriminant Ag = b2 — 4agco. Then we obtain 
R(a) = Oa, D On, and if g = (R(a):O,), then A = Agog? by Theorem 5.1.7.2. 
Now we set a= agg, b = bog and c= cog. Then (a,b,c) = 9g, A=? — 4ac, and 

_ bo + VAp b+ VA 


2a0 2a 


Since m€ € a C Og, it follows that a|m, say m = ae, where e € N, and then 


ae a 


2a 2 


=e) =de E , as asserted. 


Assume now that a, e € N and 8, c € Z are any integers such that 


zai 
=|? 


a=ela, g= (a,b,c), A=b?—4ac and Ay =g*A. 


Then (ae, e(b + VA)/2) is a basis of a. Hence an Z = aeZ, ae = min(aNN), and 


ae ae 0 1 
= b— : 
evh p= Poe « (0s) 


2 2 


Now it follows that 


Ma (a) = (Oa:a) = (wa) : lac, ee) = det (ia ' =a ea 
2 


(by Theorem A.4.2.4), and g|a|ta(a). By definition, 


b A b A 
a= {aeu+ + V8 ew |u, vez}, 6(aeu + +VB oy) = 00 for all u, v EZ, 
2 2 
and therefore O(a) = eZ. If e; € N, then 
e; (eta) = |= _ 
ey ey 


and e; '(e~!a) C Oa implies e; = 1. Hence e~1a is O,-primitive. 
If a= ga;, b= gb, and c = gc, where ay, bi, cy € Z, then (a), b1,c,) = 1, and 
A, =g 7A = b? — 4a;c, is a quadratic discriminant. Hence (Oa, :Oa) = g, and 


b+V&, b+VA 
2a 


f= a is of type (a1,b1,c1) and discriminant Aj. 

ay 

Since a = ae[1,&], Theorem 5.3.1.2 implies that R(a) = Oa, and 
aa’ = (ae)?ay;'Oa, = gae’Oan, = gMa(a)Or, - 


By Theorem 5.3.5, a is O,-invertible if and only if O, = Og,, that is, if and 
only if g = 1. Since the ideal a is O,-primitive if and only if e = 1, it is Oa-regular 
if and only ife=g=1. 
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2. Assume first that a, aj, e, e, € N and b, bj € Z are such that 


b+ _) b+VA 
= €1 | 41, _ 
2 2 
Then it follows that ae = min(aMN) = aye; and 6(a) = eZ = e,Z. Hence we obtain 
a=a,, e=e;, and 


[a =) _ a bh +VA 
: 2 : 2 
for some u, v € Z, and therefore b = 2au + b; = b, mod 2a. 

Conversely, assume that a = aj, e = e; and b = b; mod 2a, say b = by + 2au 
for some u € Z. Then 


b+VA b+VA b+VA 
5 = —— e [a F 


a=ela, 


b+VA b+VvA 
9 = au + ———v 


implies 5 


b+ > by + ay 
hence |a, ——— | C ]a, ——— |, 

2 2 
and thus equality holds by symmetry. 

3. Assume first that e|a, 2e|eA —b and 4ae|b? — Ae?. Then e|b, and since 
eA = bmod 2, it follows that a C Oa. Let ao, bo, co € Z be such that a = eao, 
b = ebo, b* — Ae? = 4aecg, and set g = (ao,b,co). Then a9 = gai, bo = ght 
and co = gci, where ay, 61, c; € Z and (a1,61,c,) = 1. If Ay = bi — 4da;c), then 


A=9'A, 
b+VAi b+eVA 
er a 
2a 2a 
is a quadratic irrational of type (a1,b1,c,) and discriminant A;, and a = a/l1, €]. 
Hence a is a lattice in K, Theorem 5.3.1.2 implies R(a) = Oa, D Oa, and therefore 
a is an ideal of Oa. 
Let now a be an ideal of Oa. Since 


b+eVA b+ = 
[aA] = [le S| 
we may assume that a > 0. By 1., there exist a1, e; € N and bi, c, € Z such that 
i is — 4a,c, and 


a) 
2 


? 


le nese 


whence aye E 
: 2a, 2a 


a= ey, jar, 


By Theorem 5.3.1.3 we obtain 


b A b A 
a=aye,, and ene = pave. for some 6€ {+1} and ye€Z, 
2a 2a, 
hence e = de, and b = 6e,b; + 2a,e1y = bye + 2ay. In particular, it follows that 
a = a,0e and consequently e| a. Now we calculate 
eA —b= e(b? = 4ay,c, = by = 276a,) 5 


hence 2e|eA—b, and b?— Ae? = 4ae(a,dy? +b1y+c1), which implies 4ae | b? — 
By 1., a is O,a-primitive if and only if e; = |e| = 1. In this case 


b2-A 
g= (a,b, =) = (aide, bye + 2aye1y, 1677 + by +. c1) = (a1, 01,1), 


and, again by 1., a is O,-regular if and only if g = 1. 
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Corollary 5.4.3. Let A be a quadratic discriminant, fa its conductor and a a 
non-zero ideal of Ox. 

1. a is Oy-invertible if and only if aa’ = Na(a)Og. 
2. If (Na(a), fa) =1, then a is Og-invertible. 

PROooF. 1. By Theorem 5.4.2.1, aa’ = (R(a):O,a)Na(a)R(a) D MNa(a)Og, and 
equality holds if and only if R(a) = Oa. Hence the assertion follows by Theorem 
5.3.0. 

2. If g = (R(a): Og), then g|(Ox : Oa) = fa, and, by Theorem 5.4.2.2, g 
divides Na(a). Consequently, if (Nta(a), fa) = 1, then g = 1, hence Oa = R(a), 
and thus a is O,-invertible. 


Exercise 5.4.4. Let A = 4D +0 be a quadratic discriminant, where D € Z 
and o € {0,1}. Let a € Oa be primitive, and 


A 
a where u,v€Z and u=vo mod 2. 
Prove that there exist w, z € Z such that 
U+ av 
vw + = 1. 
and then 
2_yA| b A A 
a0g = jee wae , where b= ww + ceZ. 


Theorem and Definition 5.4.5. Let A be a quadratic discriminant. 


1. Let € be a quadratic irrational of type (a,b,c) and discriminant A. Then the 


lattice 
1) = aft, ¢] = [lal, 24 
is an Og-regular ideal, Na(I(E)) = jal, I(—€) = 1(€) and I(é') = 1(E)’. 
The ideal I(€) is called the ideal associated with €. 
2. For every Oxa-regular ideal a there exists a quadratic irrational € of type 
(a,b,c) witha = MNa(a) and discriminant A such that a= I(E). 


3. If € and & are quadratic irrationals of discriminant A, then I(€) = I(&1) if 
and only if &; =¢«& +n for some « € {+1} andne€ Z. 


ProoF. 1. Since A = b? — 4ac and (a,b,c) = 1, Theorem 5.4.2.1 implies that 


He) = all, €)= [lal 


is an O,-regular ideal, and Nta(I(é)) = |a|. Since €’ is of type (—a, —b, —c) and —€ 
is of type (—a, b, —c), it follows that 


I(—€) = (—a)[1, —€] = afl, €] =1(€) and 1(€") = (—a)[1, €'] = all, €]' = 1(E)’. 
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2. Let a be an O,-regular ideal and a = Na(a). By Theorem 5.4.2.1 there exist 
b, c€ Z such that A = b? — 4ac, (a,b,c) =1 and 
b+VA 
c= a, 
2 
Clearly, € is of type (a,b,c) and discriminant A. 


b+VJVA 


2a 


=I(€), where = 


3. Let € and €; be quadratic irrationals of discriminant A, let € be of type (a, b, c) 
and &, of type (a1, 61,c1). By Theorem 5.4.2.2 we obtain I(€) = I(&1) if and only 
if |a| = |a,| and 6; = b mod 2|a|. However, this holds if and only if there exist some 
n€Zandec€ {+1} such that aj =ea and b; = b+ 2ean, which is equivalent to 
fi =e€+n., 


We close this section with a general (and thus rather complicated) formula for 
the product of two O,-ideals. 


Theorem 5.4.6. Let A be a quadratic discriminant and K = Q(VA). For 
i € {1,2}, let a; be a non-zero ideal of Oa, say 


b+VA 


5 iF where aj,e, EN, b),¢°€Z and A = b? — 4ajc; . 


a, = ej ai, 
We set 
t2 daj\ag 


a ont be . w= a: , €=(@1,a2,8), d=(e,c1,c2,n), a=—>-, 
2 2 e€ 
and we choose u, v, w € Z be such that e = ayu+agvu+ sw. Then we have 
b+VA 
2 
and Ma (a1 a2) = d Na (a1) Ita (a2). 
If (a1, 61, C1, @2, be, cz) = 1, then Na(arae) = MNa(ar)Ma(ag). In particular, 
this holds if at least one of the ideals a1, dg is Oa-invertible. 


2 
Is where b = by + —*[v(s — ba) — wea], 


q,d9 = e€€1€9 la, 


ayd2g is Oa-primitive if and only both a, and ag are O,a-primitive, and e = 1. 


PROOF. We may assume that ey = eg = 1. Let 0: K > Q be defined by 
O(a + yVA) = 2y for all x, y € Q. Then Theorem 5.4.2 implies 


aya -o[a, 2494) : 


where A, C € N are such that ACZ = aja2NZ, CZ = O(aja2), and B € Z is any 
integer such that 


B A 
— c Colasay. 
By definition, ajag = [a1a2, 32, 83, G4], where 
ayby +a,VA agby +a,VA 
oe aided 2. ea ae 


and 


bya bo + VA Diba + gs/ A bas = Qaata+ ay XK 
2 = . 


SS oe ; 


Hence 0(aja2) = a1Z+a2Z+ sZ C Z, and therefore C = (aj, a2,s) =e. 
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aya. Z consists of all numbers of the form a,aqu, + Bou2 + 63u3 + B4ua, where 
(u1,U2,U3,U4) € Z* satisfies the Diophantine equation a;uz + agus + sus = 0. By 
Theorem A.3.7, a triple (uo, u3, us) € Z° satisfies this Diophantine equation if and 
only if there is some (U,V,W) € Z? such that 


a2 s s ay 


ana) (ays)? (aa, 8) (aia) 


and 
ay ag 


ana Oneal 


Hence aja2MZ consists of all numbers of the form 


by bo tA 
azby — az a a ay agb2 — ayagby a;(b2s = 2a2¢2) —ayzbos 
a ee eee 
araguy + 2(aa, 5) 7 2(a1, a2) ¥ 2(a4, 5) 
ay agcy, ayagn ay,agc2g 
= ayaguy + = 
(a2, 5) (a1, a2) (a1, 5) 


for some (u,,U,V,W) € Z*, and consequently 
a1Q2C, a1a2c2 aan 
AC = (ras, ca -_ 142 ys 
(a2, 8) (a1, 8) (a1, a2) 
Now we observe that 


BA B-A 


a,c, — agcg = A A = sn 
and obtain 
ec, _ (agcg + 8n)u + ageyv + ci sw 
(a2, 8) 7 (a2, 8) 
ag s ag 
= Ga Ga ae ae 
ecg 4 Cgu + (ajc, — sn)v + cosh 
(a1, 8) 7 (a1, 8) 
ay ay 8 S 
= Ga Go Ga Ge and 
en _ aynu + agnu + (aye, — azc2)w 
(a1,a2) (a1, a2) 
ay a2 ay a2 


——— nut+ nv + cyw — ——~ C2 
(a1, a2) (a1, a2) (a1, a2) (a1, a2) 


These identities show that 


(a2,5)’ (ai,s)’ (naa) ©“ 
and 
(exon) as fers (erenn) | (3) fa, (a,a,n)| ane | 
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Therefore it follows that 


ayag ec} ec2 en aya ayaod 
AC = ( ’ ’ ’ ) = ’ ’ ) SS a 
(a2,8) (a1,8)” (a1, a2) € (¢,¢1, 25m) e€ 
AC d 
A= Ga = — =a and Sa(aja) = ae”? = dayag = dMta(a1)Na(az) . 
To determine a possible value for b, we observe that 
ayagd 
Chaya, =Z— 7B 
€ € € € 
Hence it follows that 
uBo + vB3 + wha 7 uarbotvapbs +w(bas Parca) dil Wa 4 
SS 9 oe Caen, 
€ 2 
and therefore we may choose 
b2 4 by + w(b 2 2 
b- Be ua 02 + Va2b, a 28 — 2a2¢2) = by + — [ls — bz) — weg]. 
If (a1, bi, c1, a2, b2,c2) = 1, then Na(araz) = Na(ai)Na (ag), since 
by + bg by — be 


d= (a1, 1,02, ¢2, ) | (a1, b1, C1, G2, be, C2). 


2 ° 2 
If a; is O,a-invertible for some 7 € {1, 2}, then (a;,};,c;) = 1 by Theorem 5.4.2, and 
therefore d = 1. The ideal ajag is Oa-primitive if and only if eeye2 = 1, and this 
holds if and only if e;] = eg =e = 1. 


Exercise 5.4.7. Calculate the product 


lbs), 


Exercise 5.4.8. Let A be a quadratic discriminant. For 7 € {1,2}, let a; be an 
ideal of Oa, say 


by x b b 
i= Gea where a, EN, b,€E€Z and (a1, a2, - =) — les 
Prove that 
b+VA 
ayag = Jaras, — aa ’ 


where 6 is any integer satisfying b = b; mod 2a; for 7 € {1,2}. 
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5.5. Class groups and class semigroups 


We start with the definition of equivalence and proper equivalence of lattices and 
then we apply these concepts for ideals in quadratic orders. The reader might wonder 
why we take the trouble to deal with both notions in detail (instead of relegating 
one of them to the exercises). While equivalence is the natural notion from the ideal- 
theoretic point of view (see Exercise 5.5.1), proper equivalence yields the connection 
between ideals and binary quadratic forms which will become apparent in Chapter 
6. Thus both notions seem to be important enough to be dealt with in the main 
text. For an item * we use the notation *‘+) to mean either * or «+. 


The main goal of this section is to introduce class semigroups and class groups, 
to show their finiteness and to parameterize them by means of equivalence classes 
of quadratic irrationals. 

Let K be a quadratic number field. Two lattices a and b in K are called 

e equivalent, a~b, ifa=Ab for some \ € Kk; 
e properly equivalent or equivalent in the narrow sense, a~ +b, ifa= Ab 
for some A € K™ such that (A) > 0. 


By definition, proper equivalence implies equivalence. As to the converse, we refer 
to the subsequent Theorem 5.5.4. 


Exercise 5.5.1. Let a and 6 be lattices in kK and FR an order in K such that 
RC R(a)N R(b) (such an order exists by Exercise 5.1.8). A map y: a —> 6 is 
called an R-isomorphism if it is a group isomorphism satisfying y(Aa) = Ay(a) for 
alla €aand A € R. Prove that a and 6 are equivalent if and only if there exists an 
R-isomorphism y: a— 6. 


Equivalence and proper equivalence are congruence relations on the multiplica- 
tive semigroup £L(Kc) of all lattices in K, and they are compatible with conjugation. 
Explicitly, for all a, 6, c € £(K) the following assertions hold: 

a~(4) a; ifa oe 9) b, then 6 ~(4) a, a’ ES b’ and ac ae bc; if a eo b 
and b ~(4) ¢ then a m4) 


For a lattice a in K, we denote by [a] the equivalence class and by [a]? the 
proper equivalence class of a. We consider the multiplicative quotient semigroups 


Sk =L(K)/~ = {[a] |aeL(K)} and Sk = L(K)/~+ = {[o]* |a € L(K)} 


built by all (proper) equivalence classes of lattices in K. Multiplication and conju- 
gation of (proper) equivalence classes are defined on representatives. Explicitly, if a 
and 6 are lattices in K, then 


fa [6] = [a6] and (fa) = fa]. 
We call Sx the lattice class semigroup and Si. the narrow lattice class semigroup 
of Kk. 


Let now A be a quadratic discriminant such that K = Q(WA). If two lattices 
a and 6 of K are equivalent, then R(a) = R(b). Hence it follows (using the very 
definition of fractional ideals and Theorem 5.3.5) that a is an (invertible) fractional 
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O,-ideal if and only if b has the same property. This observation causes the following 
definitions. 


We denote by sh) the set of all (proper) equivalence classes of fractional 


Ox,-ideals and by ch the set of all (proper) equivalence classes of O,- 
invertible fractional O,-ideals. 


Since the product of two (O,-invertible) fractional O,-ideals is again an (O,- 
invertible) fractional O,-ideal and every O,-invertible fractional O,-ideal has an 


) is a submonoid of Si and cH) is a subgroup of s. 


The (narrow) class [O,]“) is the unit element of oe It consists of all fractional 
principal ideals of Oa (generated by norm-positive elements of K’), and it is called 
the (narrow) principal class. We call 


inverse, it follows that sy 


e Sa the (ideal) class semigroup, 

e Sx the narrow (ideal) class semigroup, 

e Ca the (ideal) class group or Picard group, and 

e CX the narrow (ideal) class group or the narrow Picard group of Ox. 


Then elements of sw are called (narrow) ideal classes, and the elements of ch 


are called (narrow) regular ideal classes of Og. 


If a is a fractional O,-ideal and A € K™%, then [a] = [Aa], and if N(A) > 0, 


then even [a]* = [Aa]*. Hence every (narrow) ideal class C € sie contains an 


(+) 
A 


Ox,-primitive ideal, and every (narrow) regular ideal class C € C,"’ contains an O,- 


regular ideal. If C € co is any (narrow) regular ideal class, then every fractional 
Oxa-ideal a € C is O,-invertible. 
(+ 


If A; is a quadratic discriminant such that Oa C Og,, then a Cc si) is a 
) 


consists of all (narrow) ideal classes [a] € si) such that 


R(a) = Oa,. Hence so) is the (disjoint) union of all groups C built by quadratic 


discriminants A; such that Oa C Oa,. 


subsemigroup, and OM 


We pause for a short algebraic consideration of the latter statement in terms of 
semigroup theory. A (commutative multiplicative) semigroup S is called a Clifford 
semigroup if it is the disjoint union of a family of subgroups. If 


S= LJ G;, where G; CS are subgroups with unit elements e; , 
ie. 
then (e;)jer is the set of all idempotents of S'. The family (G;);e7 is called the family 


of components and the family (e;)je7 is called the family of idempotents of S. Now 
we can rephrase our last statement about class semigroups as follows. 


Theorem 5.5.2. Let A be a quadratic discriminant and Da the set of all qua- 
dratic discriminants A, such that OA C Og,. Then so) is a Clifford semigroup, 
Cee is the family of components and (1Oai)™) veptay is the family of 


idempotents of s : 
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Exercise 5.5.3. Let S be a (commutative multiplicative) semigroup. Prove that 
S is a Clifford semigroup if and only if for every x € S there exists some y € S such 
that «?y = x. 


The class group and the narrow class group fit into natural exact sequences 
of abelian groups as follows. Let A be a quadratic discriminant. Recall from the 
discussion following Theorem 5.3.5 that FX denotes the group of all O,a-invertible 
fractional O,-ideals and that 0: K* — FX was defined by O(a) = aOq. With these 
data, we obtain an exact sequence for Ca: 


Li sk 23. ED Gi, 1: 


Since Kt = {a € K | N(a) > 0} is a subgroup of K* and OXt = Oa NK* is the 
group of norm-positive units of Oa, we obtain also an exact sequence for Cy : 


a| Kt -j+ 
tO ger OE” ok ee et, 


In the next theorem we determine the relations between ideal (semi-)groups and 
narrow ideal (semi-)groups. For positive discriminants A, the fundamental unit ea 
(and thus Pell’s equation) plays an important role. We refer to Theorem 2.2.9 and 
to Section 5.2 for the properties of e,. 


Theorem 5.5.4. Let A be a quadratic discriminant. 

1. The (narrow) ideal class group ch is the group of invertible elements of 
the monoid S\), and C! = C7! for all C Ec). 

2. Suppose that either A <0, or A>0 and N(eq) = —1. Then two fractional 
Ox,-ideals are properly equivalent if and only if they are equivalent. In par- 
ticular, [a] = [a]+ for all fractional O,-ideals a, SA =Sx and Ca =Ck. 

3. Suppose that A> 0 and N(eq) = 1. Then 

[a] = [a)]t UlaVA]* for all fractional O,-ideals a, 
and there is a surjective semigroup homomorphism 
0: Sk — Sa, given by O([a]*) = [a] for all fractional O,-ideals a. 
If a is an Ox-invertible fractional O,-ideal, then [a]+ ¢ [aVA]*+. The map 
Oo =O|CK: CK > Ca 
is a surjective group homomorphism, and Ker(@9) = { [Oa]*+, [VA Oa]*}. 


In particular, |Ck| = 2\Ca|, and every class C € Ca splits in the form 
C=C\WCr, where Ci, C2 €CK and Cp =Ci[VAOg]*. 

Proor. We consider the quadratic number field K = Q(VA). 

1. Since aN is a subgroup of si), it suffices to prove that every invertible 
element of SO belongs to Co: Thus let C' € is) be invertible and C, € sw) its 
inverse. Let a and a, be fractional O,-ideals such that C = [a]+) and Cy = [a,]). 
Then CC, = [aa] = [Oy], and therefore aa; = AO, for some \ € K*. Hence 


a is O,-invertible and therefore C' = [a]‘*) € oun 
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IfCe cH), then C = [a]+) for some O,-invertible ideal a of Oy. By Corollary 
5.4.3 we obtain aa’ = Ita(a)Oa, hence CC’ = [aa’]4) = [Oa], and therefore 
C=C", 

2. It suffices to prove that any two equivalent fractional O,-ideals are properly 
equivalent. If A < 0, then (A) = |A|? > 0 for all A € K™, and the assertion follows. 
Thus suppose that A > 0 and NV (eq) = —1. Let a and 6 be equivalent fractional 
Ox-ideals and \ € K™ such that 6 = Xa. Since 6 = cada and either N(A) > 0 or 
N(eqX) > 0, it follows that a and 6 are properly equivalent. 

3. Let a be a fractional O,-ideal and 6 € [a]\[a]*. Then 6 = \a for some \ € K* 
such that (A) < 0, but since 


ae A) =A 
VB V/A 


it follows that 6 € [aVA]+. Hence [a] = [alt U [aVA]*. 
By the very definition, 6: SF — Sa is a surjective semigroup homomorphism, 


(aVA) and n( >0, 


and 09 = @| Ch : Cr —+ Ca is asurjective group homomorphism. Therefore it suffices 
to prove that [a]+ ¢ [aVA]* for every O,-invertible fractional O,-ideal. Assume 
to the contrary that a is an O,-invertible fractional O,-ideal which is properly 
equivalent to a/A. Let \ € K* be such that N(A) > 0 and a = aA X. Since a 
is Oa-invertible, it follows that Oa, = VA Ox. Hence we obtain /AX € OX and 
N (VAX) = —AVX < 0, which is impossible since (eq) = —1. 


In order to prove the finiteness of the ideal class (semi-)groups we proceed as for 
quadratic irrationals: We introduce reduced representatives and prove the finiteness 
of them. Recall from Theorem 5.4.5 that every O,-regular ideal is of the form I(£) 
for some quadratic irrational € of discriminant A. 

Let A be a quadratic discriminant. An ideal a of Og is called reduced if a = I(€) 
for some reduced quadratic irrational € of discriminant A. By Theorem 5.4.5, every 
reduced ideal of Og is Oa-regular. 


Theorem 5.5.5. Let A be a quadratic discriminant. 


1. Leta be a reduced ideal of Ox. Then there exists a unique reduced quadratic 
irrational € of discriminant A such that a = I(€), and the ideal a’ is also 
reduced. 

2. Let € be a quadratic irrational of type (a,b,c) and discriminant A such that 
a>0. Then I(€) is reduced if and only if 

e either A <0 and €+n les in the fundamental domain of the modular 
group for some n € Z, 
e or A>0 and€+|-€'| > 1. 
In particular, the unit ideal Ox = I(wa) is reduced. 


ProorF. 1. Let a be reduced. Then there exists a reduced quadratic irrational € 
such that a = I(€). By Theorem 1.3.5.3, the quadratic irrational 7 = —€’ + |€| is 
also reduced, and therefore the ideal I(7) = I(€') =a’ is reduced. 
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To prove the uniqueness of €, let € and €; be reduced quadratic irrationals such 
that I(€) = I(&,). Then Theorem 5.4.5.3 implies £; = e£ +n for some ¢ € {+1} 
and n € Z. 

If A <0, then both € and & lie in the upper half-plane, hence ¢ = 1, and since 
R(E), R(E1) € (—3, 5]. we obtain n = 0 and € = €. 

If A > 0, then €, = e€’+n, and since €’, €; € (—1,0), we obtain either « = 1 and 
n = 0, or e = n = —1. But in the latter case we get &; = —€—1 < 0, a contradiction. 
Hence it follows again that € = &,. 


2. Let € be a quadratic irrational of type (a,b,c) and discriminant A such that 
a > 0. Then I(€) is reduced if and only if there exist some ¢ € {+1} and n € Z such 
that e€ + n is reduced. Since —€ + n is not reduced, it follows that I(€) is reduced 
if and only if € +n is reduced for some n € Z. This proves our assertion if A < 0. 

Thus assume that A > 0. If n € Z and € + n is reduced, then € +n > 1 and 
—1<€é'+n <0, hence n < —€’ <n+1, and therefore €+|—€’| > l1—n+n=1. As 
to the converse, assume that £; = €+|—€’| > 1. Then & is a quadratic irrational of 
discriminant A, €, = €’+|-—é&’|, and |—-€'| < —&’ < |—-€’|+1 implies —-1 < & <0. 
Hence €; is reduced. 

If A < 0, then wa is reduced by Theorem 1.3.2.3. If A > 0, then 


oaA+VA jaar | 

=> ——_ — 4+ | ——— 
2 2 

Hence it follows in both cases that I(wa) = [1,wa] = Oa is reduced. 


wa + |—w'a | SA. 


Exercise 5.5.6. Let A > 0 be a quadratic discriminant and a an Oa,-regular 
ideal. Prove the following criteria : 


1. If a is reduced, then MNa(a) < VA. 
2. If 29a(a) < VA, then a is reduced. 


In the following Theorem 5.5.7 we connect the equivalence of ideals with the 
equivalence of quadratic irrationals and conclude as a first consequence that ev- 
ery (narrow) regular ideal class contains ideals with absolute norm coprime to a 
given integer. After this, in Theorem 5.5.8, we prove the finiteness results for the 
class groups and class semigroups based on the corresponding finiteness results for 
equivalence classes of quadratic irrationals (see Theorem 1.3.10). 


Theorem 5.5.7. Let A be a quadratic discriminant and K = Q(VA). 
1. Let € and & be quadratic irrationals of discriminant A, let € be of type 


(a,b,c) and & of type (a1, 1,c1). 
(a) If A € K™ is such that I(€) = AI(&1), then €; = AE for some matrix 


A= & A) € GLo(Z) such that ’\=—(yE+0). 


6 


a 
ay 
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(b) If &; = AE, where 


A= (° A €GL2(Z), then N(yé+6) = + det(A) , 


and 


Mr) = a(yé + 6) I(é)VA if aa,det(A) <0. 
(c) I(€) and I(&,) are equivalent if and only if € and &, are equivalent. 


(d) If aa, > 0, then I(€) and I(€,) are properly equivalent if and only if & 
and &, are properly equivalent. 


m1) wy I(€) if aa, det(A) > 0, 


2. Let CE ch be a (narrow) regular ideal class of Oxy. 
(a) C contains a reduced ideal of Og, and only one if A < 0. 
(b) For every positive integer M, there exists an O,-regular ideal ay € C 


such that (Ma(ar),M) =1 and Na(a,) > M. 
ProoF. 1.(a) If 1(€) = AI(€,), then [a, ag] = [Aa1, Aa1€1], and therefore 
Ga _ (° A @ for some matrix A= (° A € GLa(Z) , 


_ Aa, a — Aaigi — aaf+Ba | 
ror (y€+6) and oa, gee. oe 


a=(° q and €=A€, then aa 


Hence we obtain 


A 


ay ay 


(b) If 


HG) = a1, SAE] = SA lok + 8.16 +4) = Sg hl = ee IO) 
and 
VR gg 0848 of +8 _ (ad = Bo)(E=8) __det(A) VA 
a 45 FE  NGEFS) NN (EH8) 


Now it follows that 


I(€) if aa;,det(A) >0, 


N(yé +6) = = det(A), and I(&) ~4 fer if aa; det(A) <0. 


(c) and (d) are obvious by (a) and (b). 


2. Let Ce ch be a (narrow) regular ideal class, a € C an O,-regular ideal and 
€ a quadratic irrational of type (a,b,c) such that a > 0 and a= I(€). 

(a) CASE 1: A <0. By Theorem 1.3.2, there exists a unique reduced quadratic 
irrational € which is equivalent to €, and therefore [(£,) is a reduced ideal in C. If 
b is any reduced ideal in C, then 6 = I(7) for some reduced quadratic irrational 1, 
and a~ 6 implies € ~ 7, and consequently € = 7 and a= 6b. 
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CASE 2: A> 0. By Theorem 1.3.5.1, there exists a reduced quadratic irrational 
€; which is properly equivalent to €. Then J(&,) is properly equivalent to [(€), and 
I(€,) is a reduced ideal in C. 

(b) Let M be a positive integer. By Theorem 2.2.12, there exists a quadratic 
irrational & of type (a1, 61,¢1) such that aj > M, (a,,M) = 1, and & is properly 
equivalent to €. Then a; = I(£,) € C is an O,g-regular ideal, Na(ai) = a, > M, 
and (Tta(ai), MW) =1. 


Recall from Section 1.3 that for a quadratic discriminant A we denote by Xa 
the (finite) set of all equivalence classes and by XX the (finite) set of all proper 
equivalence classes of quadratic irrationals of discriminant A, and we defined the 
class number ha and the narrow class number ha by 


ha if A<O, 
lta| ASO. 


hA=|\2A| ond Ai = 


Theorem 5.5.8. Let A be a quadratic discriminant. 
1. There is a bijective map 
LA: Xxn > Ca 
such that ta(X) = [I(§)] for all equivalence classes X € Xa and all qua- 
dratic irrationals € € X. 
2. If A> 0, then there is a bijective map 
LA: a > Cy 
such that ta(X) = [I(€)]* for all proper equivalence classes X € XX and 
all quadratic irrationals € € X which are of some type (a,b,c) with a > 0. 
In particular, the class groups Ca and CX are finite, |Ca|=ha and |Ck| =hh. 
We call ha the class number and ye the narrow class number of Ox. 
If A <0, then ha =hX. If A> 0, then 


+ 2ha \ if N(ea)=-1, 


h —_ =. 
a 1020) aha a Gx) =i, 


where OX* = {6 € OX | N(c) = 1} denotes the group of norm-positive units. 


For an algebraic number field AK, we call hk = ha, the class number and 
lig = hk, the narrow class number of K. 


ProoF. 1. Let Xa denote the set of all quadratic irrationals of discriminant A, 
and define ta: XA > Ca by TA(E) = [I(€)]. Since every regular ideal class of Oa 
contains an O,-regular ideal, the map T, is surjective. If €, & € Xa, then € and 
€, are equivalent if and only if [I(€)] = [I(&1)] € Ca. Hence ra induces a bijection 
ta: Xa > Ca as asserted. 

2. Let Xi denote the set of all quadratic irrationals of discriminant A and some 
type (a,b,c) such that a > 0. Then XX} = XX/~¥+ (since every quadratic irrational 
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is equivalent to a reduced quadratic irrational and reduced quadratic irrationals are 
of type (a,b,c) with a > 0). We define ta: XK > CX by Ta(€) = [I()]*. Every 
regular ideal class of OA contains an ideal of the form [(€), where € € Xx, and if 
€, & € XX, then € and &; are properly equivalent if and only if [J(6)]* = [I(&)]*. 
Hence tT, induces a bijection 1a: can ad c; as asserted. 

As to the last statement, observe that Ca = on if A < 0. If A > 0, we refer 
to Theorem 1.3.10 and note that Pell’s minus equation has integral solutions if and 
only if M(ea) = —1. Moreover, 


(O08 =| 


2 if Pell’s minus equation has integral solutions, 


1 otherwise. 


Corollary 5.5.9. Let A be a quadratic discriminant. Then the ideal class semi- 
group Sa and the narrow ideal class semigroup Si are finite monoids. 


PROOF. hg is the union of finitely many finite groups eam and thus finite. 


Theorem 5.5.10. Let A be a quadratic discriminant. Then ha = 1 if and only 
if every Oxn-invertible (fractional) O,-ideal is principal. 


ProoF. If ha = 1, then Ca = {[Oa]}, and thus every O,-invertible fractional 
ideal is principal. Conversely, assume that every O,-invertible ideal is principal. 
Since every proper ideal class of O, contains an O,-regular (and thus O,-invertible) 
ideal, it follows that Ca = {[Oa]} and ha = 1. 


If A is a quadratic discriminant such that Oa, is a principal ideal domain, then 
Ox is factorial, A is a fundamental discriminant and ha = 1 by Theorem 5.5.10. 
Conversely, if ha = 1, then O, need not be a principal ideal domain (A = —12 and 
A = 20 are counterexamples). Using multiplicative ideal theory, we shall prove in 
Theorem 5.8.6 that Oa is factorial if and only if it is a principal ideal domain. 


5.6. Ambiguous ideals and ideal classes 


In this section we investigate the elements of order 2 in the (narrow) ideal class 
group ec. for a quadratic discriminant A. While in general the structure of ideal 
class groups is unknown, we have precise information on the elements of order 2. 


They are closely connected with Gauss’ theory of genera (see Section 6). 


Let A be a quadratic discriminant. For an investigation of the elements of order 
2 in the (narrow) class group, the following definitions are basic: 
e An ideal a of Og is called ambiguous if a= a’. 


) 


e A (narrow) regular ideal class C' € Ge is called ambiguous if C = C’. 


Theorem 5.6.1. Let A be a quadratic discriminant. 
1. An Ox,-invertible ideal a of Ox is ambiguous if and only if a? = Na(a)On. 


2. A (narrow) regular ideal class C € ce is ambiguous if and only if 


OC? = [Oa]. 
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Proor. 1. If a is an O,-invertible ideal of Oa, then aa’ = MNay(a)Oa by 
Corollary 5.4.3.1, and therefore a = a’ if and only if a? = Na(a)Oq. 


21 Ce ey, then CO’ = [Og] by Theorem 5.5.4.1, and consequently 
C? = [Oa] if and only if C = C’. 


If a is an Og-invertible ambiguous ideal of O,, then its (narrow) ideal class 


C=lq™ < ch is ambiguous since C’ = [a’]+), and if e € N is such that e~!a is 
Ox-primitive, then e~'a is an Oa-regular ambiguous ideal, and C' = [ela]. Hence 
every regular ideal class of OA which contains an ambiguous ideal also contains an 
Ox,-regular ambiguous ideal. However, there may exist ambiguous ideal classes with- 
out ambiguous ideals. The precise connection is disclosed in the following Theorem 


5.6.2. 


Theorem 5.6.2. Let A be a quadratic discriminant. 


1. Every narrow ambiguous class C' € Cr contains an O,a-regular ambiguous 
ideal. 


2. A regular ideal class C € Ca is an ambiguous class without an ambiguous 
ideal if and only if C = Cy Co, where Cy, Co € Cy are narrow regular 
ideal classes and C? = CZ = [VAO,]t F [Oa]*. If this is the case, then 


A>0, Nleaj=1, Co=C\[VAOa]* ond Ch=Cy =[Oal’. 


In particular, if either A < 0, or A > 0 and N(eq) = —1, then every 
ambiguous class C € Ca contains an Oa-regular ambiguous ideal. 


3. The product of two ambiguous classes without an ambiguous ideal contains 
an ambiguous ideal. 


PROOF. 1. Let C € ce be a narrow ambiguous class and a € C' an O,-invertible 
ideal. Then a’ € C’ = C, hence a’ and a are properly equivalent, say a’ = Aa for 
some ’ € K™* such that N(A) > 0. We may assume that T(A) = A+ > 0 
(otherwise we replace \ by —A). Since Na(a) = Ma(a’) = N(A)MNa(a), we obtain 
N(A) = AN = 1. It follows that a =1+A€ KX, a =1+2 =14+A 1+ =r}, 
(aa)! = a’d = ao/da = cca and N(a) = ad’ = 24+A4N =24+T7(A) > 0. Hence 
aa is properly equivalent to a, aa € C is an O,-invertible ambiguous ideal, and 
therefore C' contains an O,a-regular ambiguous ideal. 


2. Let C € Ca be an ambiguous class without an ambiguous ideal. By 1., C' is not 
a narrow ideal class, and therefore C’ splits into two distinct narrow classes C; and 
C2, which (again by 1.) are not ambiguous. For i € {1,2}, C? 4 [Oa]*, but C; CC 
implies C? C C? = [Oa] = [Oa]+ U[WAQa]t, and therefore C? = [VAO,]* and 
C# = [Oa]. In particular, it follows by Theorem 5.5.4 that A > 0 and N(eq) = 1. 

Assume now that C € Ca splits into two distinct narrow classes C , Co € Ck 
such that C? = C3 = [VAO,]t 4 [Og]*. Then C; and Cy are not ambiguous, and 
thus there is no ambiguous ideal in Cy UC) = C. However, C is an ambiguous class, 


since C? = [VAQq] = [Oa]. 
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3. Let Cy, Co € Ca be ambiguous classes without an ambiguous ideal. By 2., 
there exist narrow classes Cy, C3 € CX such that C¥ C C; and C# = [VAOa]* 
for 1 € {1,2}. Since (C#C%)? = ([VAO,]*)? = [Oa]*, it follows that C*C% is a 
narrow ambiguous class, and by 1. there exists an ambiguous ideal a of Oa such 
that a € CTC C CiC2. 


Exercise 5.6.3. Let a = [9,15 + v 306]. Show that R(a) = O136, and [a] € Cig6 
is an ambiguous class without an ambiguous ideal. 


Finally, in Theorem 5.6.11 we shall count the number of ambiguous ideal classes. 
Before however, we provide an explicit description of all Oa-regular ideals and the 
equivalence relations between them. This is done by the following two theorems and 
will enable us to count the ambiguous classes which contain an ambiguous ideal. In 
order to investigate ambiguous classes without ambiguous ideals we shall (following 
[40]) introduce symmetric ideals and study their interrelation with ambiguous classes 
in Theorem 5.6.8. 


Theorem 5.6.4 (Classification of ambiguous ideals). Let A be a quadratic dis- 
criminant. 


A. An Oxg-regular ideal a is ambiguous if and only if it is of one of the following 
two types: 


(1) a=|a~=], where aE€N, 4alA_ and (a, 2) =1; 


a+VJVA 
2 


F where a€N, 4dala?—A_ and (a, <=") =1. 


(II) a= a, 
More precisely, the following assertions hold: 

(a) If A=1 mod 4, then there are no O,g-regular ambiguous ideals of type (I), 
and those of type (II) are of the form 


n= [a at+VA 
, 2 


he where aE€N, alA and (0,2) =1. 


(b) If A=4D with D € Z, then the O,-regular ambiguous ideals of type (1) are 
of the form 


D 
a=[a,VD], where ac€N, a|D and (a, =) =1. 
a 


(c) If A=4D with D€ Z and D=3 mod 4, then the O,g-regular ambiguous 
ideals of type (II) are of the form 


D 
a= [2a,a+ VD], where a€N, al|D and (a, =) =1. 
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(d) If A=4D with DE Z and 8|D, then the Oxg-regular ambiguous ideals of 
type (II) are of the form 


D 
a=[4a,2a+VD], where ac€N, 4a|D_ and (a, =) =1. 
a 


(e) If A=4D with D € Z such that 8{ D or D#3 mod 4, then there are no 
Oa-regular ambiguous ideals of type (II). 


B. If 


r if NS=1mod4 or A=4 mod 16, 
wmA)=<r+1 if A=8orl2 mod16 or A=16 mod 32, 
r+2 if A=O mod B2, 


then 2") is the number of O,a-regular ambiguous ideals in Ox. 


PRroor. Let A = €2°pi'-...-p&", wheree € {+1}, r,e E No, e1,...,e¢, EN 
and pi,...,pr are distinct odd primes. For i € [1,r], set g; = p;'. Then A = 2°d, 
where d = €q1-...-qp. We denote by vq)(A) resp. vq (A) the number of O,-regular 
ambiguous ideals of O, of type (I) resp. (II) and we set v(A) = vq) (A) +vqp(A). 

Let a be an Oag-regular ideal of OA. By Theorem 5.4.2 there exist uniquely 
determined integers a € N and b € [0,2a — 1] such that 


b—A 


b+VA | 
5 : 
By definition, a is ambiguous if and only if a = a’, which is equivalent to 
bana/X ak 
la, 2 | ~ la, 2 | 


This holds if and only if b = —b mod 2a, that is, if and only if either b = 0 or b= a. 
If b = 0, then a is of type (I), and if b =a, then a is of type (II). Now we consider 
the various possibilities for A. 


4g =A, (a,b, laa and a=|a, 


CASE 1: A=1 mod 4. Apparently, there are no O,-regular ambiguous ideals 
of type (I). If a € N, then 4a| a? — A if and only if a| A, and then 


(0. FF) = (@SF) = («9). 
Hence it follows that 


v(A) = m(A)= |{aeN | ald, ged(a,—) =1} = {Tle | car} 


jeJ 


a7 2. 


CASE 2: A=4D=4 mod 8. We first consider ideals of type (I). Ifa € N, then 
4da| A if and only if a| D, and then 


@A)= (2). 
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Hence we obtain 
vy (A) = J{aen | alD, ged (a, ~) - 1} = { IL a | Te fi.r]}| 9 
ged 


Now we investigate ideals of type (II). If a € N, then 4a|a? — A if and only if 
a = 2a, for some a; € N such that 2a, and 2a, |a? — D (which is equivalent to 
a,|D). Therefore 4a|a? — A holds if and only if a = 2a,, where a; EN, a1|D, 


and we set ' 


me a? — D 
= («, 4a ) = (2a, 2a, ). 

CASE 2a: A =4D=4 mod 16, D=1 mod 4. Then a? — D = 0 mod 4, and 
since 2 a1, it follows that 2|g. Hence there are no O,-regular ambiguous ideals of 
type (II), and we obtain v(A) = vq(A) = 2” = Pal 

CASE 2b: A=4D=12 mod 16, D=3 mod 4. Then a? — D=2 mod 4, 

2 


=D —D D 
g= (2, +—) = (a, a ) = (a, =) , 
2a, at at 


and therefore 
vay (A) = {a EN | a,|D, god (a1, ~) = i} - {Ila | Py eo (i.r]}| =o. 
jet 


Hence we obtain v(A) = vq)(A) + van(A) = 2" 4+ 2" = 2"! = BINA), 


CASE 3: A=4D=0mod 8, e> 3, D= 2°-2q. We first consider ideals of 
type (I). Ifa e€N, then 4a|A_ holds if and only if a|D, and then 


We set qo = 2°-? and obtain 
yy (A) = {een | a|D, (a, =) = 1} = {Iai | mi (0,r]}| =orrt 
jEed 


Now we investigate ideals of type (II). If a € N, then 4a|a? — A if and only if 
a = 4a2 for some az € N and a| D. 


CASE 3a: A = 8mod 16, e = 3, 4 { D. Then vqp(A) = 0, and therefore 
WA) =p Aj=o rt = QIK), 
CASE 3b: A=0 mod 16, e>4, 4|D. Ifa = 4ag|D, then 
a? —A 16a5 — 4D D 
= = 1 A a ) = (4 _ —) : 
g («. 4a ) ( aa 16a mee 4ag 
CASE 3b’: A = 16 mod 32, e=4, D=4 mod 8. If a= 4ag|D, then 2} a, 
hence 2|g, vay(A) =0, and v(A) = vq(A) = 2"! = DA). 
CASE 3b”: A =0 mod 32, e>5, D = 2° 7d. If a = 4a2|D, then ag | 2°44, 
hence az = 2*c, where \ € [0,e — 4], c € N and c|d. We obtain 


ood d 
g= (dae, ag — ) = Cage eos <) ; 
ag Cc 
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and g = 1 if and only if 


A€ {0,e—4} and (c,£) =A 


D d 
(a2, —) = (2,24) = 
4a (6 


Consequently, g = 1 and 4a|a? — A holds if and only if there is a subset J C [1,7] 
such that 
either a= 4] [a or a=2°? [[a- 
jEed jEd 
Hence vq (A) = 2"t1, and v(A) = vq(A) + vqn(A) = 2"? = Qu(A), 


which is equivalent to 


Exercise 5.6.5. Let A be a fundamental discriminant and D the product of all 
primes dividing A, that means, 


p=\ if Do #3 mod 4, 
2Do if Do =3 mod 4, 
where Do denotes the squarefree kernel of A. Let a be a non-zero ideal of Oa. Prove 
the following assertions : 
a) If ais primitive and ambiguous, then Nta(a) | D. 
b) If Na(a)|D, then a is ambiguous. 
Both assertions fail if A is not a fundamental discriminant. 


Exercise 5.6.6. Let A be a quadratic discriminant. 
a) Suppose that « € OX and N(eq) = 1. Prove that (1+¢)O, is an ambiguous 
ideal of Oa. 


b) Let p= 1 mod 4 bea prime discriminant and a a non-zero ideal of Op. Prove 
that a is ambiguous if and only if a = c./p°On for some c € N and 6 € {0,1}. 
Conclude (using a)) that M(e,) = —1. 


The following Theorem 5.6.7 supplements and refines Theorem 5.6.4. 


Theorem 5.6.7. Let A be a quadratic discriminant such that A ¢ {—3,—4}. 
1. Suppose that A= 4D and D = edd*, where ce = sgn(A), d, d* EN, d< d* 
and (d,d*) =1. Then d < d*, the ideals 
a=[(d,/D] and a* =(d*,/D]) =d'VDa 


are distinct Oa-regular ambiguous ideals, and all Oa-regular ambiguous 
ideals of type (1) arise in this way. If a and a* are as above, then the following 
assertions hold: 

eanva*, andif A>0, thena~, a* if and only if N(ea) = —-1. 

e a is reduced and a* is not reduced. 
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2. Suppose that Oa contains ambiguous ideals of type (II), and assume that 
A = edd*, where « = sgn(A), d,d* EN, d< d*, and d-—ed* = 4c for 
some c € Z such that (c,d) =1. Then d < d*, the ideals 


d+VA d*+VA 
2 2 


are distinct Oa-regular ambiguous ideals, and all Oa-regular ambiguous 
ideals of type (II) arise in this way. If a and a* are as above, then the 
following assertions hold : 


eanva*, andif A>0, thena~, a* if and only if N(ea) = —-1. 
e If A>0, then a is reduced and a* is not reduced. 


=d'VAa 


c= la, and a* = la", 


e If A <0, then a is also equivalent to the Oa-regular ideal 


~ -d+VA 
ae 
exactly one of the ideals a and a is reduced, and a* is not reduced. 

3. A pair (a,a*) of Oa-regular ideals as in 1. or 2. is called an ambiguous pair 
in Oa. Every Oa-regular ambiguous ideal occurs in exactly one ambiguous 
pair. If A <0 and (a,a*), (a1,a}) are ambiguous pairs of type (II), then 
a=, implies a= ay. 


ProoF. 1. Since A = edd* 4 —4 and (d,d*) = 1, we obtain d 4 d*. Apparently, 
a and a* are distinct O,-regular ambiguous ideals of type (I), and all O,-regular 
ambiguous ideals of type (I) in Og arise in this way. 

Since a/D = [dV/D, D| = d{d*, /D] = da*, we obtain a* = d~!/Da ~ a. If 
A > 0, then Theorem 5.5.4 implies that a ~; a* if and only if N(eq) = —1. It 
remains to prove that a is reduced and a* is not reduced. We use Theorem 5.5.5.2. 

By definition, a = I(€) and a* = I(&*), where 
Bos oo Bata de 


[= nr; 


CASE 1: A <0. Since R(€) = R(E*) = O and |é*| < 1 < |€|, it follows that a is 
reduced and a* is not reduced. 
CASE 2: A> 0. Since 

VD .\VvD : ; 
ool a || >1 and &*+|-€"|= 


it follows again that a is reduced and a* is not reduced. 


P+ | <3. 


2. As Og contains ambiguous ideals of type (II), Theorem 5.6.4 implies that 
A=1 mod 4 or A= 12 mod 16 or A=0 mod 32. We prove first that d 4 d* (and 
thus a # a*). Indeed, if d = d*, then A = ed”, hence e = —1, 4c = d(1 — €) = 2d, 
and as (c,d) = (c,2c) = 1, we get c= 1 and A = —4, a contradiction. 

Since d? — A = d(d — ed*) = 4cd and (c,d*) = (c,d) = 1, it follows that a 
and a* are O,-regular ideals of type (II). Conversely, if a is an O,-regular ideal of 
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type (II), then 


VA 2h 
a= [a IE where a€N, 4ala?—A and (a, =) =1. 
In particular, a| A, and if d= a and A = edd*, where « € {+1} and d* EN, then 
—s 
deg" = ew, where c€ Zand (c,d) =1. 
a 


Thus we have proved that a and a* are distinct Oa-regular ambiguous ideals of type 
(II), and all O,a-regular ambiguous ideals of type (II) in Og arise in this way. Since 


o/B= [VB,SAES] = [a SANS] <a [ea SS] = ae 


we obtain a* = d~-'VAa~a.If A> 0, then Theorem 5.5.4.3 implies that a~, a* 
if and only if V(eq) = —1. It remains to prove the assertion concerning reduced 
ideals. We use Theorem 5.5.5.2. 

By definition, a = I(€) and a* = I(&*), where 


1 VA 1 VA 1 &! 
= — ee a i — 2 
is 5+ oq” Eg 5 1 Oge? and €*=A€ with A e 3). 
CASE 1: A> 0. Since 
en) i vA |_1 vA #4 | eH 
oe ea a Re l-s+<5|>1 and €*+|-€"| <1, 


it follows that a is reduced and a* is not reduced. 
CASE 2: A <0. Since 


it follows that a is reduced if and only if € € F, and a®* is reduced if and only if 
&* € F. Hence a is reduced if and only if 
vial > v3 which is equivalent to d* > 3d. 
2d 2 
By the same reason, a* is reduced if and only if d > 3d*, but since d < d* < 3d*, it 
follows that a* is never reduced. If 


zy 2e-d+VA | (; 


x 2c—-d+VA] ~ 
cates sy - 
(63 


1 0) €, then IJ(é)= 5 a. 


Hence a is an Oag-regular ideal which is equivalent to a by Theorem 5.5.7.1. Since 


|g? =“ =1 and R(E)=1-5, 


it follows by Theorem 5.5.5.3 that a is reduced if and only if é € Ff, that is, if and 


only if R(E) E (0, $|, and this is equivalent d* < 3d. 
It remains to prove that d* 4 3d. Once this is done, it follows that a is reduced 
if d* > 3d, and @ is reduced if d* < 3d. Assume to the contrary that d* = 3d. Then 


c=d+d*=4d, 1= (c,d) =d, and A = —3d? = —3, a contradiction. 
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We assert that a is uniquely determined by a. Thus suppose that a and a, are 
ideals such that a = aj. To be precise, assume that A = —dd* = —d,d{, where 
d,d*,d1,d, €N, d<d*, di < dj, d+d*=4c, dj +d;] =4c; for somec, c, EN, 


rem |, 


5 and a=aq), 


| a, = la, 


that is, 
—iemy a) 
CS | = | | 
2 2 
Then Theorem 5.4.2 implies c = c, and d = d, mod 2c. However, d < d* implies 
d < 2c, and d; < dj implies d; < 2c. Hence it follows that |d—d | < 2c and therefore 
d=d, and a= q,. 

3. In 1., we have proved that every O,-regular ideal of type (I) occurs in exactly 
one ambiguous pair, and in 2. we have done the same for O,-regular ideals of 
type (II). In the course of the proof of 2., we have already seen that a is uniquely 
determined by a. 


We continue with some additional preparations. The following definitions and the 
elementary Lemma 5.6.8 make sense for arbitrary discriminants. Their importance 
however lies in the case of positive discriminants where they are connected with the 
corresponding notions in the theory of continued fractions (see Section 2.3). Recall 
that a quadratic irrational € of type (a,b,c) and discriminant A is called 


e symmetric if c=-—a; 
e ambiguous if a|b; 
e weakly ambiguous if € ~ €’. 
An Oa-regular ideal a is called symmetric if a = I(€) for some reduced symmetric 


quadratic irrational €. 


In the following (simple) Lemma we connect the notions for quadratic irrationals 
with those for ideals. 


Lemma 5.6.8. Let A be a quadratic discriminant. 
1. An Oag-regular ideal a is symmetric if and only if 
b+VA 
ae la 2 


In particular, every symmetric ideal is reduced. 


iF where a,bEN, (a,b) =1 and A= 4a? +0?. 


2. Let € be a quadratic irrational of discriminant A and a= I(E€). 
(a) a is ambiguous if and only if € is ambiguous. 


(b) The ideal class [a] € Ca is ambiguous if and only if € is weakly ambigu- 
ous. 


(c) If a is symmetric, then [a] is ambiguous. 


156 5. QUADRATIC ORDERS 


ProorF. 1. If a is a symmetric O,-regular ideal, then a = I(€), where € is a 
quadratic irrational of type (a,b, —a) for some a, b € N. In this case, it follows that 
(a,b) =1, A = 4a? +0", and € is reduced. Hence a is a reduced ideal of the asserted 
form. 

Conversely, if 


bahay A. 
D. 


then a = I(€), where € is a quadratic irrational of type (a,b,—a). Since € is sym- 
metric, it follows that a is symmetric. 


2. Let € be of type (a,b,c). 
(a) By definition, a is ambiguous if and only if 
b+ =] 7 —b+VA 
a, 9 —_ a, 9 o] 
and this holds if and only if b= —b mod 2a, which is equivalent to a|b. 


a=|a, |; where a,b€N, (a,b) =1 and A=4a?+0b?, 


(b) By definition, [a] is ambiguous if and only if a ~ a’. But this holds if and 
only if € ~ €’, that is, if and only if € is weakly ambiguous. 

(c) If a is symmetric, we may assume that € is symmetric. Then € is weakly 
ambiguous by Theorem 2.3.2.3, and thus [a] is ambiguous by (b). 


Let now A > 0 be a quadratic discriminant. In this case, we can do more, using 
the results of the Sections 2.2 and 2.3. Let C € Ca bea regular ideal class of Oa, and 
let a = I(€9) € C be a reduced ideal, where & is a reduced quadratic irrational. Let 
z = (€,61,---,€-1) be the period of €. Then {I(&), 1(&1),..., 1(€_1)} is the set of 
all reduced ideals in C. We call (I(0), [(&1),...,1(€-1)) the cycle of a = I(&), and 

=I(a) =I(C) the period length of a (respectively of C’). Note that N (ea) = (—1)!. 

Let now C € Cag be an ambiguous class of Oa, a € C a reduced ideal, (a),..., a;) 
the cycle of a, and set aj41 = a1. Since C = [a] = [a’] and a’ is reduced, there exists 
a unique index p = p(a) € [1,/] such that a’ = ap41. Following R. Mollin (see [73] 
and [74, Ch. 6]), we call p(a) the palindromic index of a. 

In the following Theorem 5.6.9 we connect the palindromic index p(&0) of a 
reduced weakly ambiguous quadratic irrational €) (as introduced in Theorem 2.3.4 ) 
with the palindromic index of the ideal [(€ ), and we rephrase and refine Theorem 
2.3.4 in terms of ideals. 


Theorem 5.6.9. Let A > 0 be a quadratic discriminant, C € Ca an ambiguous 
class, a € C a reduced ideal, | = I(a) and p = p(a). 


1. If a = I(&), where & is a weakly ambiguous reduced quadratic irrational, 
then p= p(£o) — 1. 

2. Let (a1,...,a,) be the cycle of a = a1, and set aj4+s) = a; for all j € [1,1] 
and s € Z. Then {ay,...,a} is the set of all reduced ideals in C, and 
the symmetric and reduced ambiguous ideals in the cycle are given by the 
following table: 
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[=%k, p= Im 


[=2k-T p=tm—T] ome | 


In particular: 


Am+1 
Om+k 


e If N(ea) = —1, then C contains exactly one symmetric ideal and ex- 
actly one reduced ambiguous ideal. 


e If N(ea) = 1 and p is odd, then C contains exactly two symmetric 
ideals and no reduced ambiguous ideal. 


e If N(ea) = 1 and p is even, then C contains exactly two reduced am- 
biguous ideals and no symmetric ideal. 


PROOF. Suppose that a = I(€), where &) is a weakly ambiguous reduced qua- 
dratic irrational. Let (€,...,&j—1) be the period of & and (&;)iez its periodic exten- 
sion. For i € Z, we set a; = I(&_1). Then (a1,...,a;) is the cycle of a. If n = p(&0), 
then the Theorems 2.3.4 and 1.3.5.3(b) imply & = —€ ’ = (—& + |€0|)*, hence 
En—1 = —€ + |€0], and an = I(En-1) = 1(&) = a’. Thus we obtain p = n — 1, and 
the assertions follow immediately by Theorem 2.3.4. 


Exercise 5.6.10. Let A = 45305 = 5-13-17-41. Prove that ha = 8 and all 
classes C' € Ca are ambiguous. Determine all ambiguous and symmetric ideals and 
their distribution in the various classes. (Compare [74, Example 6.1.3].) 


In order to obtain a well-arranged formulation of the subsequent main theorem 
on ambiguous classes, we introduce the following notations. 


Let A be a quadratic discriminant. We denote by 


° AD? the set of all regular ideal classes of Oa; 
e A the set of all ideal classes of OA which contain an ambiguous ideal; 
e (A) the Gauss number, defined by 

r if A=1mod4 or A=4 mod 16, 


wA)=<¢r+1 if A=8orl2 mod16 or A=16 mod 32, 
r+2 if A= mod 32. 


By Theorem 5.6.4.B, 2/4) is the number of O,-regular ambiguous ideals. By 
Theorem 5.6.1 and Corollary A.5.5, it follows that 


AW) = eh 2] ={Ce ch | C2 = (jo }} aad JAD — gre(C = le ye. 


By the very definition, A is a subgroup of A,. By the Theorems 5.5.4.2 and 5.6.2 
it follows that 


os 


Ax =A =A unless A>0 and N(eq) =1. 
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Moreover, the product of two classes in A, \ AA belongs to AX, and therefore 
(An: AA) <2. 


We say that an ambiguous class C € A, contains an ambiguous pair (a,a*) of Oa 
if {a,a*} CC. 


Theorem 5.6.11 (Main theorem on ambiguous classes). Let A be a quadratic 
discriminant. 


1. Suppose that either A <0, or A> 0 and N(eq) = —1. Then every ambigu- 
ous class C € Aa contains exactly one ambiguous pair, and 


JAn) aon 


2. Suppose that A > 0 and N(eq) = 1. Then every ambiguous class C € Aa 
contains exactly two ambiguous pairs, 


mys? Aa, jAlaoe 
and 


ats QeA)-1 if A=4a?+b?, where a,b€N and (a,b) =1, 
a QHA)-2 otherwise. 


Proor. 1. By Theorem 5.6.7.3, there exist exactly 2“(4)-! ambiguous pairs of 
Oa, and thus it suffices to prove that every class C' € A, contains exactly one 
ambiguous pair. 

Let C € Ag be an ambiguous class. If (a, a*) is an ambiguous pair, then a ~ a* 
and since C' contains an O,a-regular ambiguous ideal, it contains some ambiguous 
pair. We must prove that this is the only one. Thus let (a1, aj) be any ambiguous 
pair in C. 

If A > 0, then a and a, are both reduced ambiguous ideals, but, by Theorem 
5.6.9.2, C contains only one reduced ambiguous ideal, and thus a = ay. 

If A < 0, then (by Theorem 5.6.7) there exist reduced ideals a and a; such 
that a ~ a and a, ~ ay. Hence {a,a,} C C, and therefore a = a, by Theorem 
5.5.7.2(a). By Theorem 5.6.7.3, a= a, implies a = a4. 

2. By Theorem 5.6.9.2, every class C € A contains exactly two reduced am- 
biguous ideals, and since in each ambiguous pair there is exactly one reduced ideal, 
it follows that C contains exactly two ambiguous pairs. Hence we get p(A) > 2, 
and |AA| = 2(4)-2 By Theorem 5.5.4.3, every class C € Aa splits into two nar- 
row classes, and by Theorem 5.6.2.1, every narrow ambiguous class contains an 
ambiguous ideal. Therefore we obtain |AX| = 2|A\| = 2#)-1. 

If A = 4a? + b?, where a, b € N and (a,b) = 1, then O, contains a symmetric 
ideal a by Lemma 5.6.8, and by Theorem 5.6.9 [a] is an ambiguous class without 
ambiguous ideals. This implies A, 4 Aa, and therefore |Aa| = 2|A\| = 24-1. 

If A is not of the form A = 4a? + b?, where a, b € N and (a,b) = 1, then there 
are no symmetric ideals in Oa, and therefore A, = A. 
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Exercise 5.6.12. Let A > 0 bea quadratic discriminant. Prove that the number 
s(A) of symmetric ideals in O, is given by 


s(A) = 


QgeA)-1 if A=4a?+0?, where a, b<N and (a,b) =1, 
0 otherwise. 


Moreover, 


e If N(eq) = —1, then s(A) > 0. 
e If A is a fundamental discriminant and —1 = N(y) for some y € Q(WA), 
then s(A) > 0. 


As a simple consequence of Theorem 5.6.11, we list all quadratic discriminants 
with odd (narrow) class number. 


Theorem 5.6.13. Let A be a quadratic discriminant. 
1. If A <0, then ha is odd if and only if 
e either A € {—p", —4p"} for some prime p = 3 mod 4 and odd r EN, 
e or Ac {—4, —8, —16}. 
2. If A> 0, then ON is odd if and only if 
e either A € {p", 4p"} for some prime p= 1 mod 4 and oddr EN, 


e or A=8. 
In all these cases we have N(eéq) = —1. 


3. If A> 0, then ha is odd if and only if 
e either he is odd, 


e or AE {p'q’, 4p"q*}, where p # q are odd primes, r and s are not both 
even, p= 3 mod 4 and pq? =1 mod 4, 


e or A=4p" = 12 mod 16 for some prime p and oddr €N, 
e or AE {8p", 16p"} for some prime p= 3 mod 4 andr EN, 
e or A=82. 
4. If A is a fundamental discriminant, then ha is odd if and only if 
e either A = (—1)®-))/2p for some odd prime p, 
e or Ae {4p, 8p} for some prime p= 3 mod 4, 
e or A=pq for some primes p, q such that p# q and p=q =3 mod 4, 
e or Ac {-4, +8}. 


Exercise 5.6.14. Provide a detailed proof of Theorem 5.6.13. 


160 5. QUADRATIC ORDERS 


5.7. An application: Some binary Diophantine equations 


We apply the structure theory of regular ambiguous ideals and ambiguous ideal 
classes for the investigation of certain binary quadratic Diophantine equations. There 
is an extensive literature concerning binary Diophantine equations. Among others, 
we refer to the following papers for more details: [88], [76], [36], [79], [29], [56], 
[77], [49] [103], [26], [39]. In these papers an interested reader my find further ap- 
plications of continued fractions and ideal theory to Diophantine equations, stronger 
results for special cases and proofs using other methods. 


Theorem 5.7.1. Let p=1 mod 4 be a prime and r an odd positive integer. 


1. If A € {8,p",4p"}, then N(ea) = —1, Oa contains exactly one symmetric 
ideal, and this is a principal ideal generated by a norm-positive element. 


2. Suppose that p" = 4a? +b’, where a, b € N and (a,b) = 1. 
(a) There exist x, y € Z such that (x,y)|2 and x? — p’y? = 4a. 
(b) There exist x, y € Z such that (x,y) =1 and x? — p’y? =b. 


PROOF. Suppose that A € {8,p",4p"}. Then p(A) = 1, by Theorem 5.6.11 


it follows that N(ea) = —1, |Aa| = 1, and O, contains exactly one symmetric 
ideal a. It is principal since the principal class is the only ambiguous class of Oa, 
and since (ea) = —1, we may assume that a = aOQ, for some a € O% such that 


Na (a) = N(a) > 0. Hence 1. holds, and for the proof of 2. we apply Lemma 5.6.8.1. 
(a) If A=p’, then 


b+ /p" 
a= a, ma =aO,a, where a€O4 is primitive, 


and we set 


r 
q = SAWP con, where z,y€Z, x=y mod 2, (a#,y)|2 and N(a) =a. 


Then it follows that 4a = x? — p"y?. 
(b) If A = 4p” = 4b? + 4(2a)?, then, observing that (b, 2a) = 1, we obtain 


a=[b,a+/p"] =aO,a, where a=2+ yp" € O% is primitive, 


z,yE€Z, (2,y) =1, and N(a) = x? — py? =b. 


Theorem 5.7.2. Let A > 0 be a quadratic discriminant. 
1. Suppose that A = 4D =0 mod 4, 
e ce {1,2} if 8|D, and c=1 if 8{D; 
e ¢€ {1,2} of D=3 mod4, and t=1 if D#3 mod 4; 
e D=c?dd*, where d,d* €N and (d,d*) =1, 
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and set 
[d, VD] if c&=1, 
j=< (Qdd+VD] # t=2, 
[4d,2d+ VD] if c=2. 
(a) j is an O,g-regular ambiguous ideal satisfying Nta(j) = edt, and every 
Oxa-regular ambiguous ideal is of this form. 
j is reduced if and only if d < d*, andj is a principal ideal if and only 
if there exist x, y € Z such that |dx? — d*y?| =t and (c,ry) =1. 
(b) Let x, y € Z be such that |dx? — d*y?| =t and (c,xy) =1. Then 


j= (cde +yVD)On. 


2. Suppose that A= 1 mod 4 and A = dd*, where d, d* EN, (d,d*) =1, and 
set 


Caradl 


(a) j is an Oa-regular ambiguous ideal satisfying Na(j) = d, and every 
Oa-regular ambiguous ideal is of this form. 
j is reduced if and only if d < d*, andj is a principal ideal if and only 
if there exist x, y € Z such that |dx? — d*y?| = 4. 


(b) Let x, y € Z be such that |dx? — d*y?| = 4. Then 


— dxtyJVA 
P= 


PrRooF. 1.(a) By Theorem 5.6.4, j is an Oa-regular ambiguous ideal satisfying 
Na(j) = c?dt, every Oa-regular ambiguous ideal is of this form, and we apply 
Theorem 5.6.7. In any case, j is reduced if and only if d < d*. 

Let now j be principal, say j = (u+ yVD) Ox, where u, y € Z and (u,y) = 1. 

If ct = 1, then D = dd*, and ut+ yVD € Zd + ZVD implies that u = dx for 
some x € Z. Since d = Na(j) = |N(dx + yWD)| = |d?x? — dd*y?|, it follows that 
|dx? — d*y?| = 1. 

Ift = 2, then utyVD € Z(2d)+Z(d+VD) implies ut-yVD = 2dv+(d+VD )w 
for some v, w € Z, and if x = 2u+w, then u = dz and y = w. Since D = dd*, 
it follows that 2d = MNa(j) = IN(dr + yVD)| = |d?x? — dd*y?|, and therefore 
|dx? — d*y?| = 2. 

If c = 2, then u+yVD € Z(4d) + Z(2d + VD), and there exist v, w € Z such 
that uty/D = 4dv+(2d+VD)w. If x = 2u+w, then u = 2dr, y = w, and 2} zy. 
It follows that 4d = Ma(j) = IN (2dr + yVD)| = |4d?x? — 4dd*y?|, and therefore 
|dx? — d*y?| = 1. 

The converse holds by (b). 

(b) If ct = 1, then dx + yVD € j, hence (dx +y/VD)Oxq C j, and equality holds, 
since Ma ((dx + y/D)Oa) = |N (dz + yVD)| = |d?x? — dd*y?| = d = Na(j). 


162 5. QUADRATIC ORDERS 


If t = 2, then D = dd* = 3 mod 4, hence 2{ ry, and x — y = 2u for some u € Z. 
We get dx +yVD = 2du+ (d+ VD )y €j, hence (dx +yVD) Ox, Cj, and equality 
holds, since Na ((dzt+yVD)Oa) = |N(dze+yVD)| = |d?x? —dd*y?| = 2d = Na(j). 

If c= 2 and 2{ xy, then D = 4dd* and x — y = 2u for some u € Z, which implies 
Qdxz+y/D = 4du+ (2d+ VD )y € j. Hence (dx +yVD) Ox C j, and equality holds, 
since Na ((2de+yVD)Oa) = |N(2dz +yVD)| = |4d2x? — 4dd*y?| = 4d = Nap(j). 

The proof of 2. is done in the same way and is left as an exercise. 


Exercise 5.7.3. Prove Theorem 5.7.2.2. 


The following remark addresses the Diophantine equation |dxz? — d*y?| = 1 if 
6=2 and 2| ay. 


Remark 5.7.4. Let D € N be not asquare, 8| D and D = 4dd*, where d, d* € N 
and (d,d*) = 1. Let x, y € Z be such that |dx? — d*y?| = 1. 


1. If2|a, then (2dr+yWVD )O4p = [4d, VD]. Indeed, if x = 21, where x, € Z, 
then |4dx? — d*y?| = 1 and D = (4d)d*. Hence the assertion follows by 
Theorem 5.7.2.2(a). 


2. If 2|y and y = 2y1, then (dx + y;WD )O4p = [d, VD]. Indeed, in this case 
|\dx? — 4d*y?| = 1 and D = d(4d*). Hence again the assertion follows by 
Theorem 5.7.2.2(a). 


Theorem 5.7.5. Let DEN be not a square andl = l(/D) the period length of 
VD. Let £(D) be the set of all quadruples (d,d*,t,o) with the following properties: 
ed,d* EN and (d,d*) =1; 
e D=c?dd*, where c € {1,2} if 8|D, andc=1 if 8} D; 
t € {1,2} of D=3 mod 4, andt =1 if D#3 mod 4; 
e@oe {+1} : 
e there exist x, y € Z such that dx? — d*y? = ot and (c,xry) =1. 
Then |£L(D)| = 4, and the structure of L(D) is as follows. 
A. UF) ¢s-odd, then. LD) = 11,90. 1,4:1), G1, 1.21) 4. 
2. If |= 2k is even, then 
L£(D) = {(1, D, 1,1), (D,1,1,-1), (d,d*, t,o), (d*,d,t,-o)}, 
where 1<d<d* and cat £1. 


3. Let | = 2k be even,.(d,d",t,0) € L(D), 15 d.< ad and -cdt = 1. Let 
(Pn)n>—2 be the sequence of partial numerators and (dn)n>—2 the sequence 
of partial denominators of WD. Then 


o=(-1)*, pe_y— Daf_y =(-)*'dt,  Pdtesp = (pe-1 + e-1VD)’, 


2d* 2Pk—-19k—-1 
Cdt|2pp_1 and e4p = (—1)* + > dk-1+ ~~ 2a vD. 
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PRooF. We shall consistently use Theorem 5.7.2. Note that (d, d*,t,0) € £(D) 
if and only if (d*,d,t,-—o) € L(D). 

1. If J is odd, then N(Oi 5) = {+1} and {(1,D, il 1), (D, 1,1, a1) } Cc ECD), 
Theorem 5.2.2 implies D 4 3 mod 4, hence ¢ = 1, and, by Theorem 5.6.9, the unit 
ideal O4p = Z+ ZVD is the only reduced ambiguous ideal in the principal class of 
Op. Assume that, contrary to our assertion, there exists some (d,d*, 1,0) € £L(D) 
such that 1 < d < d* and cd > 1. Then there exists some reduced ambiguous 
principal ideal j C Oxp such that Nup(j) = c?d, a contradiction. 


2. Let | = 2k be even, hence N(Of,,) = {1}. We prove first : 

A. If (d,d*,t,o) € £(D), then (d,d*,t, -c) ¢ £L(D). 

Proof of A. Assume to the contrary that there is some (d,d*,t,a) € L(D) 
such that (d,d*,t,-o) € £(D). Then there exist integers x, y, 1, yi € Z such that 
dx? — d*y* = ot, dx? —d*y? = —ot and (c, ry) = (c,21y1) = 1. Hence it follows that 
(edz + y/D ) Oap = (cdr, + y:WD ) O4p, and thus cdr, + y, VD = e(edx + y/D ) 
for some ¢ € Of. Taking norms, we obtain 


—?dot =N (cdr, +y1VD) = N(e)N (cdr + yVD) = N(e) dot, 
and consequently N(e) = —1, a contradiction. [A.] 


By Theorem 5.6.9, the principal class of O4p contains precisely one reduced 
ambiguous ideal j distinct from the unit ideal, and this ideal gives rise to an equation 
|\dx? —d*y?| = t, where d, d* € Nand z, y € Zare such that 1 < d< d*, (d,d*) = 1, 
D = c?dd*, cdt > 1 and (c, xy) = 1. Hence there exists some 0 € {+1} such that 
(d,d*,t,a) € L(D). To prove uniqueness, we must show: 


B. If (djs); 01501); (do, d5, te, 02) € LD), 1l<d < dj, cytjd, > 1, and 
1l<do< d5, cotedg > 1, then (di, dj, t1, 01) = (do, d5, t2, 02). 


Proof of B. For i € {1,2}, suppose that (d;, d¥,t;,0;) € £(D), 1<d; < d¥ and 
citid; > 1, where c; € {1,2} are such that D = c?djd*. Then there exist integers 
xi, yi € Z such that (c,2;y;) = 1, and the ideal 


(di, VD] if ct; =1, 
ji = (cid; + yiVD) Osp = ¢ [2di,dg;+VD] if t =2, 


is a reduced ambiguous ideal distinct from the unit ideal in the principal class of 
Op. Hence it follows that j; = jg, and in particular Nyp(j1) = Nap(j2), which 
implies cit dy = toda. 

If t; = 2, then D = 3 mod 4, hence cy = cg = 1. Since 2d, = tgdg and dz is odd, 
it follows that tg = 2, dj = dz, dj} =d5, and A implies 0, = o2. By symmetry, the 
assertion also holds if tj = 2, and thus we may assume that t; = tg = 1. 

Suppose that cy # ca, say cy = 2 and cg = 1. Then we obtain 4d; = dz and 
[4d,, 2d, + VD] = [d2, VD] = [4d,, VD], a contradiction. Hence it follows that 
C1 =cg, dj =dz, dj =dj, and A implies 0; = 02. [B.] 

3. Let again 1 = 2k be even and (d,d*,t,0) € £(D), where 1 < d < d* and 
ctd > 1. Let x, y € Z be such that dx? — d*y? = ot. Then j = (cdr +yWD )Oap is a 
reduced principal ideal of O4p such that Mtup(j) = cde. 
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Let (€n)n>0 be the sequence of complete quotients of VD = wap, and for n > 0 
let (Gn, bn, Cn) be the type of €,. By the Theorems 2.3.5 and 5.6.9, I(&) = Oap 
and I(&) are the only reduced ambiguous principal ideals of O4p. Hence it follows 
that j = 1(&;), and Nap(j) = |N(Ex)| = c?dt = ay. By Theorem 2.3.5 we obtain 


N(&q) = pe_y — Cdd*q?_, =(-1)Pe?dt, = Pdteap = (pp_1 tapiVD)? 
and 
ad" » 


2Pk—19k-1 
—_—— vD 
if Tk + cdt 


_ pe_1 + G_1D + 2pe-19gh-1VD 7 
- edt 7 
(note that c?dt|2p,_1). It remains to prove that o = (—1)*. 

CASE 1: c=2. Then 8|D, t=1, ax = 4d|2p,_1, and therefore py_1 = 2dz1 
for some x1 € Z. If yy = qx—1, then (pe—1, dk-1) = 1 implies 2 { y1, and it follows 
that dx? — d*y? = (—1)*. If 242, then (d,d*,1,(—1)*) € £(D), hence o = (-1)*, 
and we are done. We assert that the case 2| 2, cannot occur. 

Indeed, if 2| 1, then 71 = 2a2, where x2 € Z, and 4dx3—d*y? = (—1)*. But this 
implies that (4d,d*,1,(—1)*) € L(D), hence either (4d,d*,1,(—1)*) = (d,d*,1,c) 
or (4d, d*,1,(—1)*) = (d*, 4d,1,—c), which is impossible. 

CASE 2: c= 1 and 2 {fd (in particular, this occurs if D = 3mod 4). As 
ay = td|2pz_1, it follows that d|pp_1, say py_1 = dx1, where x, € Z. If y; = qe_1, 
then it follows that dx?—d*y? = (—1)*t, hence (d, d*, t, (—1)*) € £(D) and therefore 
o = (-1)*. 

CASE 3: ct =1 and d= 2do, where dp € N and 2 { dp. Since ag = 2dp | 2pz_1, 
we obtain pp_; = dox1, where 2; € Z. If y; = qp_i, then dox? — 2d*y? = 2(-1)*, 
which implies that 2| 21. If 2; = 22, where x2 € Z, then dx} —d*y? = (—1)*, hence 
(d,d*,1,(—1)*) € L(D) and therefore o = (—1)*. 

CASE 4: ct = 1 and d = 4°do, where e, dg € N and 4{ dp. If Do = dod’, 
then o = dx? — d*y? = do(2°x)” — d*y? implies that (do,d*, 1,0) € L(Do). Since 
ap = 4°do|2pp—1, it follows that 2°dg |2?°-'do | pp_1, and we set pp_1 = 2°dox1, 
where x, € Z. If yy = qx_-i, then (pr—1,q¢-1) = 1 implies 2 { y:. It follows that 
doz? — d*y? = (—1)*, and therefore (dg, d*,1,(—1)*) € L(Dpo). If do > 1, then 
l(./Do ) is even, and B (applied with Do instead of D) yields o = (—1)*. If dy = 1, 
then o = —d* mod 4. Since 2 | d*y?, it follows that 2| x1, hence (—1)* = —d* mod 4, 


and thus again o = (—1)*. 


EAD Gl 


As a supplement to Theorem 5.7.5 we prove that (at least for c = 1) all 
solutions of a solvable equation dx? — d*y? = +1, can be derived from the continued 
fraction of VD. 


Theorem 5.7.6. Let D € N be not a square such that I(/D) = 2k is even. Let 
d, d* EN and t € {1,2} be such that 


eDeaid, (0 )\=1, lxd<d anddt= 1; 
et=1i%f D#3 mod 4, and 
e there exist x,y € Z such that dx? — d*y? = (—1)*t (see Theorem 5.7.5). 
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Let (Pn)n>—2 the sequence of partial numerators and (qn)n>—2 the sequence of partial 
denominators of ~D. Then 


d|pr-1, tésp = Ca Vai+ VF), 
and 
{(2,y) € N? | da* — d*y* = (—1)"t} 
= {(x,y) €N? | (vd + ya")? = tea for some j € No} 


Pk—-1Pjl-1 
= { (= + Gk-19jl-1, Pk-19jl-1 + Gk—-1P jl i) |i ENo}. 


PRoor. We start with three preliminary assertions. 
A. If (x,y), (v1,y1) € Z and e € Of are such that dx? — d*y? = (—1)*t and 
(tivVd + yivd*)e, then dx? — d*y? = (—1)'t. 
Proof of A. We observe that 
dat + d*y? + 2a1y.VD = (a1 Vd + yVd*)? = (avd + yd) 6? 
= (dx? + d*y? + 2ayVD)e?. 
Taking norms, it follows that 
(dx? — d*y?)? = (da? + d*y?)? — 4a?y?D = N (dx? + d*y? + 221y,VD) 

= N (dx? + d*y? + 2ayVD)N (e”) 
= (dx? + d*y?)? — 4a?y?D = (de? — &y?)? =#, 


hence dx? — d*y? = +t, and thus dx? — d*y? = (—1)*t by Theorem 5.7.5. [A.] 


B. If (x,y) € N? and dx? — d*y? = (—1)*t, then (2Vd + yVd*)? = teZ+* for 
some j € No. 

Proof of B. Let (x,y) € N? be such that dx? — d*y? = (—1)*t. Then 

x) 2 2 BD, 9 D od ) 
= (avd + var) icc ge xyvD = — oa (i+ VDE Oap , 

t t t t 
and 
(dx? + d*y?)? _ Ax? y? D _ (dx? _ d*y?)? 
¢ 7 t? 

Hence 7 € Oj, and since 7 > 1, we obtain 7 = e{p for some v € N. We must 
prove that v is odd. Assume to the contrary that vy = 27 for some j € N. Then 
[(aVd+ yVd*)e,A I? = t, and therefore 


(avd + yvd* egy, = (dx? + d*y? + 2xyVD)eq), =4+Vte Oyun. 


If t = 2, then D = 3 mod 4, and V2 ¢€ Q(VD). Hence it follows that ¢ = 1, and if 
E44 =u-+vvD, where u, v € N, then 


(aVd + yvd* egy, = (ux + vyd*)Vd + (uy + ved) Vd* = +1. 


N(n) = =1. 
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If d is a square, say d = f?, where f € N, then d* is not a square, (1, Vd*) is linearly 
independent, and therefore (ux + vyd*)f = +1. Hence f = +1 andd=dt=1,a 
contradiction. Consequently, d is not a square, we obtain 


(ux + vy)d + (uy + vz)VD =+Vd € Q(VD), whence Q(VD) = Q(v4d), 


and d* is a square. If d* = f?, where f € N, then the linear independence of (1, Vd) 
implies (uy + vad) f = +1, hence f = +1 and d* = 1, a contradiction. [B.] 


C. There exists some ro € N such that p,_; = dxo, and if yo = qx_1, then 
dx2 — d*y2 =(-1)¥t and (a9Vd+ yoVd*)? = teap. 
Proof of C. Let (x,y) € N? be such that da? — d*y? = (—1)*t. By B, there 
exists some j € No such that (aV/d+ yVd*)? = ae We set 
(aVd + yV d*)e57, =xoVd+yoVd* with x0, yo €Z. 
Then dx? — d*y2 = (—1)*t by A, and 
(xoVd + yoVd*)? = (aVd + yVd*)eGp) = teap = tpr_1+ta_1VD 
by Theorem 2.3.5.4. Hence dx? + d*y2 +2x9yoVD = tp;_1 +tq_1VD, and therefore 
it follows that ane + d*y? = tpj_, and 2xroy9 = tqy_1 > O. In particular, since 
toVd + yoVd* > 0, we get x0, yo € N. By the Theorems 5.7.5.3 and 2.3.5.1(d) 
we have (—1)*a, = p?_, — Dq?_, = (—1)*dt, where a, is defined there. Observing 
dt = ax, and using Theorem 2.3.5.6(c), we obtain 
dtpy1 = P11 = Dg_1 + Dag_y = 2py_1 — (—1)* dt 
= d(2da2 — (—1)"t) = 2d7a2 — (—1)* dt, 
hence d?22 = ae and therefore dro = pp_1. If yo = qp_1, then 
(dz)? — Dys _ Prt 7 Da, 


dx2 — d*ty? = = — (—1)F 
xt — d'yo 7 7d (—1)"t 


and 


(dxo)? + Dy§ + dq1VD 


(aoVd “+ yoVd*)? Ses td yn + 2rqyoVD = r 


7 ae =F Day =r dq—1/D 
7 d 
which completes the proof of C and shows that 


téeap = (A Vd + nave) . 
Now we can do the real proof. By B we obtain 
{(x,y) € N? | dx? — d*y? = (-1)*t} 
C {(2,y) € N? | (eVd+ yVd* )? = ie” for some 7 € No}. 


To prove the reverse inclusion, let (x,y) € N? be such that («V/d+yVd*)? = i 
for some j € No. By C, there exists some (a9, yo) € N? such that dx2—d*y2 = (—1)*t 


= tpj_1+tq_1VD = teap, 
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and teap = (toVd + yoVd*)?. Hence «Vd + yVd* = (aoVd + yo d* Jel p, and 
therefore dx? — d*y? = (—1)*t by A. 
To prove the second equality, let 7 € No, and use Theorem 2.3.5.4 and C. Then 


: , 7 ) se 4» 4V/D _ivd _idVd*)\2 
tb = th (FS Vd+ ava) = (2 1+ Ql VD) (pr iVd + a 1 ve) 


teyn = d 


Pk-1Pjl-1 " z 
~ (FR + gn-agy—id ) Vd + (px 1Gj1-1 + Ge—1P 1) V a" 


We proceed with several explicit applications of Theorem 5.7.5. First we give a 
supplement to Theorem 5.7.1. 


Theorem 5.7.7. Let p= 1 mod 4 be a prime, rE N, A = 8p" anda, be N 
such that (a,b) =1 and 2p" =a? +02. 


1. If N(eqg) = 1 and 1(,/2p") = 2k, then there exist x,y € Z such that 
2x? — p"y? = (—1)*, and the Diophantine equation 2x? — p’y? = (—1)**1 is 
unsolvable. 


2. If N(eq) = —1, then one of the two Diophantine equations 
g2— py? =a and x*—2py?=b 


has a solution (x,y) € Z? such that (x,y) = 1, and the Diophantine equation 
|2r? — p’y?| = 1 is unsolvable. 


3. If p=5 mod 8, then N(eq) = —1. 


Proor. 1. By Theorem 5.7.5, applied with D = 2p". 


2. Assume that (eq) = —1. As |u(A)| = 2, Theorem 5.6.11 implies |A,a| = 2, 
and by Theorem 5.6.9 each ambiguous class of Oa contains exactly one symmetric 
ideal. Since A = 8p" = 4a? + (2b)? = 4b? + (2a)?, the symmetric ideals of O, are 
a = [a,b + 2p] and b = [b,a 4+ \/2p"], and precisely one of them is principal. 
If a is principal, then a = aO,g, where a € O%, and since N(ea) = —1, we may 
assume that V(a) =a. Ifa = 2+ y/2p", where x, y € Z, then (x,y) = 1 since a is 
primitive, and x? — 2p"y? = a. The same argument applies if 6 is principal. 

3. If N(eqa) = 1, then 1. implies that one of the congruences 2x7 = +1 mod p 
is solvable, and therefore either 2 or —2 is a quadratic residue modulo p, which is 
impossible for p= 5 mod 8. 


Note that in Theorem 5.7.7 both cases occur. If p= 17, then A = 8-17 = 136, 
Ea = 3546734, N(ea) = 1 and 2-3?—17-1? = 1. If p = 29, then A = 8-29 = 232, 
eA = 99 +1358, Nile) ==1, 58 =37° +7? and 7 = 23? = 58-237. 


Theorem 5.7.8. Let ¢q=3 mod 4 be a prime and A = 4q" for some oddr EN. 


1. U(,/q) = 2k is even, I(/q") = 1(,/q) mod 4, and there exists exactly one 
ao € {+1} such that the Diophantine equation 


1 if q@=7 mods, 


2 T, 2 . k 
x = 20 is soluble, namely o = (—1)" = 
ae (-1) oe if q=3 mod8. 
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2. If eg =uat+vav¢q, where ug, va EN, then N(eq) = 1, and 


2mod8 if q=3 mod8, 
UA = 
. 0 mod8 if q=7 mod8. 


Proor. N(ea) = 1 by Theorem 5.2.2, and therefore 1(,/q” ) = 2k is even. 


1. By Theorem 5.7.5, applied with D = q’, there exists a unique o € {+1} such 
that the Diophantine equation 


a? —q"y? =20 hasasolution (2,y) € Z?. 
More precisely, it follows that. o = (—1)*. Hence 
2(-1)* 2 1 if g= d8 
1= (2D) —aye(), ama one {tH ast mods, 
q q —1 if q=3 mod8. 
In particular, the parity k + 2Z of k does not depend on r. 


2. Let (Pn)n>—2 be the sequence of partial numerators and (qp)n>—2 the sequence 
of partial denominators of \/q”. Since (1,q",2,a0) € L(q"), it follows that 


pei =¢ G4 = 2(—1)", hence 2,4, and en =(-1)" 40’ ¢_4 + ppv D. 


Thus we obtain ua = (—1)*+q"q?_, = (—1)* +" mod 8, and together with 1., the 
assertion follows. 


Exercise 5.7.9. Let q = 3 mod 4 be a prime, r € N and A = 8q”. Prove that 
N (eq) = 1, U(/2q) = 2k is even, I(./2q" ) = 1(./2q) mod 4, and there exists exactly 
one o € {+1} such that the Diophantine equation 


1 if q=7 mod8 
Qn? — i : luble, ] —_ jj = ’ 
rv q'y o is soluble, namely o = (—1) = if q=3 mod8. 


Exercise 5.7.10. Let p and q be odd primes and A = 4p"q* for some odd 
r, s © N such that p” < q®. Prove the following assertions: 

a) If N(eq) = —1, then the Diophantine equation |p"x? — q*y?| = 1 is unsolv- 
able. 

b) Suppose that M(ea) = 1 and I(./p™g®) = 2k. Then there exists precisely 
one o € {+1} such that the Diophantine equation p"x? — q’y? = is solvable, 
namely ¢ = (—1)*, and 


ee _ oS) ii. 


P 


Theorem 5.7.11. Let p and q be odd primes and A = 8p"q* for some odd 
r,s EN. If N(eq) = 1, we set I(,/2p"q°) = 2k. 
1. Suppose that p=1 mod 8 and q=5 mod 8. 
(a) The Diophantine equations |2x? — p’q®y?| =1 and |2p"x? — q’y?| =1 
are unsolvable. 
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(b) If N(Ea) = 1, then 1(./2p"q°) = 2k is even, 


Qn 


and if o € {+1}, then the Diophantine equation p"x? — 2q°y? = o is 
solvable if and only if 
LDS wr cre, 
(—1)**1 af pT > 29°. 


(c) If N(ea) = —1, then the Diophantine equation |p"x? — 2q%y?| = 1 is 
unsolvable. 
2. Suppose that p= 3 mod 8 and q=5 mod 8 (then N(eq) = 1). 
(a) The Diophantine equation |2x? — p"q°y?|=1 is unsolvable. 
(b) Exactly one of the two Diophantine equations 


ap’a? — q*y? = -(£) and px? — 2q°y? = () 
qd q 
is solvable, while the two Diophantine equations 
Qn" x? — g’y? = () and pra? — 2q°y? = —(*) 
qd qd 
are both unsolvable. 
3. Suppose that p = 3 mod 8 and q=7 mod 8. Then N(eqa) = 1, and we set 
I(./2p"q®) = 2k. 
(a) The Diophantine equations |2x? — p"’q’y?| = 1 and |p"x? — 2q%y?| =1 
are both unsolvable. 
(b) There exists precisely one a € {£1} such that the Diophantine equation 
2p" x? — q’y? =a is solvable, namely 
=1\* if Ww <q, 
= ( y i f ae and (—1)* lc — 2p") >0. 
(<p ff 2p > q 


(c) If en =uatvaV2p"¢’, then va is even, and 
*) = va /2 
—)=(-1)"4/*. 
(2) =» 


PrRoor. We apply Theorem 5.7.5 with D = 2p"q* and note throughout that 
N (ea) = 1 and I(VA) is even if A has a prime factor gq = 3 mod 4. If N(eq) = 1, 
then exactly one of the six Diophantine equations 


(I) 2Qa?—p'q*y2=+1, (II) 2Qp’a?-—q*y?={41 (III) p'ax? —2q*y? = +41, 


is solvable. If V(ea) = —1, then p = q = 1 mod 4, and these Diophantine equations 
are all unsolvable. 


1. (a) If 2, y € Z are such that 22? — p"q’y? = o € {+1}, then 2x? = o mod q, 


and therefore es 2x? 2 
ea dre ee 


a contradiction. 
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If «,y € Z are such that 2p"x? — q®y? = o € {+1}, then the congruences 
2p"? =o mod gq and q*y? =o mod p imply that 


I= (2) =(2)=-@) ma 1-2) = 


which contradicts the quadratic reciprocity law. 


(b) By (a) and Theorem 5.7.5, there exists exactly one o € {+1} such that the 
Diophantine equation p"x? — 2q°y? = o is solvable, and o = (—1)* holds if and only 
if p” < 2q*. In particular, it follows that 


9-2-0. 


c) By the preliminary remark. 


2.(a) Asin 1.(a), since +2 is a quadratic non-residue modulo gq. 


(b) By the preliminary remark, exactly one of the four Diophantine equations 
Qn" x2 — g’y* = +1 and p’a? — 2q°y” = +1 is solvable. Let z, y € Z and ao € {+1}. 
If 2p"x? — q°y? =o, then o = —q*y” mod p, and therefore 


oe ee ae) 
o=(-)=-(-)=-(-). 
Pp Pp qd 
If p’x? — 2q°y? =o, then o = —2q*°y? mod p, and therefore 
Go -@ 
or — = —). 
Pp Pp qd 


3.(a) If x, y € Z are such that 2x? — pq®y* =o € {+1}, then 2x2? = o mod p 
and 22? = o mod q, which implies 


—1 (=) o (“) (-) 1, acontradiction . 


If xz, y € Z are such that p"x? — 2q°y? = o € {+1}, then p’2? = omodgq and 
—2q°y? = 0 mod p, which implies 


o= e ~ (=) - (5) = “ = = =-o, acontradiction. 


(b) There exists precisely one 0 € {+1} such that the Diophantine equation 
2p" x? — q®y? =a is solvable, namely 


—1)k if 2p" s 
at y’ if 2p <q’, 


d (-1)*(2)(q* — 2p") > 0. 
(-1)F#1 if apg, ( (A) P") 


(c) Let (pn)n>—2 be the sequence of partial numerators and (qn)n>—2 the se- 
quence of partial denominators of \/2p"q°. 

CASE 1: 2p” < q®. Then (2p",q°,1,(—1)*) € L(2p"q*), and therefore we obtain 
Py-1 — 27" @PaR_y = (—1)¥2p", 2|pe-1, 2t Ge-1, 


Pk-19k-1 
a 


>1. 


k-14k— 
ca = (—1)h + 2a*ah_1 + ee) 


Tr 


2p'q®, and vo(va) = va( 
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Since p{_, = 2p" [(—1)* + q°q2_,] = 2[1 — (-1)*] mod 8, it follows that 4|v, if 
and only if 2|k, and therefore 


(F) =k =p”. 


CASE 2: g° < 2p". Then (q°,2p",1,(—1)*) € L(2p"q*), and therefore we obtain 
Py-1 — 27" @ag_y = (—1)*a°, 24 per, 
2Pk—19k— 

én = (-1)¥ + 4p" + a 2p" ¢* 

and 
2PK—-19k— 

v2(vA) = (aE) = vo(qr-1) +1 2>1. 
Since 1 = p?_, = @ [2p"qz_, + (-1)*] = 2g7_, —(—1)* mod 8, it follows that 4| va 
if and only if 2k, and therefore 


We proceed with a counterpart to the Theorems 5.7.5 and 5.7.6 for discrimi- 
nants A = 1 mod 4. 


Theorem 5.7.12. Let A € N be not a square, A = 1mod 4, | = (wa) the 
period length of wa and l* =1(VA) the period length of VA. Let Lo(A) be the set 
of all triples (d,d*,o) such that 

d, d* EN, (d,d*)=1, A=dd*, o € {+1}, and there exist x, y € Z such 
that dx? — d*y? = 4c. 


Then |£Lo(A)| = 4, and the structure of Lo(A) is as follows. 


1. Jf l is odd, then Lo(A) ={(1, 4,41), (A,1,+£1) }. 

2. If |= 2k is even, then £o(A) = {(1,A,1), (A, 1, —-1), (d,d*, oc), (d*,d,-—o)}, 
where (d,d*,o) ¢ {(1,A,—1), (A,1,1) }. 

3. Let | = 2k be even, (d,d*,a) € Lo(A) and 1 < d < d*. Let (pn)n>~-2 be 
the sequence of partial numerators, (dn)n>—2 the sequence of partial denom- 
inators of wa, and set pi, = 2pn — dn for alln > —2. Then the following 
assertions hold: 


a) o=(=1)", pL, =dsx, ds? = d*q?_, = 4(=1)*, and 
k-1 k k-1 


d+qp_1vd* \2 d*q?_, + q%-18hV A 
— = airs Ge—1 1 Ik—-15k 


2 2 , 


(b) ca ¢ Osa if and only if there exist x, y € Z such that |dx? — d*y?| = 4 
and (x.y) = 1, 
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(c) We have 
{(x,y) € N? | da? — d*y? = 4(-1)* } 
= {(r,y) € N? | («Vd + yvd*)? = dey for some j € No} 
Dij18k + 951-1914" 951-18 + Diy Uh 
= (Cate, ei He | seryh 
d) There exist x1, y, € Z such that dx? — d*y? =o. In particular, if 1 is 
1 1 
even, then 1 =I* mod 4. 


ProoF. As the proofs of 1. and 2. are completely analogous to that of Theorem 
5.7.5, we leave them to the reader and limit ourselves to the proof of 3. 

3. Let | = 2k be even and (d,d*,o) € Lo(A), where 1 <d< d*. Let x, y € Z be 
such that dx? — d*y? = 40. Then 


: dx +yVA d+VA 
a Gree lee a 
2 2 
is a reduced principal ideal of O, such that t(j) = d by Theorem 5.7.2.2. 

Let (€n)n>0 be the sequence of complete quotients of wa, and for n > 0 let 
(an, On, Cn) be the type of €,. As in the proof of Theorem 5.7.5, the ideals I(£;) = Oa 
and I(&,) are the only reduced ambiguous principal ideals of O4p. Hence it follows 
that j = I(&,) and Mta(j) = | (é&,)| = d = ag. 

(a) By Theorem 2.3.5 [6(a), 1(d) and 6(d) ], we get pi), , = 2pp_1—Qn_-1 = Sp, 
4(—1)*d = d?s? — dd*q?_,, and 


$=4f/Ax2 ds, + qp_-1VA\2 
dea = (Px — h-1—5 ) - (ae) 
Hence 4(—1)* = ds? — d*q?_,, and 


ae ee eee 
a= 2 7 4 
k d*qp_y + %-18hVA 
=(1'+ ee. 


In particular, (d,d*,(—1)") € Lo(A), and by A it follows that (d,d*,o) € Lo(A) 
if and only if o = (—1)*. 

(b) By (a) it follows that eg, ¢ Oya if and only if 2 { q,_1, and in this case 
(x,y) = (8%,4—1) is a solution of the Diophantine equation |dx? — d*y?| = 4 such 
that (x,y) = 1. Conversely, if x, y € Z, (x,y) =1and dx? —d*ty? =o € {+1}, then 


ae 2a + d*y? +ay/VA 
7 2 
(c) Let (x,y) € N? be such that dx? — d*y? = 4(—1)*. Then it follows that 
dx? + d*y? = 2xy mod 4, hence 


p= (Gee _ da? + d*y? + 2ay/A 
=) Se? 


EO*K \ Osa. 


EQOA; 
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and since 
dx? “ d*y? 2. Ax? y?A dx? - d*y? 2 
vy — Gea — sara _ (ded — ey) 
we get 7 € OX and 7 =e for some v € N. We assert that v is odd. Assume to the 
contrary that v = 2j for some j € N. Then [(aVd + yVd*)ex’|? = 4, and therefore 
(avd + yv dep) = (dx* + d*y? + 2QeyVA)ex! =o. 

If be =u+vvVAQ, where u, v € N and u=v mod 2, then 

avd + yvd* ex! = (ux + vyd*)Vd + (uy + ved) Vd* = +4. 


If d is a square, say d = f?, where f € N, then d* is not a square, (1, Vd*) is linearly 
independent, and therefore (ua + vyd*)f = +4. Since f is odd, we obtain f = +1 
and d = 1, a contradiction. Hence d is not a square, 


(ua + vy)d + (uy +vr)VA =4+Vd € Q(VA), Q(VA) = Q(Va), 


and therefore d* is a square. If d* = f?, where f € N, then the linear independence 
of (1, Vd) implies (uy + vad) f = +4, hence f = +1 as f is odd, and d* = la 
contradiction. 


=1 and n>1, 


Up to now, we have proved that 
{(x,y) € N? | da? — d*y? = 4(-1)*} 
C {(2,y) € N? | (eVd4+ yVd* ? = det? for some j € No}. 


To prove the reverse inclusion, let (2, y) € N? be such that (aV/d+yVd*)? = tee 
for some j € No. By (a), we obtain 
dx? + d*y? + 2ayVA = (avd + yVd*)? = (8,Vd + qu-1Vd*)*e7 
= (ds: td'g + 25nqn-1V Ae? : 
Taking norms, it follows that 
(da? — d*y?)? = (dx? + d°y?)? — 4a7y?A = [ (ds — d*ag_1)? — Aspqe_1 AINE) 
= (ds? — d*g?_,)* = 16, 


hence dx? — d*y? = 40, where o € {+1}, and by (a) we obtain o = (—1)*. 
To prove the second equality, we use Theorem 2.3.5.4 and obtain 


r 1-VJVA 2 
4670 *? = ed (spVd + qu_-1V d*)” = (Pia — Qjl-1 5 )(s.Vd+ qn-1Vd*) 


_ (2a aa 
- 2 
Di 8k + OAaAge-1d Qg—15KE + P94 K—1 
= 2 Lee I a ae + ae. 
2 2 


(d) Suppose that (d,d*,o) € £Lo(A) and 2, y € Z are such that dx? —d*y? = 4c. 
If c = y = 0 mod 2, we set ¢ = 221, y = 2y1, and we obtain dr? — d*y? =o. Thus 
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assume now that x = y = 1 mod 2. Then we set 
—_ (dx? - 30)x eat op : . 
and we assert that dx? — d*y? =. For the proof, we start with the identity 
640d? = (d?a? — Ay’)? = [dx(d?x? + 3Ay’)|? — A[y(3d?x? + Ay*)]?. 
Now we find 
dx(d?x* + 3Ay?) = dz[4d?a? — 3(d?x? — Ay?)] = dx(4d?x? — 12dc) 
= 4d? x(dx? — 30) = 8d? x1 
and 
y(3d?2? + Ay?) = y[4d?a? — (d?x? — Ay*)] = y(4d?x? — 4d) 
= 4dy(dx? — o) = 8dy, . 
It follows that 640d? = 64d*x? — 64d?y?A, and therefore o = dx? — d*y?. 


Suppose now that / is even. Then there exists some (d,d*,a) € £o(A) such that 
1<d<d*. By Theorem 5.7.5 it follows that (d,d*,1,0) € L(A), hence /* is even, 
and if /* = 2k*, then o = (—1)* = (—1)*’, which implies | = [* mod 4. 


5.8. Prime ideals and multiplicative ideal theory 


We investigate the behavior of prime ideals in quadratic orders. Although some 
of the results hold in a more general setting and are well known from commutative 
ring theory or elementary algebraic number theory, we give ad hoc proofs valid in 
our special case. The most interesting assertion in the subsequent Theorem 5.8.1 is 
the prime ideal factorization of ideals coprime to the conductor. 

After that, we deal with factorization properties, the decomposition law for 
primes and the structure of the residue class groups of quadratic orders. 


Theorem 5.8.1. Let A be a quadratic discriminant. 
1. If p is a non-zero prime ideal of Oa, then p is a maximal ideal, pn Z = pZ 
for some prime p, and p is the only prime lying in p. 
2. Every proper ideal of Oa is contained in some prime ideal. 


3. If p is an ideal of Oa such that Na(p) is a prime, then p is an Ox, -primitive 
prime ideal. 


4. Let a be a non-zero ideal of Oa such that (Na(a), fa) = 1. Then a is a 
product of prime ideals of Oy in a unique way (apart from the order of the 
factors). Moreover, if a= -...-pr, where r € No and pi,...,p, are prime 
ideals, then p1,...,pr are invertible, and {p1,...,pr} is the set of all prime 
ideals of Ox containing a. 

In particular, if A is a fundamental discriminant, then every non-zero 
ideal of Oa is a product of prime ideals in an essentially unique way. 
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ProoF. 1. Let p be a non-zero prime ideal of O,. Then O,/p is a finite integral 
domain, hence a field, and thus p is a maximal ideal. As pM Z is a non-zero prime 
ideal of Z, we obtain pM Z = pZ for some prime p, and if q € p is any prime, then 
qZ CpNZ= pZ implies p = q. 

2. Let a be a proper ideal of Ox. We may assume that a # 0, and we use 
induction on Sta(a). If a is maximal, there is nothing to do. Otherwise there is an 
ideal 6 of Oa such that a C b C Og, hence Na(b) < Ma(a). By the induction 
hypothesis, 6 (and thus also a) is contained in some prime ideal of O,. 

3. Let p be an ideal of O, such that N,(p) is a prime. If p is not O,-primitive, 
then e~!p C Oa, for some integer e > 2 and thus e?|Ma(p), a contradiction. If 
p is not a prime ideal, then 2. implies that there is an ideal a of Oa such that 
pCaC Og, hence Mta(a) | MNa(p) and 1 < Ma(a) < Na(p), again a contradiction. 

4. Recall from Corollary 5.4.3 that every non-zero ideal ¢ of Oa satisfying 
(Nta(c), fa) = 1 is O,-invertible. In particular, a itself and every ideal ¢ of Oa 
containing a is O,-invertible. 

After this preliminary remark we use induction on 3ta(a), and we may assume 
that a C Oa. By 2. there exists a prime ideal p; of Oa such that a C py. As py is 
Ox-invertible, Theorem 5.3.5 implies that there exists an ideal b of Oa such that 
a = p16, and then a C 6b. Indeed, obviously a C 6, but a = 6 implies py = Og, since 
a is O,-invertible. Hence Na(b) < MNa(a), and the induction hypothesis implies 


that b = po-...- Pp for some n € N and prime ideals po,...,p,. Consequently, 
a= pipo:...- Pn. 

To prove uniqueness, assume that a= p1-...- pn =pi-...- pf, with n,m EN 
and prime ideals p1,..., fn, P{,---, Pi, of Oa. We proceed by induction on n, and 
note that n = 1 if and only if m = 1, and in this case the assertion is obvious. Thus 
suppose that n > 2. Since a= pi -...- pi, C pi, there is some j € [1,m] such that 
pi, C pi, and, after renumbering if necessary, we may assume that pi C pi. By 1. 
we obtain pi = pi, hence po-...- pnp =p5-...-p/,, and by the induction hypothesis 
it follows that m =n and pj; = pj for all j € [2,n]. 

If a = py -...-+p, with prime ideals p,,...p, of Oa, then p,,...,p, are Oa- 


invertible, a C p; for all 7 € [1,r], and if p is any prime ideal of O, containing a, 
then p; C p and thus p; = p for some 7 € [1,r]. Hence {pi,...,p,} is the set of all 
prime ideals of OA which contain a. 


Exercise 5.8.2. Let A be a quadratic discriminant, a an O,-invertible frac- 
tional O,-ideal and p a non-zero prime ideal of Oa. Prove that pa € a, and that 
there is no fractional O,-ideal lying strictly between pa and a. 


Exercise 5.8.3. Let A be a quadratic discriminant such that ha = 1. Prove 
that every a € D® such that (V(a), fa) =1 is a product of prime elements of Og. 


Next we have a closer look at factorization properties and the behavior of primes 
(see Section A.8 for the relevant definitions and elementary results of factorization 
theory). In particular, we prove a criterion for unique factorization (Theorem 5.8.6) 
and present the decomposition laws for primes in an explicit form (Theorem 5.8.8). 
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Recall the definition of the quadratic symbol Qa (see Section 3.5): If A is a 
quadratic discriminant and p is a prime, then 


1 if pfA and A isa quadratic residue modulo 4p, 
Qa(p) = (=) = 4-1 if p{A and A isa quadratic non-residue modulo 4p, 
0 if plA. 


Theorem 5.8.4. Let A be a quadratic discriminant. 
1. Og is atomic. 
2. A prime p is a prime element of Oa if and only if Qa(p) = —1. 


3. Every prime dividing fa is an atom but not a prime element of Ox. 


ProoF. 1. We must prove that every a € O% has a factorization a = eu,-...-Ug, 
where e € OX, kE No and w,..., ug € Oa are atoms. 

We proceed by induction on |N(a)|. If a € OX or if a is an atom, there is 
nothing to do. Thus suppose that a € O& \ OX is not an atom. Then a = be, 
where b, c € O% \ OX, and N(a) = N(b)N(c) implies 1 < |N(b)| < |M(a)| and 
1 < |N(c)| < |M’(a)|. By the induction hypothesis, both b and c have a factorization 
of the desired form, and thus the same is true for a. 


2. Let p be a prime. 

CASE 1: Qa(p) = —1. We prove that pO, is a prime ideal. Let z, y € Oa 
be such that xy € pOa, say xy = pa for some a € Og. Then it follows that 
N(a)N(y) = N(zy) = N(p)N (a) = p*N(a), hence p| N(x)N(y), and we may 
assume that p| N(x). Suppose that 

2_ 42 
ee where u,v€Z, w=vA mod2 and OC) ee La 
Hence it follows that 4p|u? — v?A. If p 4 2, then A is a quadratic non-residue 
modulo p, hence u = v = 0 mod p and x € pOg. If p = 2, then A = 5 mod 8 and 
u2 — vA = wu? — 5v? = 0 mod 8. But then we obtain either u = v = 0 mod 4 or 
u =v = 2 mod 4, and in both cases it follows that 7 € 20,. 


CASE 2: Qa(p) = 1. By Theorem 3.5.5.4 there exist z,u € Z such that 


x? — A = 4pu. In particular, z = A mod 2, and therefore 


ctiVJVA r—-VAxctvVA rt+VJ/A 


= t 
5 E Oz, 5 5 pucpOnr, bu 5 


Hence p is not a prime element of Og. 


CASE 3: Qa(p) = 0. If p ¥ 2, then p|A, hence A = (VA)? € pOg, but 
VA € pOx. Hence p is not a prime element of Oa. 

Thus assume that p = 2. Then A = 4D, where D € Z, and O, = Z[VD]. 
If 2|D, then (as before) D = (VD)? € 20,, but VD ¢ Oy. If 2 + D, then 
1—-D=(1+VD)(1— VD) € 20,, but 14 VD ¢ 20,4. Hence 2 is not a prime 
element of Oa. 


¢ pOn. 
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3. Assume to the contrary that some prime p dividing fa is not an atom of 
Oa, say fa = pf, where f € N, and p = zy for some z,y € Oa \ OX. Then 
p? =N(p) = |N(x)||N(y)|, IN (@)| 4 1 and |W(y)| 4 1. Hence W(2)| = p, and if 

A 
L= = where u,v€Z and u=vA mod 2, then 4p=|u? —v?A\. 
If Ag is the fundamental discriminant associated with A, then A = p? f?Ao, hence 
p|u, which implies p*|4p and thus p = 2. If u = 2uo, then 2 = |u2 — v2 f?Ao|, but 
this is impossible since v? f?Ag = 0 or 1 mod 4. 

If p is a prime dividing fa, then Qa(p) = 0, and thus p is not a prime element 

of Og. 


Exercise 5.8.5. Let A < 0 be a quadratic discriminant, and 
at+bV/A 
2 


€ OK, where a,b€Z and a=bA mod 2. 


Suppose that 4N’(a) < A?, and (a,b) = 1. Prove that a is an atom of Ox. 


Theorem 5.8.6. Let A be a quadratic discriminant. Then the following asser- 
tions are equivalent: 

(a) Oa is a principal ideal domain. 

(b) Ox is factorial. 

(c) A is a fundamental discriminant, and ha = 1. 


In particular, the maximal order Ox of a quadratic number field K is factorial if 
and only if hk = 1. 


Proor. (a) => (b) By Theorem A.8.3.1. 

(b) = (c) If A is not a fundamental discriminant and p is a prime dividing 
fa, then Theorem 5.8.4 implies that p is an atom but not a prime element of Og. 
Hence Oa is not factorial (see Theorem A.8.1.3). 

Thus let A be a fundamental discriminant. It suffices to prove that every prime 
ideal of Oa is principal. Indeed, by Theorem 5.8.1.4, every non-zero ideal of O, is 
a product of prime ideals, hence principal, and thus ha = 1. 

Thus let p be a non-zero prime ideal of OA and a € p*. Then a = 7 -...+ Tn, 
where n € N and 71,...,7» € Oa are prime elements. Hence there is some 7 € [1,7] 
such that 7; € p. Since 7;0,q C p and 7;O, is a maximal ideal by Theorem 5.8.1.1, 
it follows that p = 7;O,. 

(c) = (a) By Theorem 5.3.5.2, every non-zero ideal of Oa is O,-invertible, 
and thus it is principal by Theorem 5.5.10. 


According to a classical philosophy of algebraic number theory, the ideal class 
group CK = Ca, of the maximal order Ox describes the deviation of Ox from 
being factorial. For details and quantitative results supporting this philosophy we 
refer to [33]. 


Example 5.8.7. Let K be a quadratic number field. 
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1. If Ax <0, then Ox is factorial if and only if 
NO l® ccd lf 8 OT AG, ae) a8 GA). 


We asserted in Example 1.3.3 that these are the only negative fundamental 
discriminants A satisfying ha = 1. Note however that we did not prove this 
result (for a proof we refer to [19, Theorem 7.30]). 

2. If D € {2, 3, 5, 6, 7} and K = Q(VD), then Ox is factorial. Indeed, for the 
fields in question, we have Ax € {5, 8, 12, 24, 28} and hx = 1 by Example 
2.2.10. It is conjectured (already since Gauss) that there are infinitely many 
primes p= 1 mod 4 such that hp = 1. 


Theorem 5.8.8 (Classification of prime ideals). Let A be a quadratic discrim- 
inant and p a prime. 


1. Suppose that Qa(p) = 1, and let b € Z be such that A = b? mod 4p. Then 


SE] one = [| 


are the only O,-regular prime ideals containing p, pOx = pp’, p#p’, and 
Na(p) = Na(p’) =p. 
2. If Qa(p) = —1, then pOxg is the only prime ideal of Oa containing p. 


oe 


3. If Qa(p) = 0, then there is a unique prime ideal p of Oa containing p. 
e If p#2, then 


[p, VD | if A=4D=0 mod 4, 
p= 
a if A=1 mod 4. 


e If p=2, then A=4D, where D © Z, and 


_} 2,vD] if 2|D, 
 ) 2,1+VD] if 24D. 


In any case, Na(p) =p, and p has the following properties: 
e If pt fx, then p is On-regular and p? = pOx. 
e If p| fx, then p is not On-invertible and p? = pp. 


PROOF. We tacitly apply the Theorems 5.4.2 and 5.8.1.3. 
1. If Qa(p) = 1, then p{ A and A = b? mod 4p for some b € Z. Hence 
A=bmod2, 4p|b?—A, ptb and b#—b mod 2p. 

p and p’ are O,-regular prime ideals satisfying Na(p) = MNa(p’) = p, p F p’ 
and pp’ = MNa(p)Oa = pOg. If q is any prime ideal of O, containing p, then 
pOn = pp’ C q, hence p C q or p’ C q, and thus q € {p, p’}. 

2. By Theorem 5.8.4.1, pO, is a prime ideal of Oa, and as non-zero prime ideals 
are maximal, it is the only prime ideal of O, containing p. 
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3. CASE 1: A = 4D, where D € Z and p|D, say D = pD’ for some D’ € Z. 
Then p = [p, VD] is an O,-primitive prime ideal, Sta(p) = p € p, and p is O,- 
regular if and only if p{ D’. We calculate 


2 2 / pp if p|D’, 

p ~~ [p »pvD,D| = p[p, VD, D'] ~~ ees if p{D', 
and we assert that p|D’ if and only if p| fa. Indeed, if p| D’, then p?| A if p ¥ 2, 
and 2*| A if p = 2. In both cases, this implies p| fa. Thus suppose that p+ D’. Then 
we obtain v,(A) = 1 if p ¥ 2, and v,(A) = 3 if p = 2. In both cases, this implies 
Pt fa: 

CASE 2: A=1 mod 4 and p|A, say A = pA’. Then 
p+VvA 
p= E ra | 

is an O,-primitive prime ideal such that Na(p) = p € p, and p is O,a-regular if and 
only if p{ A’, which is equivalent to p{ fa. Now we calculate 


p? = [P? pe +pvA ae - |p pe tpvyA —p +A 


i aa 5} 2° 2 
7 pt+VA =e pp if pid’, 
a pO if ptd’. 


CASE 3: p=2 and A =4D, where D € Z and 2} D. Then p = [2,1+ VD] is 
an Oa-primitive prime ideal such that Na(p) = 2 € p, and p is O,q-regular if and 
only if (2,2,(A — 4)/8) = 1 which is equivalent to D = 3 mod 4 and thus to 2{ fa. 
Hence we obtain 
2p if 2| fa, 
20n if 2t fa. 


pS (4249/D, 14-42 D) = 28, 14/1) 2) = 


5.9. Class groups of quadratic orders 


In this section we compare the ideal class groups of different orders inside a 
fixed quadratic number field. The main results are the Mayer-Vietoris sequence in 
Theorem 5.9.7 and the class number formulas arising from it. Before we can do 
that, we must investigate the prime residue class groups of quadratic orders and the 
behavior of extension ideals and contraction ideals. In the second part of the section, 
we present various applications of the Mayer-Vietoris sequence. 


We start with a simple lemma characterizing relative primeness and then we 
investigate the analogue of Euler’s y function for quadratic orders in Theorem 5.9.3. 
Lemma 5.9.1. Let A be a quadratic discriminant and a an ideal of On. 


1. (Oa/a)* ={at+a|aeOa, a+a0,aq = Ong}. In particular, if y € Oa, 
then (Oa/yOa)* = {a+ 7Oa | ae Oa, (a,7) =1}. 
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2. If a#0 and meEN, then a+mO, = Og if and only if (Ma(a),m) = 1, 
and in this case the map Um: Oa/a— Oa/a, defined by tm(x+a) = mx+a 
for all x € Og, is bijective. 

3. If p is a non-zero prime ideal of On ande EN, then 


(Oa/p*)* = {a+ p® | ae On \p}. 
If a+aQ, for some ideal a of On and a € Oa, then aand a are called coprime. 


PrRooF. 1. See Lemma A.8.4. 
2. If m € N, then um(Oa/a) = a+ mOa/a = Oa/a holds if and only if 
a+ mOx,g = Oy. Since |O,/al = Na(a) < 00, it follows that a+ mO, = Og if and 
only if Um is bijective, that is, if and only if (Sta(a),m) = 1 (see Theorem A.5.8.2). 
3. By 1. it suffices to prove: If a € Og, then p° +a0,q = Oa if and only if 
a ¢ p. Clearly, p° + (Oa = Og implies a ¢ p. Conversely, if p° + aOa ¢ Oa, then 
there exists a prime ideal q of O, such that p° + aO, C q. Since p° C q, we obtain 
p C q, hence p = q, and therefore a € p. 


Exercise 5.9.2. Let a be an ideal of Oa anda € Og. Prove that a+aO,aq = Oa 
if and only if a ¢ p for every prime ideal p of O, containing a. 


Theorem 5.9.3. Let A be a quadratic discriminant and a= pi'-...-pe", where 
rENo, e1,...,er EN, and py,...,p, are distinct On-invertible prime ideals. Then 
Tr T 1 
Ons)" |= Nay (p;) (Na (p;) — 1) = Nala 1- ——_- }. 
(Oa/ay*| = TT mate taro) TT a) 


PRoor. We use throughout that Sta is multiplicative on the set of invertible 
ideals (see Theorem 5.4.6). 

CASE 1: r = 1. Suppose that a = p°, where p is an O,-invertible prime ideal 
and e € N. We proceed by induction on e. 

e=1: Oa/pis a field, and |(Oa/p)*| = |Oa/p| — 1 = Na(p) - 1. 

e>2, e—1-—e: It suffices to construct an exact sequence 


0 + Oa/p + (Oa/v*)* 4 Oa/p)* > 1, 
for then it follows by the induction hypothesis that 
|(Oa/p*)*| = |(Oa/p**)*||Oa/p| = Na (p> 7) (Ma (p) — 1) Na (p) 
= N(p)*(N(p) — 1). 

Observe that (Oa/p°)* = {a+ p* | a € Og \ p}. Hence there is an epimorphism 
8: (On/p*)* 4 (On/pe)* such that 6(a + p*) = a+ p*! for all a € Oa \p, 
and Ker(#) = {b+ p® | b € 1+ pe !}. We fix some clement c € p®! \ p®, and 
we define 0: Oa/p + (Oa/p®)* by Viat+p) =1+ca+p*. If a,a’ € Og and 
a = a' mod p, then 1 + ca = 1+ ca’ mod p®, and since cc! € p?°-? C p®, we get 


1+c(a +a’) = (14+ ca)(1+ ca’) mod p*. Hence J is a group homomorphism, and 
obviously Im(v) C Ker(6). 
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To prove the reverse inclusion, we note first that pe"! = p® + cO,. Indeed, 
obviously p°-! > p® + cOg, and since p°~! is O,-invertible, there exists some ideal 
c of Og such that p® C p° + cCO,y = pc, hence p € c, and therefore c = Og and 
po! = p°+cO,. Assume now that b+p° € Ker(), where b € 1+p°"! = 1+p°+cOg. 
Then there exists some a € Oa such that 6+ p© =1+ca+p* =V(a+p). 

CASE 2: r > 2. By the Chinese remainder theorem there exists a group isomor- 
phism (Oa/a)* + (On/pi')* x...x (Oa/pe")*, and we obtain 


|(Oa/a)*| = [] \@a/pi')*| = [] ta (pi) ta (ps) - 1) 
i=1 i=1 


= [] ates IT(: oe ay) — ma(e) IT (2 = aaa) 


A( 


We can supplement Theorem 5.9.3 by a calculation of (Oa /mO,)* for positive 
integers m, even if they are not coprime to the conductor. 


Theorem 5.9.4. Let A be a quadratic discriminant andm € N. Then 


(Oa/mOa)*| =m? T] (1-5) (1-98). 
p|m 


PRooF. If m = pi! -...- pe, where r € N, e1,...,e, € N and py,...,pp are 
distinct primes, then the Chinese remainder theorem yields a group isomorphism 
(On/mOa)* + (Oa/piOa)* x... x (Oa/peOa)*, and therefore it suffices to 


prove that 
(OA POA)” | = pe (1 — ;) (1 — aoe for all primes p and e > 1. 

If p is a prime not dividing the conductor fa of A, this follows by Theorem 5.9.3. 

Assume now that p is a prime such that v,(fa) = n > 1 and e € N. Then 
A = Ajp?” for some quadratic discriminant Aj, and pt fa,. We set Ay = 4D, +04, 
where D; € Z, o; € {0,1}, and we denote by w; = wa, the basis number of 
discriminant A,. Then it follows that Oj = Z+ p"w,Z, pCOA NZ = p°Z, and 
the inclusion Z << Og, induces a ring monomorphism j: Z/p°Z > Oa/p°Oag, 
given by j(a+ p°Z) = a+ p°Qyg for all a € Z. We set A = j(Z/p°Z) and obtain 
Oa/p°On = Aln], where 7 = pw, + p°Oq. Since w? = ow, + p?"Dyj, it follows 
that 7? = o1p"n + p?"D,, where D; = D, + p°Oq. Hence it suffices to prove the 
following assertion. 


il 


A. Every € € Oa/p*O,q has a unique representation € = a+ 8n for some 
a, 2 € A, and then we have € € (Oa /p°O,a)* if and only if a € A”. 


Indeed, by A we easily get 
|(Oa/p°Oa)*| = | Al |A*| = |Z/p°2| |(Z/p°Z)*| = p* [po *(p — 1] = "(vp - 1). 


Proof of A. Since O,/p°O, = Aln] and 7? = o1p"n + p?"Dj, it follows that 
every € € O,/p°Ox has a representation as asserted. As to uniqueness, it suffices 
to prove that, for alla, @ € A, a+ 8n =0 implies a = 8 = 0. Thus suppose that 
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a=at+p°Oa, 8 =b+pOa € A, where a, b € Z, and a+ 67 = 0. Then there exist 
u, v € Zsuch that a+ bp"w, = p°(u+ pw v), which implies that a = p®u, b= p*v, 
and therefore a = 8 = 0. 

Assume now that a = a+p°O,, 8 = b+ p°O,a € A (where a,b € Z) and 
a+ Bn € (O/p°O)*. Then there exist a, = aj + p°Oa, 6, = b1 +p°Oa € A (where 
a;, by € Z) such that 


(a + Bn)(a1 + Bn) = ac, + (af, + 018)n + BBi(o1p” + p?"D1) =1€ On/p*Oa. 


It follows that 1 = aa, + p?"88,D, = aa, + pbb, D, + p°Z, hence aa, = 1 mod p, 
a+ p®Z € (Z/p°Z)* and a € A”. 

Conversely, assume that a € AX, G6 € Aand €=a+6n = a(1 —m), where 
m = —a~1Bn. Since (p"w1)® € p°Og, it follows that nf = 0 and 


(lL-m)Q+m+...+7€') =1-nf=1. 


Hence we obtain 1 — 7 € (Oa/p°Oa)”, and therefore also € € (Oa /p*Oa)”*. 


Let A be a quadratic discriminant and d € N. We want to compare the ideals 
(and then also the ideal class groups and narrow ideal class groups) of the orders 
Oa and Oa. For this, we introduce the following notations. 


For a quadratic discriminant A and a € Oa, we denote by 
° go) the set of all non-zero ideals a of O, which are coprime to a [that 
means, a+ a0, = Oa], and by 
eJa= gW) the set of all non-zero ideals of Oa. 


Ifa, 6 € I, then Oa = (a+ a0,)(6 + aO,) C ab + a0, C Og, and therefore 


ab ++ aOa = Og, whence ab € ge), Hence go) is a submonoid of Ja. 


If m € N, then Lemma 5.9.1 implies that a non-zero ideal a of O, belongs to 


ae if and only if (Nta(a),m) = 1. In particular, if fa |m, then all ideals a € ie 


satisfy (Nta(a), fa) = 1, and thus they are O,-invertible (see Corollary 5.4.3). 
For d € N and an ideal a of Oaqe, we denote by aO, the ideal of Oa generated 
by a. 


Theorem 5.9.5. Let A be a quadratic discriminant and d €N. 
1. If mEN and d|m, then the maps 


6: I) + I), defined by O(A)=ANOge for all WEI, 


and 
®): ge = qm) , defined by ®,(a)=aO,g_ forall a€ se F 


are mutually inverse monoid isomorphisms, and 


Na(M) = Naw (AN Ong) for all WEIN”. 


5.9. CLASS GROUPS OF QUADRATIC ORDERS 183 


2. Suppose that a € qe), and let e € N be such that e~'a is Oaq2-primitive. 


Then there exists some b € Z such that 


bd + V Ad? 
b=A mod2_ and a=e[a, STVee), 
and for each such b we obtain 
b+VA 
aa =e | a, — F 


Moreover, a is On o-primitive [Oa qe-invertible, Ox ge-regular| if and only 
if aAOy is Oa-primitive [Oa 2-invertible, On ge-regular]. 


ProoF. 1. If & € gun) then 29 Oage is a non-zero ideal of O,,2, and the 
inclusion O,gz <* Oa induces a monomorphism Oa 2/29 Oage > Oa/2A. It 
follows that Ita q2(AN Ona) | Na (A), hence (Nag (AN Org ),m) = 1, and therefore 


AN Ong €E qm By Lemma 5.9.1, and since mMO, C dO,g C Oage, we obtain 
On /A = m(Oxg/2) = (mOa + 2) /Q ‘e (Ona + QA) /2l = Ong2/Onae 2. But this 
implies that Ita (2) < WNage(Oage M A), and therefore equality holds. 

So far we have proved that ®: gun) > ee defined by ®(2) = 27 Oage, is a 
map satisfying Wa q2(2@lN Ong) = Ma (Al) for all WE gyn) To complete the proof of 
1., it suffices to show the following two assertions : 


A. Tf ae IW”, then aOg € IW”, and aN Oye =a. 


B. If WEIL”, then (AN Oagw)On = A. 
Indeed, A and B imply that ® is bijective, and @-!(a) = aO,y = ©;(a) for all 


ae I). Since (ab)O, = (a0 ,)(bOq) for all a, 6 € JN”, it follows that 6, is a 
homomorphism. Hence ® and ®; are mutually inverse isomorphisms. 


Proof of A. Ifa € i) then Og = (a+ MOqgz)Oa = aOg + mMOxg, and 

therefore atOq € ge") Obviously, a C aA0q MN Oag2, and since 
An NOag = (AOA NOag)(a+ MOng) Catm(aO,g N Ong) 
CatamO,aq Ca+a0,a =A, 

it follows that a = aOa N Oa,p. 

Proof of B. If 4 € J”, then (1M Ogg2)Oa C A. On the other hand, since 
MA CANMOd, C (AN Ogge)Oa and AN Oage € ue we obtain 

A= AOv 2 = AWN Onge +MOnge) C (AN Onge)Oan + MA = (AN Oange)Oa, 

and therefore (29 Ong2)Oa = 2. 


2. If a = MNage(e'a), then ae? = Nage(a), hence (a,d) = 1, and by Theorem 
5.4.2 there exists some b; € Z such that b} = Ad? = Ad mod 2, and 


E by + Vv Ad? 
? 9 . 


a=e 
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Let u, 1 € Z be such that 6; = Ad+2u and al = —u mod d, say al = —u+kd for 
some k € Z. If b= A+ 2k, then b= A mod 2, bd = b; + 2al, and therefore 


E bd + V Ad? 
? 9 ba 


a=e 


Assume now that b is chosen in this way. Then it follows that 


A 
a=eall,dé], where €= a, 
b=A mod 2 implies Oa = [1,a€], and since (a,d) = 1, we obtain 
b A 
Oa = ca 1, ae] [1, af] = ea [1, 6, af, ade? = ea 1,¢] = ea, 2*Y4 J 


By definition, we have e = 1 if and only if a is O,,2-primitive, and also if and 
only if a0, is Oa-primitive. 
Let c; € Z be such that Ad? = b?d? — 4ac,. Since b = A mod 2, it follows that 
b? = A mod 4, and as (a,d) = 1, 
b—A 
4 
Then A = b?—4ac, and (a, b,c) = (a, bd, cd”). By Theorem 5.4.2, a is Oj q2-invertible 
if and only if a0, is Oa-invertible. 


d?=ac, implies d?|c,, say c,=d’c. 


Exercise 5.9.6. Let A be a quadratic discriminant, K = Q(VA), d€N and 
a a fractional O, ,72-ideal. Prove the following assertions : 


a) aQg is a fractional O,-ideal. If a is O,,e2-invertible, then a0, is O,a-invert- 
ible, and (Oa :KaOq) = (Ong :Ka)Og. 
b) Let 6 be a lattice in Q(WA). Then 
(aOa :Kb) = (AOa:KbOqg) D (a:Kb)Og, 
and equality holds if (9ta,q2(a),d) = 1. 


Theorem 5.9.7. Let A be a quadratic discriminant and d €N. 
1. There is a surjective group homomorphism 


wh = 0:6 = cf 


eel that WH) (fal) = [a0] for every Ong2-regular ideal a € ee 


2. There is a group homomorphism 


gv) = 9): (Oa/dOa)* > CO), 


such that 0) (a+ dOg) = [AOA N Ogg] for all a € Og satisfying 
(a,d) =1 (and N(a) > 0), and 


[Ker(9)| = (a) (OZ 0X), 


where y(d) = |(Z/dZ)*|, and (ox : On) denotes the index of the 
(norm-positive) unit groups. 
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3. The homomorphisms U) and 3+) induce an exact sequence (called the 
Mayer-Vietoris sequence) 


1 > Ker(8™) 4 (Oa/dOa)* a Cy, ae Coe ted, 
and the class number formula 
d Qa(p) 
pt) 2 fy) 1_ 
Ad? A 
d (On? 00) II D ) 


ProoF. We tacitly apply the Theorems 5.9.5 and 5.5.7.2(b). 

l.Ifae ee is Oa ,e-regular, then aO, is Oa-regular, and (Aa)O, = A(aOa) 
for all A € K%*. Every class in ct, contains an O,,e-regular ideal a € see 
and therefore the assignment a +} aO,q defines a map W(): CU a ch such 
that UO ([al)) = [aOg]™ for all Oa e-regular ideals a € oe: Moreover, since 
abO, = (aO,)(bO,) for all ideals a, 6 of Oa,e, it follows that UO) is a group 
homomorphism. It remains to prove that U‘+) is surjective. 

Let Ce ef be a (narrow) regular ideal class and 2 € ge) NC an Oa-regular 
ideal. Since AN Oage € go) is an Oage-regular ideal and 2 = (A.M Ongz)Oa, it 
follows that C = U([2&N Oag)). 

2. We prove first : 

A. If a, a; € Og are such that (a,d) = 1, (a;,d) = 1 (and N(a) > 0, 

N (a1) > 0), then 
e aazOaN Oag = (AOA N Ong2)(aiOa MN Oage), and 
© a=aq; mod dO, implies (a0, N On| = [10a NOg ea]. 

Proof of A. The first assertion follows since the map ® in Theorem 5.9.5 is 
a homomorphism. Assume now that a = a, mod dQq, and let G6 € Oa be such 
that a8 = 1 mod dO, (and N(8) > 0). Then we obtain a3 € Oa,e, and therefore 
aBbOng = aBOAN Ong = (AOa NM Onge)(BOAN Onge) (and N(aB) > 0). This 
implies 

Ona] = [20a 9 One| [BOa 0 One]. 
In the same way, a, = 1 mod dO, implies 
Ona] = [Oa M Ona] [GOAN One], 


and therefore (a0, N Ong] = [a1Oa N Ong]. [A.] 
If a € Og, then N(a + Nd) = N(a) + NdT(a) + N?d? > 0 for all sufficiently 
large N EN, and therefore Oa/dOa = {a + dO, | N(a) > O}. 
By A, there exists a group homomorphism J): (O,/dO,)* > ct) such 
that 0) (a+ dO,) = (a0, NOa we] for all a € Og satisfying (a,d) = 1 (and 
N (a) > 0). We assert that 


Ker(0) = {ae + dOa € (Oa/dOa)* |a €Z, (a,d)=1, cc OX}. 
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If a € Z is such that (a,d) = 1 ande € On, then ae + dOag € (Oa/dOa)”, 
(N (ae) = a? > 0), and 0) (ae + dOg) = [aeOa N Oage|**). Since 

aeOn a) Ona = (aOa a Ong )(EOn a) Onaz) = aOa qe a Ona ) 
we obtain ae + dO, € Ker(J"), 

To prove the reverse inclusion, suppose that a € Z, (a,d) = E€ oO 
and [aceOa N Ong]? = [Ong]. Then there exists some 8 € of D such that 
aO,ag = BO, (and N(8) > 0), and therefore a = Be for some € € “Ox, Since 
Ong = [1,dwa], we obtain 8 = a+ bdwa, where a,b € Z and (a,d) = 1, and 
therefore a+ dO, = ae + bde + dOy = ae + dOg. 

For the calculation of |Ker(d‘*)|, let p: (Z/dZ)* —> Ker(v“@) be defined by 
p(a+dZ) =a+dQy for all a € Z such that (a,d) = 1. As dO, NZ = dZ, it follows 
that p is monomorphism. By definition, the map ¢: o. > Ker(9)) /Im(p), 
defined by y(e) = (€ + ae ), is an epimorphism, and 


Ker(y) = {e € OXY |e + dOg EZ + dOn = Og} = OX, 
Hence ¢ induces an isomorphism Ox Oy CG, oo 5 Ker(v™ /Im(p), and we obtain 


|Ker(8™ | = |Im(p)| (OX ox) = o(d)(OZX 070), 


3. For the exact sequence, it remains to prove that Im(J0¢)) = Ker(W@)). If 
a€ Oa, (a,d) =1 (and N(a) > 0), then 


UH o9H (a+ dOg) = VO ([aOn NOgge]™) = (aa NOng)Oal? 
= [aOa] = [Oa] 


and thus Im(#‘+)) c Ker(¥)). To prove the reverse inclusion, let a € J! a be an 
Oj e-regular ideal such that UO) ([a]) = [aOa] = Oa}. Then there exists 
some a € Og such that (a,d) =1, a0, =aO,g (and N(a) > 0). Thus we obtain 
[a] = faOa NOag| = 04 (a+ dOg). 


From the exact sequence we deduce (using 2. and Theorem A.1.3 ) 


A) = (+) (Oa/dOa)*| _ p(t) (On /dOa)* | 


Ad "4 |Ker(3+))| A y(d) (Ox), CO). 


By Theorem 5.9.4 and Theorem A.6.2 it follows that 
ee 
gy ead a) 


which implies the final formula. 


We remark that the unit index (on : On) in Theorem 5.9.7 is easy to 


handle. Indeed, if g € N is minimal such that «4 € Oag2, then (OX: OF 2) = and 


qs : 
(O70. 3) =5 if N(ea) =—1 and 2|q, and (OX*:OX%,) =q otherwise. 
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Exercise 5.9.8. Let A be a quadratic discriminant, p a prime and 


Bt) = utvVA 
2 


= , where u,vE€N, w=vA mod 2 and piv. 


Prove that NE = ph®. 


Another interesting special case of Theorem 5.9.7 (dealt with in the following 
Corollary 5.9.9) occurs when A = 1 mod 4 and d = 2. This case plays an important 
role in Mertens’ proof of Gauss’ duplication theorem (see Theorem 6.5.11). 


Corollary 5.9.9. Let A=1 mod 4 be a quadratic discriminant, and let 
+ = + 
Toei) so” 
be the epimorphism defined by UA) (fal) = [a0] for all Osa-regular ideals 
ac 2) (see Theorem 5.9.7). Then 


. = x _ ~x 
IKer(w) _ 3 if sans 5 mod 8 and Ox WAS 
1 otherwise. 
Explicitly, if A =5 mod 8, then 


1+-¢K 
2 


1-A 
a= [= jit v4] is an Osa-regular ideal, aOa = On, 


and a is a principal ideal of Osa if and only if OX #4 O{y. 


Proor. By Theorem 5.9.7, 


Ker(@)) = img = LCaPOa)*T _ MOaPOa)"| 
|Ker(3())| (Oe 0X) 


CASE 1: A = 1mod 8. In this case, 20, = pp’, where p, p’ are O,-regular 
prime ideals, p 4 p’, Na(p) = Mta(p’) = 2, and |(Oa/2O,q)*| = 1 by Theorem 
5.9.3. Hence it follows that |Ker(W))| = 1. 

CASE 2: A=5 mod 8. In this case, 20, is a prime ideal, |(O,/2O,)*| = 3, 
and therefore |Ker(U+))| = 1 if and only if ox) a Ox), 

If A < —3, then OXF = Of,. If A = —3, then (3 € OF \ Of,. If A > 0, then 
(OX : OFy) € {1,3} by Theorem 5.2.3.1, and therefore OX = Of, if and only if 
OX = Of. 

Now we consider the O,-regular ideal 

1-A 
a= |— ,i+ v4] : 
By Theorem 5.9.5 we obtain 


1—A ia. 
4 3 — 


and therefore [a] € Ker(W). If OX # Oj,, then W is an isomorphism, and thus a is 
a principal ideal of Oa. 


aOn = On, 
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Assume now that a is a principal ideal of O4,. Then 


_ 741+ VA) 
c= (———) ~I(VA), and therefore 
Let a, 8, y, 6 € Z be such that |ad — By| = 1 and 


4(1+VA) aVA+ 8 


1-A yA +5- 
Then it follows that 46 + 4yA = (1— A) and 46 + 4y = (1 — A)a, which implies 


4(1 + VA) 
“aa VA 


= = re 2 Wak 
—— ae Fi a aS a Motos) and Ake eee. 
4 4 4 
Hence |6? — Aa?| = 4 and (8,a) = 1, which implies that 
B+aVA 
——@ OT Ors 


Example 5.9.10. We close this section with an amusing connection between 
class numbers and the Fibonacci sequence (F;,)n>0, recursively defined by 


Po =0, Fp=l1 and F,=F,-1+Fy_-2 foralln>2. 


fn Oli[2{3i4[ sie] 7] 8{ 9] tol} it] 12] 13] 14] 15] 16) 


| Fn 0] 1] 1] 2] 3] 5 | 8] 13 | 21 | 34] 55 | 89 | 144 | 283 | 377 | 619 | 987 | 


Recall from Chapter 3 that 


€h = W5>= i(e5) =1 and és = [iy 


9 Fs 
If (Pn)n>—2 denotes the sequence of partial numerators and (gp)n>—2 the sequence 


of partial denominators of €5, then F;, = pn—2 = dn—1 for all n € No. In particular, 
Theorem 2.1.1 implies (F,,, Fn41) = 1, 


ed. ee ee fe Ly? ,, nti _ 
& ae - € i) for allne€N, and lim ——-=es. 


By Theorem 2.3.5 we obtain ef’ = Fin41 — Fmes for all m € No, hence 
En. = eg” = (Fini _ Finés) _ (Fri _ Frnés) = Pin (€s5 _ Er) = F345, 


and the well-known formula 
m m 1 — m j 
ey Ae — ef a a) for all m> 1. 


For d € N, we consider the order Os 2 = [1, dws]. If n € N, then ef € Osga if 
and only if d| F,, and we define 


K(d) = (Os Oe) = min{n € N | F, =0 mod d}. 
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It follows that {n € N | F, =0 mod d} = «(d)No, and by Theorem 5.9.7 we obtain 


_ d Qs(p) = 3) _ 1 if p=Htl mod 5, 
hse = sy LI (1- p ). ware as=(2)={ 3, if p=+2 mod 5. 


The following simple Lemma 5.9.11 should be well known to experts in Fibonacci 
numbers. I state it with proof for lack of a suitable reference. 


Lemma 5.9.11. Let p be a prime. 
1. K(p)|p—1 if p=+1 mod 5, and k(p)|p+1 if p=+2 mod 5. 
2. If nEN and w(p) tn, then pt Fh. 


3. If n=k(p)p°l, wheree €No, LEN and p{l, then v,(Fr) = v(p) +e4+n, 
where 


1 if p=2 and m>1, 
0 otherwise. 


PROOF. 1. Since «(p) = (OZ :Oz 2); and 


P K(p) 
we infer «(p)|p — Qs(p) (recall that Q5(p) = 1 if p=+1 mod 5, and Q;(p) = —-1 
if p= +2 mod 5). 
2. Ifn € N and «(p) { n, then e? ¢ Ox 2 and therefore p { Fy. 
3. We proceed by induction on n. From the table above, we see that «(2) = 3, 
v(2) = 1 and vo(F¢) = 3. Hence it suffices to prove the following assertion : 
A. If N €N and v,(Fy) =k > 1, then 
e v,(fin) =k for all 1 € N such that p{/, and 
e v,(Fpn) =k+1 unless p= 2 and k = 1. 
Proof of A. Let N € N, and suppose that v,(Fy) =k > 1. We set Fy = p*a 
and F'y_; = b, where a, b € N and p{ ab. Then 


1 a Fit Fn _ Fy + Fy-1 Fw _ pra+b pra 
10)  \ Fy” Fy-1/] — Fn Fy-1) \ p*a Bp? 


and for 1 € N we get 


Fyi41 Fm \_ fi 1 - pra+b pra\' 
Fur Fwi-1 1 0 pea a aa 


By induction on | > 1, we obtain the following congruence modulo p** : 


vtatb pka l (1-1) p?*a2'-2 + Ipkap!-! + ol HED pk e2bl-2 + Ipkap!-} 
p¥a a a) . 


b = pka2o'-24 Iptabl-! ste) pe a2p'-2+ b! 


’ 


P (1- Ss(P)) _ P= Qs(p) 


2 
In particular, for all / > 2 it follows that 


—1 
Fin = p" abl (4 prat ib) mod p?* . 
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If p{ 1, this implies v,(Fiv) = k. Moreover, we obtain 
= 
Fun = pet ape? (Foot 4 b) 


and therefore v,(Fpv) =k+1 unless p = 2 and k = 1. 


Dijana Kreso (private communication) observed that v(p) < U(p) = vp(Fip)), 
where /(p) denotes the period length of the Fibonacci sequence modulo p. The num- 
bers [(p) and V(p) were investigated in [105]. There it was conjectured that 7(p) = 1 
for all primes p, and this has been verified for all primes p < 2-10" in [71]. 

From the table above we see that «(5) =5, «(2) =3, and v(5) = v(2) = 1. 


Now we can state the announced connection between Fibonacci numbers and 
class numbers. In particular, the following theorem also produces infinitely many 
quadratic discriminants with class number 1 (see [117, §9, Aufgabe 5]). 


Theorem 5.9.12. Let p be an odd prime andn € N. Then 


max{n—v min{v n}— = Q 
(Os Oz an) — K(p) p { (p),0} and Nsp2n =p {v(p),n}-1 v ae : 
In particular, hs2n+1 = 1. 


Proor. If m= (OF : Ox an 
F,, = 0 mod p”. Now Lemma 5.9.11 implies that «(p)|m, and if m = K(p)p*l, where 
e€No, 1 EN and pfl, then n = v(p) + e. Consequently, the smallest m € N such 
that vp(Fm) > n is m= k(p)p°, where e = max{n — v(p), O}. 

The formula for hs,2n follows by Theorem 5.9.7. Since «(5) = 5 and v(5) = 1, 


we obtain (O* :Oson+1) = 5", and Agan+i = 1. 


), then m is the smallest positive integer such that 


Exercise 5.9.13. Prove that hag = hgg = 1, and hAs.o2n = 2 for all n 


Calculate an for alln EN. 


IV 
ww 


Exercise 5.9.14. For n € N and an odd prime p, derive a formula for he an 


CHAPTER 6 


Binary quadratic forms 


In this chapter we prove the main theorems of Gauss’ theory of binary quadratic 
forms and connect it with the ideal theory of quadratic orders and the theory of 
continued fractions. Thereby the close connection between the various concepts of 
the theory of quadratic irrationals becomes apparent. 

We tacitly use the properties of quadratic residues and quadratic characters as 
developed in Chapter 3. 


6.1. Elementary definitions and equivalence relations 


An (integral binary quadratic) form is a homogeneous quadratic polynomial 
f € Z|X,Y], and we write it in the form 


f = (a,b,c) =aX?+bXY 4+ cY’ €Z[X,Y]. 


We call Ay = b? —4ac the discriminant of f, dp = (a,b,c) € No the divisor of f, 
and 


My= (jf) 7) e mala), 


C 
the matrix of f. By definition, 


XxX 
f=(X¥)My(F). Ap=—daer(ayy), aay, 


and dr = 0 if and only if f = 0. 
A form f = [a,b,c] is with discriminant Ay and divisor dy is called 
e degenerate if Af is a square, otherwise non-degenerate ; 
e primitive if dp =1. 


If f = [a, b,c] is a non-degenerate form, then ac 4 0, A; is a quadratic discriminant, 
and we define the root of f by 


b+ /A 
és = eC. 


Then f = a(X +€Y)(X + EY), and as att — bs +c =), it follows that €; isa 
quadratic irrational of type (Cras d;'b, d;‘c) and discriminant d;7A f- In particu- 
lar, dy divides the conductor of Ay, and if A, is a fundamental discriminant, then 
f is primitive. 

A non-degenerate form f is uniquely determined by its root €¢ and its divisor 
dy. Indeed, it €f is of type (ao, bo, co), then f = [drao, drbo, dpco]. 
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In particular: If A is a quadratic discriminant and d is a positive divisor of its 
conductor fa, then the assignment f ++ €7 defines a bijective map from the set of 
all forms with discriminant A and divisor d onto the set of all quadratic irrationals 
of discriminant A. 


If f = [a,b,c] is a form and m is an integer, then we say that 


e f represents m if there exist x, y € Z such that 


m= f(z,2) = ax? + bry + cy”? = ey), (*) : 

e f properly represents m if there exist x, y € Z such that (#,y) = 1 and 
If f (properly) represents m, then we also say that m is (properly) represented by f. 
By definition, f (properly) represents m if and only if dy |m and the primitive form 
d;'f (properly) represents d;'m. Consequently, if f represents m and (Ay,m) = 1, 
then f is primitive. 


For a given form f, it is a fundamental problem to determine all integers which 
are (properly) represented by f. For example, a positive integer is the sum of two 
(coprime) integral squares if and only if it is (properly) represented by the form 
[1,0, 1]. In its full generality, this problem (at least for primes) is equivalent to the 
problem of prime decomposition laws for ring class fields, a topic of higher algebraic 
number theory which is beyond the scope of this book. 

The main work in establishing the theory presented in this chapter was already 
done by C. F. Gauss, and we cordially recommend the reader to consult the reprint 
of Gauss’ original work [32] as well as the exposition of P. G. L. Dirichlet made 
sixty years later [23]. In our presentation of the theory, we place emphasis on the 
connection with the theory of quadratic irrationals and the theory of quadratic 
orders. 


A form f = [a,},c] is called 
e positive definite if Ay <0 and a> 0; 
e negative definite if Ar <0 and a<0; 
e indefinite if it is non-degenerate and Af > 0. 


A non-degenerate form f is positive definite if S(€*) > 0, negative definite if 
S(€-) <0, and indefinite if € € R. By definition, f is positive definite if and only 
if —f is negative definite. 


Lemma 6.1.1. Let f be a form. 
1. f is degenerate if and only if f properly represents 0. 
2. If As > 0, then there exist integers x1, 2 € Zand y € N such that 


(r1,y) = (t2,y) =1 and f(z, y)f(@a,y) <0. 
In particular, f properly represents positive and negative integers. 


3. f is positive | negative] definite if and only if f(x,y) >0 [ f(x,y) <0] for 
all (x,y) € Z? \ {(0,0)}. 
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PROOF. Suppose that f = [a, b,c]. 


1. If f is non-degenerate, then a #0, €¢ is a quadratic irrational, and 


f(x,y) = ax + Epy)(a + py) #0 for all (x,y) € Z?\ {(0,0)}. 


Hence f does not properly represent 0. 

If f is degenerate and a = 0, then f(1,0) = 0. If f is degenerate and a # 0, then 
f(b, —2a) = ab? — 2ab? + 4a7c = —aAy = 0, and since we may cancel the greatest 
common divisor of 6 and 2a, it follows that f properly represents 0. 

2. CASE 1: a = 0. Then b ¥ 0, and f(z,y) = y(ba + cy) for all (x,y) € Z?. 
If x1, 2 € Z are such that br; +c > 0 and br2 +c < 0, then f(z1,1) > 0 and 
f (x2, 1) <0. 

CASE 2: a #0. Then 


pea[x+tvOry) [x+ PavAs) 


’ 
and there exist integers 11, x2 € Z and y € N such that (21, y) = (x2, y) = 1, 


Ee. (22424 vB)(@ , bevA) og, 


2a Yy 2a 


Hon " 
Yy 2a 


LY b = VA 
Caaroe 
y 2a 

and consequently f(21,y)f(x2,y) < 0. 
3. If f is positive or negative definite, then Ay <0, ey = EF, and 


f(a,y) =alz+ Eyl? SO for all (x,y) € Z\ {(0,0)} if aso. 


If f is neither positive nor negative definite, then Ay < 0, and the assertion follows 
by 1. and 2. 


For a form f = [a,b,c], we define the forms —f, f~ and f°? by 
f =[-a,-b,-c], f = [-a,b,-c] and f°? = [a,—b,c]. 


By definition, we get Ar = A_¢ = Ay Apo, dp = d_f = dp-1 = dyor, and 
(—f)(z, y) = =F (Ey); f(z,y) = =f0G —¥); f°P(x, y) = f(a, —y) for all LYE Z. 
In particular, f and f°? (properly) represent the same integers, and f (properly) 
represents some m € Z if and only if —f (resp. f~) (properly) represents —m. If 
f is non-degenerate, then €_- = €, €s- = —€, and Eyer = =F 


For a quadratic discriminant A = 4D +0, where D € Z and o € {+1}, we call 


JA = [eas —D] 


the principal form of discriminant A. Its root g, = wa = (a+ VA)/2 is the basis 
number of discriminant A. If A < 0, then ga is positive definite. 


In the following definition we formalize the procedure of transforming one form 
into another one by a unimodular change of variables. This gives rise to an equiva- 
lence relation on the set of forms of given discriminant such that equivalent forms 
(properly) represent the same integers with the same multiplicity. 
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Definition 6.1.2. For a form f = [a,b,c] = aX? +bXY +cY? € Z[X,Y] anda 


matrix 
A & 5) & Mo(Z) 


we define Af € Z[X,Y] by 
Af = f(aX +7Y, BX + 6Y) 
= a(aX + yY)? + (aX + 7Y)(BX + bY) +c(BX + 6Y)? 
ax +yY 1 (xX 
=(aX +7yY BX +6Y) My Cae =(XY)AM;A & 


= a,X74+b,XY +aY", 


where 


a, = aa? + baB + cB? = f(a, 8), 
by = 2aay + b(ad + By) + 2cB6, 
cy = ay’ + by6 + 06? = f(y, 6). 
In particular, Af = [a1,b1,c;] is a form, and dy | dap. 
The following special cases will frequently be used: If [a,b,c] is a form, then 


= 0 0 1 
op _ _ = _ — 
[a, b, | _ [a, b, c| _ ( 0 t) [a, b, | ’ [c, b, al aa & s) [a, b, c] ’ 
and if 1 € Z, then 


[a, b+ 2la, al? + bl +c] = (; (a, b,c}. 


If A, B € Mo(Z) and f is a form, the it follows by the very definition that 
Af =(-A)f, Mas=AMyA", Aas = det(A)*As, 
and since Mapp) = AMpy At = ABM; BtAt = (AB)M;(AB)' = Mcapyy, we get 
(AB) f = A(BY). 
Assume now that A € GL2(Z), and let f be a form. Then Ayr = Af, and since 
Ate GL2(Z) and A-l(Af) = f, it follows that dat | dr, hence dr = dar, and Af 
is primitive if and only if f is primitive. If 7, y € Z and (a’, y’) = (a, y)A, then 


L x g! 
(Af ea) = Co Mar (7) = Ce, aMyat(?) = @.y)My(%,) = Few). 
Consequently, for every integer m € Z, the map 
Oya: {(2,y) € Z? | (Af)(x,y) =m} > {(2',y') € Z| fey’) =m}, 
defined by O-,4(x,y) = (a, y)A, is bijective, and if Oy a(z,y) = (a’,y’), then 
(x,y) = 1if and only if (2, y’) = 1. Hence Oy, defines a bijective map from the set 
of all (proper) representations of m by Af onto the set of all (proper) representations 
of m by f. 
Two forms f and g are called 


e equivalent, f ~ g, if g = Af for some matrix A € SL9(Z); 
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e weakly equivalent if g = Af for some matrix A € GLo(Z); 
e improperly equivalent if g = Af for some matrix A € GL2(Z) \ SLo(Z). 
Equivalence and weak equivalence are equivalence relations. Weakly equivalent 
forms have the same discriminant, the same divisor, and they (properly) represent 
the same integers. Nonetheless, the subsequent Theorems 6.1.4 and 6.4.2 will show 
that equivalence is the more important notion since it matches with the correspond- 
ing definitions for quadratic irrationals and for ideals in quadratic orders. 
By definition, f and f°? are improperly equivalent. Hence two forms f and g are 
improperly equivalent if and only if either f ~ g or f ~ g°?. 


We start our investigation of the equivalence relation with the (rather trivial) 
case of degenerate forms. 


Theorem 6.1.3. Let f be a degenerate form and n€ No such that Af = n?. 
1. There exists some l € Z such that f ~ [0,n,l]. 
2. If ly, lg € Z, then [0,n,l)] ~ [0,n, le] holds if and only if ly = ly mod n. 
PrRooF. 1. Suppose that f = [a,b,c]. By Lemma 6.1.1 there exist x, y € Z such 
that (x,y) = 1 and f(x,y) = 0. Then there exist u, v € Z satisfying xv — yu = 1, 
and consequently 
& ’) f =(0,n1,4] forsome n,1,€Z, and n?= As= n2. 


If ny > 0, then n = ny, we set 1 = 1,, and we are done. Thus assume that n1 < 0, 
set d= (nj,11), ny = d8 and l, = —da, where a, 8 € Z and (a, Gf) =1. If 7,d6€Z 
are such that ad — By = 1, then 
(5 55) [mst] = [0,—m.1] = ,nu0 
for some | € Z, and we are done again. 
2. If lj, lg €Z and ; =lo mod n, then Ig — 1, = nk for some k € Z, and 


¢ i) (0, ,l1] = [0, n, lg] . 


As to the converse, assume that 1;, lo € Z and 
a . a 
6 5) (0, n,l1] = [0,n,l2] for some matrix (S 5) € SLo(Z) 


satisfying (without restriction) 6 > 0. Then 0 = S(an+l6), n=n+26(ny +15) 
and lg = 6(ny+1,6). If 8 = 0, thena = 6 =1andlp =l,4+ny=l, mod n. If 8 £0, 
then ny + 1,6 = 0, hence lz = 0, and also 1, = l;(ad — By) = —nay+ yan = 0. 


Next we investigate the equivalence relation for non-degenerate forms. Our main 
tool is to compare the transformation of a non-degenerate form with the transfor- 
mation of its root. We need the following definition. For a matrix 


A= (° ) € M2(Z), we define A’ = (5 a d 


a 
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It is easily checked that AT = A, det(A‘) = det(A), and (AB)! = Al BT for all 
A, B € M2(Z). In particular, the assignment A +> A! defines automorphisms of 
M2(Z), GL2(Z) and SL2(Z). 


Theorem 6.1.4. Let f = [a,b,c] be a non-degenerate form and A € SL2(Z). 
I. FAS =|ei,ti,e|, then £a¢= Al Ep, and a; = aN (Bés +a). 
2. If g is another non-degenerate form, then g = Af if and only if Eg = At EF 


and dg = dy. In particular, f and g are equivalent if and only if df = dg 
and €f and €, are properly equivalent. 


ProorF. 1. By definition, we obtain 
Af = f(ax +7Y, BX + 6Y) 
=al[(aX + 7Y) + (BX + Y)] [(aX + VY) + (BX + 5Y)] 


7 6€f +7 ae ; 
= aN (BE 5 +0) |X + ee [x Hite" | =a(X+&Y)\(X+&Y), 
where 
VA 6 
HE, nm aagro) oa = BEI (5 2) 6 


This implies 


OCF ay _ / 
FLA = nasty + N86) +0) 


= 2a[ BIN (Ep) + ary + odes + BEY] 


b A b—-VA 
= 20/85 + oy + ad + VB By 2) 


= 2cB5 + 2aay + b(ad + By) + (ad — ByY)VA = b+ VA, 
and it follows that 


2a4&) = 2aN (BEF + a) 


bh +VA 

a 
ay 

2. Let g be another non-degenerate form. If g = Af, then d, = dy, and €, = Al€s 

by 1. To prove the converse, assume that dy = dy and €, = Alp. Then g, = Af is 

a non-degenerate form, €,, = Algé f =& and dy, = dz = d,. Hence it follows that 

gi=4g¥. 


= Esp - 


Corollary 6.1.5. Let f be a non-degenerate form of discriminant A. Then f 
is equivalent to f— if and only if Pell’s minus equation x? — Ay? = —4 has integral 
solutions. 


PROOF. Since df = dy-, Theorem 6.1.4 implies that f is equivalent to f~ if 
and only if €f is equivalent to €s- = —¢. By Theorem 1.3.8 this holds if and only 
if Pell’s minus equation has integral solutions. 
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Exercise 6.1.6. Let f be a non-degenerate form and A € GlL2(Z) \ SLe(Z). 
Prove that €4¢ = Al fr 


If f is any non-degenerate form, then d;'f is a primitive non-degenerate form, 
and if f is negative definite, then —f is positive definite. Therefore it is not really a 
loss of generality, and it often simplifies matters to restrict the investigations to not 
negative definite primitive forms. This motivates the following definition. 


For a quadratic discriminant A, we denote by ¥, the set of equivalence classes 
of not negative definite primitive forms of discriminant A. Explicitly, 


SA is the set of equivalence classes of 
e positive definite primitive forms f of discriminant A if A < 0, 
e indefinite primitive forms f of discriminant A if A > 0. 


For a form f = [a,b,c] of discriminant A, we denote by [f] = [a,6,c] € ¥a its 
equivalence class. 


Theorem 6.1.7. 
1. Let A be a quadratic discriminant. 
(a) If A> 0, then there is a bijective map Va: Fa > Ba onto the set aN 


of proper equivalence classes of quadratic irrationals of discriminant A 
such that, for all primitive forms f of discriminant A, 


Va(Lf]) = [Efl~, (the proper equivalence class of EF). 


(b) If A <0, then there is a bijective map Va: Fa > Xa onto the set Xp 
of equivalence classes of quadratic irrationals of discriminant A such 
that, for all positive definite primitive forms f of discriminant A, 


Va(Lf]) = [Efl~ (the equivalence class of Ep). 
In both cases, it follows that 


[Fal = rR. 


2. Regardless primitivity and definiteness, there are only finitely many equiva- 
lence classes of forms of discriminant A, and a complete set of representa- 
tives is obtained in the following way: 

Suppose that A = Ao fx, where Ao is the fundamental discriminant and 
fa is the conductor of A, and let {d),...,d,} be the set of positive divisors 
of fa. Fori € [1,k], set fa = difi, let {&1,...,&1,} be a complete set 
of representatives of proper equivalence classes of quadratic irrationals of 
discriminant Aof?, and suppose that big 18 OF type (Gry, bry, Cg). Then 


{[diai;, dibi,j, dic] |¢ € [1,4], 9 € [1,4] } 


is a complete set of representatives of equivalence classes of forms of dis- 
criminant A. 
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Proor. 1. (a) Let A > 0 be a quadratic discriminant. If f and g are primi- 
tive forms of discriminant A, then Theorem 6.1.4 implies that f ~ g if and only 
if [€f]x, = []~,- Hence there is an injective map Ja: Fa + XA such that 
O(Lf]) = [E¢]~, for every primitive form f of discriminant A. On the other hand, 
for every quadratic irrational € of discriminant A, there exists a primitive form f of 
discriminant A such that €¢ = €. Hence Wa is surjective. 


(b) Let A < 0 be a quadratic discriminant. If f and g are positive definite 
primitive forms of discriminant A, then €¢ and €, both lie in the upper half-plane. 
Hence €f ~ &g if and only if €f ~+ €,, and this holds if and only if f ~ g. Therefore 
there is an injective map JA: FA > Xa such that v([f]) = [E¢]~ for every positive 
definite primitive form f of discriminant A. On the other hand, if € is a quadratic 
irrational of discriminant A, then there is some ¢ € {+1} such that ¢€ lies in the 
upper half-plane, and there is a positive definite form f of discriminant A such that 
Ef = e€. Since € ~ —€, it follows that J([f]) = [eé]~ = [€],, and therefore 0a 
is surjective. Finally, recall that in this case according to our definition we have 
|Za] = ha = hx 

2. For i € (1, k] and j € BAR we set fig = dees eee; pee a] Then Ag, =A, 
dy, = d; and €f,, = &,;. Hence the forms f;,; are pairwise not equivalent. If f is 
any form of discriminant A, then there is some i € [1, k] such that dy = dj, and since 
€f is a quadratic irrational of discriminant d?A = Aof?, there is some j € [1,]; 
such that €¢ ~ &,;, and consequently f ~ fj,;. 


Exercise 6.1.8. For any integer A = 0 or 1 mod 4, derive a formula for the 
number hi of all equivalence classes of forms of discriminant A in terms of various 
class numbers h, (using the Theorems 6.1.7 and 6.1.3). 


Let f be a non-degenerate form of discriminant A. A matrix A € SL2(Z) is called 
an automorphism of f if Af = f. As (A, f) > Af is a group operation, it follows 
that the set Aut(f) of all automorphisms of f is a subgroup of SL2(Z). Obviously, 
Aut(d;' f) = Aut(f). 


For the next theorem recall the definition of A’ for a matrix A € SLo(Z) given 
before Theorem 6.1.4. 


Theorem 6.1.9. Let f be a non-degenerate form. Then there is a group iso- 
morphism 


Aut(f)  Stab*(Es), given by Av Al, 


In particular, if f is a primitive form of discriminant A, the 


2 if A<-4, 
if A=-—4, 

6 if A=-3, 

co if A>O. 


|Aut(f)| = 
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Proor. If A € SLo(Z), then Theorem 6.1.4 implies that Af = f if and only 
if Al é f = &. If f is a primitive form of discriminant A, then €f is a quadratic 
irrational of discriminant A, and by Theorem 1.2.2 it follows that 


|Aut(f)| = [Stab*(€)| = I{(a,y) € Z? | a — Ay? = 4}). 


Example 6.1.10. We calculate Aut(f) for the principal form f = gs = [1,1,-—1 
of discriminant Ay = 5. We have 


1 5 ry 
of = 65 = ca and Stab" (é5) = {( =) e,yeZ, 7 -5y= 7 
2 


by Theorem 1.2.2. Hence Corollary 6.1.9 implies 


mir ((F 3) 


If x, y € Z, then it follows by the remarks after Theorem 5.2.1 that 
xt yVv5 
2 


r,yEeZ, 1? — oy? =a} 


a? —5y* =4_ holds if and only if € OX+ = (-1,€3), 


and (—1,¢#) = {te2", «2 | m € No}. By Example 5.9.10, we may calculate <2?” 
for m € No using the Fibonacci sequence and obtain es” = Fomii1 — Fom€s; hence 


e2m _ Um ae Umv5 


5; = 5 » where Um = 2Fomi4i1 — Fom and Um = Foam. 


Since 
{(a,y) € Z? | 2 — 5y? = 4} 
= {(tm; Um), (thins ta) (tm, —Um), (—um, —Um) | mE Z} , 


we obtain (with F_; = 0) 
Fom-1 Fam Fom41  — Fam 
A = = el ie 
ut(/) { ( From Fae ea Bea) |= No 


Exercise 6.1.11. Calculate Aut(f) for the form f = [1,0,—5] using the Fi- 
bonacci sequence. 


6.2. Representation of integers 


The following elementary Theorem 6.2.1 is basic for all assertions concerning 
the representation of integers by binary forms. It will be used again and again in 
the sequel, often without an explicit reference. 


Theorem 6.2.1. Let f be a form of discriminant A and m # 0 an integer. 
1. f represents m if and only if there exists some d € N such that d?|m and f 
properly represents d~2m. In particular, if m is squarefree and f represents 
m, then f properly represents m. 
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2. f properly represents m if and only if there exist integers n, 1 © Z such that 
f ~ [m,n,l], and then we can even achieve n € [b,b + 2|m| — 1] for an 
arbitrary integer b € Z. 


3. If f is non-degenerate and represents 1, then f is equivalent to the principal 
form ga. 

4. If f is primitive and M €N is any integer, then f properly represents some 
m€Z such that (M,m) =1, andm>M unless f is negative definite. 


Proor. 1. Suppose that f represents m, say f(x,y) = m, where x, y € Z, 
(x,y) # (0,0), and set d = (2, y). If x = dx, and y = dy, where xj, yi € Z, then 
(71, y1) = 1, and d~*m = f(2x1,y1). Hence f properly represents d~?m. 

Conversely, if d€ N, d?|m and a, y € Z are such that f(x,y) = d~?m, then 
f (dx, dy) =m. 

2. If f ~ fi = [m,n,1] for some n, 1 € Z, then f;(1,0) = m, hence f; and thus 
also f properly represents m. 

Conversely, assume that f properly represents m, and let a, 8 € Z be such that 
(a, 8) = 1 and m= f(a, 8). If y, 6 € Z are such that ad — By = 1, then 


on D2 = tl toa 
(; ) f= |m,n,l], where n,l'eEZ. 
For every b € Z, there is some k € Z is such that n’+2km € [b,b + 2|m| — 1]. Then 
we obtain 


f~ (EY) fmntt] = brad, 


where n = n' + 2km € [b,b + 2|m| — 1] andl € Z. 

3. If f is non-degenerate and represents 1, then f ~ g = [1,a,—D] for some 
o € {0,1} and De Z®. Since A=o + 4D, it follows that g = ga. 

4. By Theorem 2.2.12, there exists a quadratic irrational € of type (m, b,c) such 
that € is properly equivalent to €s, (m,M) = 1, and m > M provided that € ¢ 57 
(that is, f is not negative definite). Then f is equivalent to |[m, b,c] and thus properly 
represents m. 


Exercise 6.2.2. Let f be a form of discriminant A and m a squarefree divisor 
of A such that f (properly) represents m. Prove that there is some c € Z such that 
fr [m, 0, ¢] or f~ [m, |m|, c]. 


Exercise 6.2.3. Let A be a quadratic discriminant, p a prime and f a form of 
discriminant A which represents p. 

a) Prove that f is primitive if and only if pt fa. 

b) Let g be another form of discriminant A. Prove that g represents p if and 
only if g is improperly equivalent to f. 


Theorem 6.2.4. Let A be a quadratic discriminant, m 4 0 an integer and mo 
the squarefree kernel of m. 
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1. m is properly represented by some form of discriminant A if and only if A 
is a quadratic residue modulo 4|m\. 


2. m is represented by some form of discriminant A if and only if mo is properly 
represented by some form of discriminant A. 


PrRooF. 1. Let f be a form of discriminant A which properly represents m. Then 
it follows that f ~ [m,n,l1] for some n, 1 € Z, and A = n? — 4ml = n? mod 4|m|. 

As to the converse, let A be a quadratic residue modulo 4|m|. Then there exist 
n,l € Z such that A = n? — 4ml, and [m,n,/] is a form of discriminant A which 
properly represents m. 


2. If mp is properly represented by some form of discriminant A, then obviously 
m is represented by the same form. Thus assume that m is represented by some 
form of discriminant A. Then it follows that m = d?m, for some d € N and and an 
integer m, which is properly represented by the same form. Hence A is a quadratic 
residue modulo 4|m,| by 1. and as mo|m1, it follows that A is a quadratic residue 
modulo 4|mo|. Hence the assertion follows by 1. 


The shortcoming of Theorem 6.2.4 lies in the fact that it does not give criteria for 
the representation of an integer by a single form, but only by some (not necessarily 
primitive) form of a given discriminant. The representation by a single form is closely 
connected with the splitting behavior of primes in ring class fields, a topic which 
belongs to class field theory and is beyond the scope of this volume. We refer to [82] 
for an overview. 

The “abelian part” of the theory of ring class fields can be described without 
using class field theory. This is done by Gauss’ famous theory of genera, which we 
shall present in Section 6.4. 


Nevertheless, there are special cases in which Theorem 6.2.4 yields criteria for 
the representation of integers by a single form. Let A be a quadratic discriminant 
such that |¥a| = 1. Then every primitive form of discriminant A is equivalent to the 
principal form. Hence an integer m is (properly) represented by some primitive form 
f of discriminant A if and only if it is (properly) represented by the principal form. 
If, moreover, either (A,m) = 1 or A is a fundamental discriminant, then every form 
which represents m is primitive. Among the examples for these special cases, there 
are many classical results found in the number-theoretic literature. We reformulate 
these special cases in the following corollary. 


Corollary 6.2.5. Let A be a quadratic discriminant such that |¥a| = 1. Let f 
be a not negative definite primitive form of discriminant A, me€Zandm> 0 if 
A <0. Suppose that either (A,m) = 1 or that A is a fundamental discriminant. 


1. m is properly represented by f if and only if A is a quadratic residue modulo 
A|m|. 

2. m is represented by f if and only if A is a quadratic residue modulo 4mo, 
where mo is the squarefree kernel of m. 


PrRooF. By assumption, every form f of discriminant A which properly repre- 
sents m is primitive, and since || = 1, every not negative definite primitive form of 
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discriminant A is equivalent to the principal form. Hence m is properly represented 
by f if and only if it is properly represented by some form of discriminant A. Now 
the assertions follow by Theorem 6.2.4. 


As a first application of our theory we give a fresh proof of Theorem 3.4.1 and 
supplement the Theorems 3.4.1 and 3.4.5. Quantitative refinements will be given 
in Theorem 6.2.13 and in Exercise 6.2.15. 


Theorem 6.2.6 (Representations by the forms 2? +y? and «a? + 2y?). 
1. Let m be a positive integer. 
(a) m is the sum of two coprime integral squares if and only if 44m and 
p{m for all primes p = 3 mod 4. 
(b) m is the sum of two integral squares if and only if 2|vp(m) for all 
primes p = 3 mod 4. 
2. Let m be an odd positive integer. 
(a) There exist coprime integers c,d € Z such that m = c? + 2d? if and 
only if all primes p dividing m satisfy p= 1 or 3 mod 8. 
(b) There exist integers c,d € Z such that m = c? + 2d? if and only if 
2|vp(m) for all primes p=5 or 7 mod 8. 
3. For an odd integer m, the following assertions are equivalent: 
(a) There exist integers e, f € Z such that m = e? — 2f?. 
(b) There exist integers s,t € Z such that m = 2s? — t?. 
(c) 2|vp(m) for all primes p= +3 mod 8.. 


4. Let p=1 mod 8 be a prime. 
(a) Suppose that p = 8n+1 = a2 +b? = c? + 2d? = e? — Qf? = 2s? — #? 
for some a, b, c, d, e, f, s,t € N such that 4|b. Then the following 
identities for Jacobi symbols hold: 


@)-@)-8-@-» @-@-@. 
Cy, 7 (5) = & = (2) (14 = (-1)6-D/2, 


()=@-@= (Zeca =e. 


(b) If p = 9 mod 16, then p is represented by exactly one of the forms 
[1, 0,32] and [1,0,64]. If p=1 mod 16, then p is represented either by 
both or by none of them. 


and 


PROOF. Throughout the proof, we shall use Corollary 6.2.5 and the properties 
of the Legendre and Jacobi symbols (see Chapter 3). 

1. (a) mis the sum of two (coprime) integral squares if and only if m is (properly) 
represented by the form g = g_4 = [1,0,1]. Since —4 is a fundamental discriminant 
and |§—4| = h_4 = 1, it follows that m is properly represented by g if and only 
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if —4 is a quadratic residue modulo 4m. Suppose that m = 2°m’, where e € No, 
m’ € N and 2{ m’. Then —4 is a quadratic residue modulo 4m if and only if —4 
is a quadratic residue modulo 2°+? and modulo every odd prime dividing m. Since 
—4= 2? mod 8, 2? #—4 mod 16 for all z € Z and 


(=) = (=) — (je for every odd prime p, 


the assertion follows. 

(b) Apply (a) to the squarefree kernel of m. 

2.(a) m = c? + 2d? for some (coprime) integers c,d € Z if and only if m is 
(properly) represented by the form g = g_g = [1,0,2]. Since —8 is a fundamental 
discriminant and |¥_s| = h_g = 1, it follows that m is properly represented by g if 
and only if —8 is a quadratic residue modulo 4m, and as m is odd, this holds if and 
only if 


—2 
(=) =1 andthus p=1or83 mod 8 for all primes dividing m. 
Pp 


(b) Apply (a) to the squarefree kernel of m. 


3. Let m be an odd integer. Then (a) holds if and only if m is represented 
by [1,0,—2], and (b) holds if and only if m is represented by [2,0,—1]. Since 
|Ss| = hg =1, the forms [1,0,—2] and [2,0,—1] are equivalent and represent the 
same integers. Since 8 is a fundamental discriminant, it follows that m is represented 
by these forms if and only if 8 is a quadratic residue modulo 4mg, where mpg is the 
squarefree kernel of m. As m is odd, this holds if and only if 


2 
(=) =1 andthus p=+1 mod 8 for all primes p dividing mo. 
Pp 


Since a prime p divides mp if and only if 2 { v,(m), the latter condition holds if and 
only if 2|v,(m) for all primes p = +3 mod 8. 
4.(a) By Theorem 3.4.5.1 we already know that 
a = 2b 7” a+b = 2 (p—1)/4 — b/4 
(S)=(S) =1 ( a )=(5) and 2 = (-1)”" mod 2. 


Since p = 1 mod 8, it follows that s = 1 mod 2, hence 2s? = 2 mod 16 and there- 
fore p—1=1-— 2? mod 16. It follows that 


Hl 9-1 pal. t= . PH] 
SS SS SS SS = mod 2 
8 8 8 8 8 8 
and ( 2 . 
a+b)--1 p-1 ab t-1 6b 
OS — = a d2 
8 e 4 S ae 
hence ; : ; 3 
2) <2) aa (4)= Qu 
OG) a 
Since p = 2s? — t? = 2s” mod t and p= -—+t? mod s, we obtain 


Ae ee 
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(-) = (2)@-D/4 = (252) 0-4 = Q-1)/4 gP-1)/2 = (2) Hiedie: 


Pp 
() = 0"n(d) =o"). 


and therefore 
Suppose now that d = 2°d* and f = 2° f*, where 6, 0, d*, f* € N and 2 t ced*f*. 
Since p= 2d? modc and p=-—2f? mod e, we obtain 


()-@)=CA)-(@)  )-@)-()-(). 


In the same way, p= cc? mod d* and p =e? mod f* implies 
()=(£)=(g)=1 om (2)=()=(B)=» 
Since 2d? = —c? mod p, we obtain 


(2) _ (<) = (-e2)0-D/4 = 2o-W/Agen/a¢_ayhhs(2) api ned, 


In the same way, 2/2 = e? mod p implies 


72) _ (2) = (62)0-D/4 = 9(0-V)/4 ple—)/2 = (_-1)0/4(F) = (19/4 mod 
(=)=(G)=O f cy) =ep Ps 


and therefore 


el p-l d? d 2 2 
a =n 5 mod 2, and (=) = (-1) = (-1) : 


(b) We continue to use the notations of (a). Then p is represented by [1, 0,32] 
if and only if p = c? + 2d? for some integers c, d such that d = 0 mod 4, and p is 
represented by [1,0,64] if and only if p = a? + b? for some integers a, b such that 
b= 0 mod 8. Hence the assertions follows since (—1)’/4 = (—1)"+4/?, and therefore 


Theorem 6.2.6.4(b) was only recently observed by I. Kaplansky [60]. A general 
theory concerning results of this type was given by D. Brink [10] using class field 
theory. 


Exercise 6.2.7. Let f = gg = [1,0, —2]. Prove that 


m-{(5 2 


and show that every odd integer m properly represented by f has representations 
in the form m = e? — 2f? = 2s? — t?, where e, f, s,t €N and e=t=1 mod 4. 


u,yEeZ, 2? = 1}, 
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Exercise 6.2.8. Consider the forms f = [1,1,—1] and g = [1,0,—5]. Prove 
that an integer m is properly represented by 


e f if and only if all primes p dividing m satisfy p= +1 mod 5; 


e g if and only if all odd primes p dividing m satisfy p= +1 mod 5, and either 
2{m or m= 4 mod 8. 
Hint: 20 is a quadratic residue modulo 4|m| if and only if m is either represented by 


g or by 2f. 


Example 6.2.9. We consider the form f = gi2 = [1,0,—3] of discriminant 12. 
Although |¥12| = hf, = 2, it is possible to derive criteria for the representation of 
integers by f. Pell’s minus equation x? — 12y? = —4 has no integral solutions, and 
therefore f and f~ are not equivalent (by Corollary 6.1.5). Since f~ = [—1,0,3] is 
equivalent to g = [3,0,—1], it follows that every form of discriminant 12 is properly 
equivalent either to f or to g. By Theorem 6.2.4, an integer m is properly represented 
by either f or g if and only if 12 is a quadratic residue modulo 4|m|, which holds 
if and only if 3 is a quadratic residue modulo |m|. By the elementary theory of 
quadratic residues, 3 is a quadratic residue modulo |m| if and only if 


3 
9{m, 4{m and (=) =1 for all primes p¥ 2, 3 dividing m. 
Pp 


By Example 3.3.6.2, we obtain the following criterion : 


An integer m is properly represented by either f or g if and only if 9 { m, 
4{m, and all primes p ¥ 2, 3 dividing m satisfy p= +1 mod 12. 


Next we prove that an integer m cannot be properly represented by both f and g. 
Indeed, if m = x? —3y? = 3u? —v?, where a, y, u, uv € Z and (2, y) = (u,v) = 1, then 
x? +u? = 3(y? +v?), which contradicts Theorem 6.2.6.1(b). Now we can distinguish 
between f and g by the following simple congruence criterion. 


Let m be an integer such that f is represented by either f or g. 
e If (m,6) = 1, then m is represented by f if and only if m = 1 mod 12, and 
by g if and only if m = —1 mod 12. 
e If 3|m, then m is represented by f if and only if m = 3 mod 9, and by g if 
and only ifm =6 mod 9. 
e If 2|m, then m is represented by f if and only if m= 0 mod 4, and by g if 
and only if m = 2 mod 4. 
Later, in Section 6.3 we will see how genus theory can be used to derive criteria as 
above in a systematic way. 


Exercise 6.2.10. Give necessary and sufficient conditions for an integer m to 
be of the form m = x? — 6y? for some 2, y € Z such that (a, y) = 1. 


The following refinement of Theorem 6.2.1 paves the way for quantitative in- 
vestigations of the representation of integers by forms. 
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Theorem 6.2.11. Let f be a form of discriminant A and m # 0 an integer. 
1. Let x, y € Z be such that (x,y) =1 and f(x,y) =m. Then there exists a 


unique quadruple (n,l,u,v) € Z* such that n € [0,2|m|—1], xv -—yu=1, 
and 


(; ) f= (m,n,I], hence A=n?—4mi. 
uv 
. Suppose that 
{nq,..., me} = {n € [0,2|m| — 1] |n? =A mod 4|mJ}. 
For j € [1,t], let 1; € Z be such that ns —4ml; =A, set 9; = mi ngsty|, and 
let J¢(m) be the set of all j € [1,t] such that f ~ g;. If f properly represents 
m, then Jp(m) # 0, and for each j € Jp(m), we fix integers xj, yj, Uj, V; 
such that 2jv; —yjuj =1, and 


re) =F. 
cc =o 
Then (25,43) =1, f(xj,yj;) =m, and there is a bijective map 
@: J;(m) xAut(f) + {(2,y) € Z| (2, y) =1, fey) =m} 


given by 
O(j,T) = (x,y) if and only if 6 : ip — (: ) 


j 4 * Ok 


for all j € Jg(m) and T € Aut(f). 


PrRooF. Suppose that f = [a,b,c]. 
1. Existence: Since (x,y) = 1, there exist u1, v1 € Z such that rvy — yu, = 1, 


and there exists a unique t € Z such that 


n = 2axu, + b(xv1 + yur) + 2cyv1 + 2tm € [0,2|m|—1]. 


Now we set u =u, +tx and v =v, + ty. Then we get rv — yu = 1 and 


(FY) f= tmnt 


for some | € Z. 


Uniqueness: Suppose that (n,l,u,v), (n’,l/,u’,v’) € Z* are such that 


UU UU 


TV — Yu= ne — yu — 1, (; ’) = [m,n, l], & 4) = [m,n’,U’], 


and n,n’ € [0,2|m|—1]. Then 2(v — v’) = y(u—w), and since (2, y) = 1, there is 
some t € Z such that u—u’ = tx. Therefore we obtain 


n—n! = 2atx? + (ba + 2cy)(v — v') + btay. 


CASE 1: x = 0. Then it follows that yu = yu’ = —1, henceu=w', y = +1, 


2 


t 


0, m=cy* =c, n—n!' = 2my(v—v') =0 mod 2|m|, and therefore n = n’ and 


va=v'. 
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CASE 2: « # 0. Then we get v—v’ = ty and n—1n’ = 2tm = 0 mod 2|m|. 
Again it follows that n =n’, t=0, v=v' and u=w’. 


In both cases, we have A = n? — 4ml = n? — 4ml’, and therefore | = I’. 


2. Suppose that f properly represents m. Then we have J(m) 4 0 by 1., and if 
j € J¢(m), then 


“j Yi) f= 9, forsome matrix (7% %) €SL)(Z). 
i 
fi Uj U5 
In particular, it follows that (7;,y;) = 1 and f(x;,y;) =m. If T € Aut(f) and 


77 Vi\r [ey © Y\ ¢_(%} Yi) pig tm nL 
(® eat ae then (; a 2) f= 95 = bm.njsb, 


which implies (2, y) = 1 and f(x,y) =m. Hence 9 is a well defined map. 


© is surjective: Let (x,y) € Z? be such that (x,y) = 1 and f(z,y) = m. 
By 1., there exists a unique quadruple (n,l,u,v) € Z* such that xv — yu = 1, 


n € [0,2|m| — 1] and 
(GY) f= lmnal 


By definition, there is some j € J¢(m) such that n= n;, 1=1,, 


= 
De = fey. Wy _ (8% 95 cy 
@ foes ine hence 2) ) (: € Aut(f), 


and (x,y) = O(7,T). 
© is injective: Suppose that O(i,T) = O(j,7") for some i, 7 € J¢(m) and 
T, T’ € Aut(f), say 


Uy VU; Ui ov tig 0G uv’, 
where u, v, u’, v’ € Z are such that xu — yu = xv’ — yu’ = 1. Then it follows that 


ZG Y\ , (Xi Yi\ _ 7. UY) ¢_ (tj Yi) _ dL. 
& oat 2) = [myn and & ¥) r= (7 2) — finn i 


By the uniqueness in 1., we obtain u =u’, v=v', i=j, and thus also T =T". 


If a non-degenerate form of discriminant A represents some integer m, then 
Theorem 6.2.11 shows that there are infinitely many such representations if and 
only if A > 0. In the next theorem, we give a precise formula for the number of 
representations of an integer by all forms of a given negative discriminant. 


Theorem 6.2.12. Let A < 0 be a quadratic discriminant, {f1,..., fn} @ com- 
plete set of representatives for the equivalence classes of positive definite forms with 
discriminant A, and 

2 if A<-4, 
w=<¢4 if A=-4, 
6 #f A=-3. 


208 6. BINARY QUADRATIC FORMS 


For a positive integer m, we set 


h 
Wa(m) = > \{(@,y) €Z? | (x,y) =1, filx,y) = m}| 
i=1 
and 
h 
WA(m) = So i{(a,y) € Z| filx,y) = m} I. 
i=l 


1. For every positive integer m, we have 


Ua(m) = w|{n € [0,2m — 1] | n? =A mod 4m}I. 


2. Assume that (A,m) = 1, let mo be the squarefree kernel of m andr the 
number of distinct primes dividing m. Then 


vaim=w (FG) Wal) w(). 


d|mo 

and if Va(m) 4 0 (which holds if and only if A is a quadratic residue 

modulo 4m), then 

Va(m) = 2"w. 

ProoF. 1. Let {n1,...,7} be the set of all integers n € [0,2m — 1] satisfying 
n? = A mod 4m. For j € [1, ¢], let 1; be an integer such that ns —A = 4mil;, and set 
gj = |m,nj;,1,;]. Then g; is a positive definite form of discriminant A which properly 
represents m, and every positive definite form of discriminant A which properly 


represents m is equivalent to some g;. For i € [1,h], it follows by Theorem 6.2.11.2 
that 


[{(x.y) € Z? | (wy) =1, fila,y) =m} = |Aut(fi)/ 19 € [L] | oy ~ Fibl- 
By Theorem 6.1.9 we obtain |Aut(f;)| = w for all 7 € [1,h], and therefore 


t 


Va(m) me Sew E27 | (x,y) =1, gj (X,Y) as m}| = ut 
j=l 


=w|{n € [0,2m — 1] | n? =A mod 4m}|. 


2. We maintain the notions of 1. and observe that 


{x+4mZ € Z/4mZ | 22 = A mod 4m} = {+ny,...,+ni}. 


By Theorem 3.5.11 we obtain 


t = |{n € [0,2m — 1] | n* =A mod 4m}| = yt 


d|mo 


ale 
au, 
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and if t #0, then t = 2”. This proves the formulas for Va(m), and it follows that 


vsim)= Dw(S)=u OY (Z)-" DY (GZ) 
geN gEN do|mo do|mo gEN 


2\|m g?|™m dog? |m dog? |m 


g 


=¥>-(3): 


As a first application of Theorem 6.2.12 we consider again the representation 
of a positive integer as a sum of two squares. 


Theorem 6.2.13. Let m be a positive integer. 
1. Assume that 4{m and p{m for all primes p= 3 mod 4. Then 
{(x,y) € Z? | (ey) =1, maa? ty? }l a2", 


where r is the number of distinct odd primes dividing m. 
2. If m is odd, then 


{(z,y) € 2 | m= a2? +y?}l=4 SO (-1)V? = 4[dy(m) — d_(m)], 
1<d|m 


where di(m) denotes the number of positive divisors d= +1 mod 4 of m. 


ProoF. If m is odd, then both assertions follow by Theorem 6.2.12.2. 

It remains to prove 1. in the case m = 2mo for some odd mo € N. It suffices 
to prove that |L| = |Lo|, where L = {(x,y) € Z? | (z,y) =1, 2? +y? =m} and 
Lo = {(z,y) € Z? | (x,y) =1, 2? + y? = mo}. If (z,y) € L, then 2{ zy, 

2 —y\2 = 
Gr) tC, eS 
Indeed, ifdeE N, 2d|x+y and 2d|x—y, then 2d|2xr and 2d|2y, hence d| (x, y) 
and thus d = 1. Conversely, if (x,y) € Lo, then x + y = 1 mod 2, 


(ety)? +(@—y)=m and (e+y,a—y)=1. 
Indeed, if d| (a + y,x2 —y), then d is odd, d| 2x and d|2y, hence d| (x,y) and thus 
G= 
Consequently, the maps ®: L + Lp and ®,: Lo > L, defined by 
r+y ©-yYy 
O(e,y) = (4, 
(x, y) 5 ; 

are mutually inverse bijections. 


) and ®(2,y)=(x+y,x2—-y), 


Recall from Theorem 3.4.2 that a positive integer m is said to have an essentially 
unique representation as a sum of two integral squares, if m = a? + b? = c? + d? 
(with a, b, c, d€ Z) implies {|al, |b]} = {|cl, |d]}. 


Corollary 6.2.14. A positive integer m has an essentially unique representation 
as a sum of two coprime integral squares if and only if m= 2"p", where r € {0,1}, 
r €No and p=1 mod 4 ts a prime. 
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PRoor. We may assume that m > 2. By Theorem 3.4.1.1 it follows that m 
is the sum of two coprime integral squares if and only if 4 { m and p { m for all 
primes p = 3 mod 4, and m has an essentially unique representation as a sum of two 
coprime integral squares if and only if |{(z,y) € Z? | (z,y)=1, m=27?+y?}|=8. 
Hence the assertion follows by Theorem 6.2.13.1. 


Exercise 6.2.15. Let m be an odd positive integer. Prove that 
[{(z,y) € Z? | a? + 2y? = m}| = 2[er(m) — ea(m)], 


where, for j € {1,3}, ej;(m) is the number of positive divisors d= +j mod 8 of m. 
Calculate also |{(a, y) € Z? | (x,y) =1, 2? + 2y? = m}|. 


Exercise 6.2.16. Let m be a positive integer such that (m,6) = 1, and let 
+(m) be the number of positive divisors d= +1 mod 3 of m. Prove that 


[{(w,y) € Z? | 2? + 3y2 = m}| = 2[e+(m) —e-(m)], 
[{(a,y) € Z? | a? + ay + y? =m}| = 6 [ex(m) — e-(m)], 


and deduce formulas for the numbers |{(x, y) € Z? | (x,y) = 1, 27+3y? = m}| and 
{(z,y) € Z? | (wy) =1, 2 +ay+y? =m}|. 


oO 


6.3. Reduction 


As for quadratic irrationals, we shall provide a procedure (called reduction ) to 
determine distinguished representatives in each equivalence class of forms. As for 
quadratic irrationals, this is easy for negative discriminants. For positive discrimi- 
nants we must go back to the theory of continued fractions. 


Definition 6.3.1. Let A be a quadratic discriminant. A form f of discriminant 
A is called reduced if either 


e A<0O and €; is reduced, or 
e A>O and |€s| is reduced. 


Since €¢ = € as3p) it follows that f is reduced if and only if the primitive form d;'f 


is reduced. Thus there is no loss of generality if we restrict to primitive forms in the 
sequel. 

By definition, if A < 0, then f is reduced if and only if €f € 9+, and then f is 
positive definite. 


Theorem 6.3.2. Let A < 0 be a quadratic discriminant. 
1. A positive definite (primitive) form f = [a,b,c] of discriminant A is reduced 
if and only if either -a<b<a<c or 0<b<a=c, and then we have 


|A| 


O<a< 7 and c>0O. 


2. Every class F € §a contains exactly one reduced form. 
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Proor. 1. By Theorem 1.3.2. 
2. Suppose that F' € §,a and f € F. Then f is a positive definite primitive form, 
€, € Ht, and by Theorem 1.3.2.1 there exists a unique 9 € F such that 9 ~+ Ef. 
Let fo be the unique primitive form such that €s, = €o. Then fo is a positive definite 
primitive reduced form, fo ~ f and thus fo € F’. If f; € F is any reduced form, then 
Ef, ~ Ef, hence €, = €f, and therefore f; = fo. 


Exercise 6.3.3. Prove that the following algorithm terminates after a finite 
number of steps and transforms a positive definite form into an equivalent reduced 
one. 


Input a, b,c,A with a>0 and A =b? — 4ac <0. 


Step 1. If either c<a, or if c=a and —a<b<0, then set a¢c, 
b<-—b, ca, and go to Step 2. 

Step 2. If c>a and |b| >a, determine ke Z such that |b+ 2ka| <a, 
and set b+ b+2ka, c+ (b?—A)/4a, and go to Step 3. 

Step 3. If -a < b < a< cor0 < b < a=, output a,b,c and 
terminate the algorithm. Otherwise go to Step 1. 


Apply the algorithm to the form [12, 14,11]. 


Theorem 6.3.4. Let A > 0 be a quadratic discriminant, and let f = [a,b,c] be 
a primitive form of discriminant A. Then the following assertions are equivalent: 


(a) f is reduced. 
(b) 0< VA—b<2la| < VA +b. 
(c) O0< VA-b< Ae < VA+b. 
If these conditions are fulfilled, then {|a|, b, |c|} Cc [1, VA] and ac <0. 


PRooF. 1. By definition, f is reduced if and only if either €¢ or —€y is reduced. 
Since —€y is of type (—a,b, —c), the assertion follows by Theorem 1.3.5. 


Now we go to describe a reduction algorithm for indefinite forms. We refer to 
Chapter 2 and in particular to Section 2.2 for the theory of continued fractions. 


Remark and Definition 6.3.5. Let A > 0 be a quadratic discriminant and 
f = [a, 6, c] a primitive form of discriminant A. 

Let € = [uo,u1,...] be the continued fraction and (€)n>0 the sequence of 
complete quotients of €. Recall that the sequence (€))n>0 is recursively defined by 


fo =€; and €,41 = eit for all n > 0. If &, is of type (Gn, bn, Cn), then 
_ bn + VA 


2An 


En > Un= eral ) 


and we have the recursion formulas ag =a, b9) = b, a_1j =~ =, 


A- Bas 
baat = —bn + 2anUn, Cn41 = —-Gn and anit = a ae for all n> 0. 
Qn 
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For n > 0, we define 
fn = aay bn, (-1)"*an—1] : 
Then f,, is a primitive form of discriminant A with root €¢, = (—1)"&). The formula 
_ ae a (—1)"+1 Z (-1)"*1 _ 0 {—1y"! 

She =D =o = Cape ma = (aye ay) 
shows that €,,, is properly equivalent to €¢,. Hence it follows that €¢, ~4 € and 
thus f, ~ f for alln > 0. 

Let now k be the pre-period length and X the period length of the sequence 
(En)n>0- Recall that \ is odd if and only if Pell’s minus equation x? — Ay? = —4 has 
integral solutions. We set 


_jJa tf A=O mod2, 
~ )2\ if X=1 mod2. 


By definition, k is the pre-period length and I is the period length of the se- 
quence ((—1)"€,)n>0 and thus of the sequence (fp)n>0. In particular, it follows 
that fo,...,fkr41-1 are distinct, and all forms in the period (fx, feii,.--, fe+i—-1) 
are reduced. We call (fx, fr+1,---,fe+1-1) the period of f. 


Theorem 6.3.6. Let A > 0 be a quadratic discriminant. 

1. Let f be a primitive form of discriminant A. Then the forms which occur in 
the period of f are reduced, and every reduced form which is equivalent to f 
occurs in the period. 

2. Every class F € §, contains a reduced form [a’,b!,c!] such that 2|a’| < /A 
and a reduced form |a”’,b",c’| such that a” > 0. 


PROOF. We maintain all notions introduced in Remark and Definition 6.3.5. 

1. We have already seen that all forms in the period (fx, frri,---5fe4i-1) of 
f are reduced. Let g be a reduced form equivalent to f. Then we have €, ~+ €f, 
and there is some o € {+1} such that a4 is reduced. Since (€;,&j+1,..-,€) is the 
period of €;, there exists some j € [k,k +1 — 1] such that e€, = €; = (—1)9,,. If 
e = (-1)’, then & = €y, and thus g = f;. Assume now that ¢ = (-1))+!. Then 
it follows that Ef ~4 € = (—1)9*1€; ~4 —&}, and by Theorem 1.3.8 there exist 
x, y € Z such that «7? — Ay? = —4. Hence ) is odd, | = 24, and 


Sg Seas Sa (ly en 
2. Suppose that F € Fa, f € F, and let (fn)n>o0 be the sequence defined in 
Remark and Definition 6.3.5. If n > k, then fy, = [(—1)"an, bn, (—1)"~tan_1] and 
frat = [(-1)"*tan41, bn41,(—1)"an] are reduced forms, and Theorem 6.3.4 implies 
that 0 < bnyi < VA. Hence we obtain 4|anan41| = |A — b24,| < A, hence either 
2\an|< VA or 2lani1| < VA, and since 

(<1), (1)! aa = Opt — ener < 0, 

it follows that (—1)"an > 0 or (—1)"*1an41 > 0. 
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Exercise 6.3.7. Calculate all periods of forms of discriminants 85 and 96. 


Exercise 6.3.8. Write an algorithm for the following task : 
Input: Two indefinite (not necessarily primitive) forms f and g. 


Output: Decision whether or not f and g are equivalent and, if they are equivalent, 
a matrix A € SLo(Z) such that g = Af. 


Apply the algorithm to the forms f = [1,0,—10] and [—201, 244, —74]. 


6.4. Composition 


Let A be a quadratic discriminant and (as in Section 6.1) ¥, the set of all 
equivalence classes of not negative definite primitive forms of discriminant A. By 
Theorem 6.1.7, we have |%a| = hh. 

Recall that for any form f = [a,b,c] we denote by [f] = |a,,c] € Fa its 
equivalence class. For a class F € ¥a, we simply write F' = [a,b,c] to express that 
f = [a,b,c] is a primitive not negative definite form and F = [f]. 


We have seen that equivalent forms (properly) represent the same integers. This 
observation motivates the following definition. 


Definition 6.4.1. Let A be a quadratic discriminant, fF € ¥,a a class and m an 
integer. We say that F' (properly) represents m if some (and then every) form f € F 
(properly) represents m. More generally, we say that a subset 6 C ¥, (properly) 
represents m if some class F' € 6 (properly) represents m. 


A class F' € §a properly represents an integer m if and only if F = [m, b,c] for 
some b, c € Z, and then F represents all numbers mt? for t € Z. If M € N, then 
Theorem 6.2.1.4 implies that every class F' € ¥, is of the form F' = [a,b,c], where 
(a,M)=1 anda>M. 


In this section we shall (following Gauss) define a group structure * on §,q with 
the following property (see Corollary 6.4.8) : 
If Fi, Fo © Fa and m4, mg are integers such that Ff represents m, and fF 
represents m2, then Fy, « fy represents m mg. 


Implicitly composition was first considered by L. L. Lagrange, but only Gauss 
observed that it gives rise to a group structure on ¥,. Although Gauss’ definition is 
completely elementary (but by no means obvious), it is cumbersome to see that it 
really defines a group structure. More transparent approaches (though elementary as 
well) were given by A. M. Legendre and L. Dirichlet. A thorough historical discussion 
of the various concepts of composition is given in [19, §3]. 

We will embark on another strategy, essentially due to R. Dedekind. We shall 
establish a bijection between the set ¥a and the narrow class group Cx studied 
in Chapter 5. With the aid of this bijection we shall carry over the natural group 
structure of Ch to Fa. 

A far-reaching generalization of these ideas was given by M. Bhargava. In a series 
of papers, he defined composition for forms of higher degree in several variables, 
connected with higher algebraic number fields (see [8] for a survey). 
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Theorem and Definition 6.4.2. Let A be a quadratic discriminant. 


1. There is a bijective map Pa: Fa > cy such that 


ba( LA) = ent = [a 224 


for every not negative definite primitive form f = [a,b,c] of discriminant A 
with a > 0. 
For F\, Fy € a, we define the composition Fy * Fo € Fa such that a 


becomes a group isomorphism. Explicitly, we set 


Fy * Fy = ®5'(®a(F{)®a(FQ)). 


|" e3 


With this composition, §a is an abelian group of order |¥a| = ax with unit 
element Ha = [ga], and ®, is an isomorphism. 


The group §a is called the composition class group or form class group of 
discriminant A. The class Ha = [gal] of the principal form ga is called the 
principal class of discriminant A. 


2. If f = [a,b,c] is a primitive form of discriminant A > 0 such that a < 0, 
then ®a( LI) = [U(e;)VAI* € Ch. 

3. Let f = [a,b,c] be a not negative definite primitive form of discriminant A, 
and f°? = [a,—b,c]. Then [f] * [f°?] = Ha (and thus [f°] is the inverse 
of [f] in ¥a). Consequently, if F = [f], we set F~+ = [f°P]. 


PROOF. 1. Recall that x) denotes the set of all (proper) equivalence classes 
of quadratic irrationals of discriminant A. By Theorem 6.1.7, there exist bijective 
maps 

Va: Ba 7 Xa if A<O, and Va: Fa > XK if A>0O, 


and by Theorem 5.5.8 there exist bijective maps 
LA: Xa Cx Cy if A<0, and wa: a + Ch if A>O. 
In any case, 
Ba =1aova: Fa cK 
is a bijective map. Explicitly, the maps Ja and va are given as follows: 

CASE 1: A <0. Then ¥a([f]) = [E¢]~ (the equivalence class of €f) for every 
positive definite primitive form of discriminant A, and va([é]~) = [1(§)] = (8)|7 
for every quadratic irrational € of discriminant A. Hence we get ®a([f]) = [Z(E)]* 
for every positive definite primitive form of discriminant A (recall that a positive 
definite form [a,b,c] has a > 0). 

CASE 2: A> 0. Then ¥a([f]) = [E¢]~, (the proper equivalence class of €f) 
for every indefinite primitive form of discriminant A, and va([EJ~,) = [1(§)]* for 
every quadratic irrational € of type (a,b,c) with a > 0 and discriminant A. Hence 
we get ®a([f]) = [[(E)|* for every indefinite primitive form [a,b,c] with a > 0 
of discriminant A (recall that, by Theorem 6.3.6.2, every class F € ¥, contains a 
form [a,b,c] with a > 0). 
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Since the basis number wa is the root of the principal form ga, it follows that 
(Ha) = [I(wa)]* = [Oa]*, the unit element of CX, and therefore Ha is the unit 
element of ¥a. 


2. Let f = [a,b,c] be a primitive form of discriminant A > 0 such that a < 0. 
By Theorem 6.3.6.2 there exists a form f’ = [a’,b!,c’] with a’ > 0 such that f’ ~ f 
and thus €/ ~4 €. Since aa’ < 0, Theorem 5.5.7.1(b) yields 


a([f]) = Ga(LAl) = Wen) = UE)VAT* € CR. 
3. Since € fee = —€;, it follows that I(€so) = I(&) = [(€p)’. If sgn(a) = (—1)*, 
where € € {0,1}, then 
ba([f] * (f°) = Ga (Lf]) a ( (FI) = (En) VAT (Ep) (VAN) * 
= [L(Es)L(Es)' AT" = [ta (L(Es))A° Oa] = [Oa]* = a(Ha), 
and consequently [f] * [f°?] = Ha. 


Corollary 6.4.3. Let A be a quadratic discriminant and F € §a. Then F and 
F-! (properly) represent the same integers. 


Proor. If f € F, then f and f°? (properly) represent the same integers, and 
since F~! = [f°], the assertion follows. 


Corollary 6.4.4. Let A > 0 be a quadratic discriminant and eq the fundamental 
unit of discriminant A. If F = [a,b,c] € Sa is the principal class, then 


u—e-—1 utouVA 
la] > —>—,,_ where eg= —_ 
v 


and e=N(eqa) € {+1}. 


PROOF. If F is the principal class, that 
[T(ép)I* if a> 0, 
[(és)VA]t if a<0, 


In any case, I(€;) = aO, for some a € O4, and |N(a)| = Na(l(Ef)) = la]. Hence 
the assertion follows by Theorem 5.2.9. 


,(F) =[Oa]* = where I(€>) = [lal, = 


In the following Theorem 6.4.5 we show how the classical formulas for compo- 
sition follow from the ideal-theoretic definition given above. The basic idea in the 
classical definition is to define composition for special pairs of forms (called con- 
cordant ), and to show that every pair of classes can be represented by a pair of 
concordant forms. 

To be precise, two non-degenerate forms f;, fo of the same discriminant are 
called concordant if there exist a1, a2, b, c € Z such that 


fi =[a1,6,a2c] and fg = [a2,b, ayc]. 


In Theorem 6.4.5.2 we show that every pair of classes in ¥q can be represented by 
a concordant pair of forms, and in Theorem 6.4.5.3 we give the formulas for the 
composition of concordant pairs. 
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Theorem 6.4.5. Let A be a quadratic discriminant and F,, Fo € ¥a. 


1. Fori € {1,2}, suppose that F; = |ai, 6, c;]. Then there exist B, C € Z such 
that 


a1 a2 
FP, * Fy = [=e B.¢ , where e= (a1, a, 


a), 


2. For every M EN, there exist integers aj, ag € N and b,c € Z such that 
(a1,a2) =1, (aja2,M)=1, Fi = [a1,6, ac] and Fy = [aa,b, ac]. 


3. Let aj, a2, b,c € Z be such that Fy = |a1,b,agc] and Fy = |[a2,b, a,c]. 
Then it follows that 


F, * Fy = [a1, 6, agc] * [a2, 6, arc] = [a1aze, b,c], 
and for all x1, x2, y1, y2 € Z, we obtain 
(a,x? + bryy, + agcy?)(azx3 + bxoyo + aycys) = ayagu? + bry + cy’, 
where © = 2%1%_ —cy1y2 and y = a,21Yy2 + agroy, + by1y2. 
Proor. For i € {1,2}, Theorem 6.4.2.2 implies ®,(F;) = [a;/A“']+, where 
ey. eee 


by +b 
; and we set pai 
1 if a, <0, 


By Theorem 5.4.6, we obtain a,a2 = ea, where 


| B+vVA 
a= | a, ———— 

2 
and if u, v, w € Z are such that e = ajyu+agqu+ sw, then 


a1 a2 
9? 


ie e = (a1, 42,8), a= ‘ 


B=bot+ agu(by _ bz) — 2a2wes . 


a is an O,-regular ideal, sgn(a) = (—1)*!**?, and there is some C € Z such that 
B? — 4aC = A and (a, B,C) = 1. Now we obtain 


},(Fy * Fh) =[VA"]* [VA ]* = [aVA}t = ©a( fa, B,C]) € Ch, 
and therefore F, * F) = [a, B,C], where C € Z satisfies B? — 4aC = A. 


2. If M EN, then F, properly represents some a, € N such that (M,a;) = 1, 
and F2 properly represents some az € N such that (a2, Ma;) = 1. Then it follows 
that (a1,a2) = (M,aja2) = 1, Fi = [a1,b1,c1] and Fh = [ae,be,c2] for some 
b1, C1, b2, co € Z. Since A = bt — 4ajcy = be — 4agc2, we obtain b; = bg mod 2, and 
since (2a1, 2a2) = 2|b; — bg, there exist 11, lg € Z such that 2l,a1 — 2lgaq = be — by. 
If b = b + 2la, = be + 2lgazg, then it follows for 7 € {1,2} that 


1 O 
C. 1) fas bic] = [Bs + Boas] = [ase 
1 
where c, € Zand F; = [ai,b,c,]. Since A = b?—a1c, = b?—aach, we get arc, = arch. 


As (a1, a2) = 1, there is some c € Z such that c, = ajc, and consequently c) = agc, 
F, = [a1,b,agc] and F2 = [ae,b, arc]. 
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3. By assumption, we have A = b? — 4a,agc, and (a,b, a2c) = (a2,b,a,c) = 1. 
We continue to use the notations of 1. and observe that (a1, a2, b) | (a1, b, agc). Hence 
we obtaine=1, a=ajag, B=b-— 2aqwa,c = b mod 2a, and therefore 
ae E b+VA ee 

2 4a 
The product formula is verified by a simple but lengthy calculation. 


, which implies F) * Fy = [aia2,b,C], and C= —¢., 


Exercise 6.4.6. Let A be a quadratic discriminant, F € ¥a, ord(F) € {1,3}, 
and suppose that F’ represents some integers m and n. Prove that F’ represents mn 
as well. 


Exercise 6.4.7. 

a) Prove that an integer is (properly) represented by f = [2,4, 7] if and only if 
it is (properly) represented by g = [2,0,5], and if two integers m and n are both 
represented by f or g, then there exist x, y € Z such that mn = 2? + 10y?. 

b) Prove that an integer is (properly) represented by f = [8,2,—3] if and only 
if it is (properly) represented by g = [3,4, —2], and if two integers m and n are both 
represented by f or g, then there exist x, y € Z such that mn = 2? — 10y?. 


Corollary 6.4.8. Let A be a quadratic discriminant. Suppose that F\, Fo € §a, 
and let m1, m2 be integers. 


1. If Fy represents m, and Fy represents mg, then Fy * Fo represents m mg. 


2. If F\ properly represents m1, F2 properly represents mg and (m,,m2) = 1, 
then F * Fy properly represents mim. 


PROOF. We apply Theorem 6.4.5. 


1. There exist integers a1, a2, b,c € Z such that Fy = [fi], fo = [fe] and 
F, * Fy = [f], where fi = [a1,6,aecl], fo = [a2,b,a1c] and f = [aia2,6,c]. For 
i € {1,2}, let x;, y; € Z be such that fj(x;,y;) = m;. Then f(x,y) = mime, where 
L=@1XQq—cyy2 and y = aX, y2 + agxQy + byy2. Hence F * Fy represents m,m2. 

2. For i € {1,2}, suppose that F; properly represents m;. Then F; = [mi, *, *], 
and since (m1,m2) = 1, we obtain Fy * Fy = [mimo, *, *]. Hence F\ * F) properly 
represents ™ 1™Mo2. 


Corollary 6.4.9. Let A be a quadratic discriminant, and F = [a,b,c] € a. 


Suppose that a= a,-...:+Gn, wheren EN, ay,...,dn € Z, and ay,...,an, € N af 
A <0. Suppose that either (A,a) = 1, or (a;,aj;) = 1 for alli, j € [1,n] such that 
it # j. Then it follows that F; = [a;,b,a1-...- a;-10i41---.-@nc] € Fa for all 


1e (Ll, ahd PH Py enc RE 


PROOF. We show first: 
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A. If [1,n] = J’ WI” is a partition of [1, nl], 
a’ = II a; and a’ = II a;, then (a’,b,a"c)=1. 
ier’ ier” 


Proof of A. Assume to the contrary that p|(a’,b,a”c) for some prime p. Then 
p|(a,b), hence p|(A,a), and therefore (a;,a;) = 1 for all i, 7 € [1,n] such that 
i # j. Consequently, p|a’ implies p { a” and thus p|c, a contradiction, since 
(d,0,6) =1 [A.] 


Now we proceed by induction on n. For n = 1, there is nothing to do. 
n>2,n—-—1-—n: By A, and since a; > 0 for all i € [1,n] if A < 0, it follows 
that F; € ¥a for all i € [1,n], and also that F’ = [a1-...-dn_1,b,anc] € Fa. By 
the induction hypothesis, we get F’ = F, *...* F,_1, and by Theorem 6.4.5.3, we 
obtain F = F’ * F,. 


Example 6.4.10. Let a > 3 be an odd integer, n€ N, A =a?”"4+4, and 
7 lame (al = 5) | 
i ' 
We assert that ord(F’) € {n,2n}, and for this, we shall prove that Fn — Hay and 
FI # Hy for all j € [1,n — 1]. For every 7 € N, Corollary 6.4.9 implies 
a2"—J (q2n _ 5) 
ae le 


P= | a, a" a 


Fi = [ «a a 


In particular, F?" = [f], where 


and as f(1,—2) = —1, it follows that F?” = Hy. By Corollary 5.2.6 we have 
a" + JA 
9 v] 


Hence FJ = Ha implies a? > a” (and therefore j <n) by Corollary 6.4.4 (this 
construction is essentially due to P. Weinberger [108] and Y. Yamamoto [112]). 


N(eq) =—-1. 


Theorem 6.4.11. Let A be a quadratic discriminant and F € ¥§a. If there 
exists an integer m such that (A,m) =1 and F represents m2, then it follows that 
Fe §4. 


Proor. Let m be an integer such that (A,m) = 1 and F represents m?. Then 
there exists some mo € Z such that mo|m and F properly represents m2. Hence 
F = [m2,b,c] for some b,c € Z such that A = b? — 4mfc. Since (A,mo) = 1, 
Corollary 6.4.9 (applied with aj = a2 = mo) implies F = [mo,b, moc]?. 
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Exercise 6.4.12. (Composition following Dirichlet) Let A be a quadratic dis- 
criminant. For 7 € {1,2}, let F; = [a:,b:;,cq] € Fa, and (a1, ae, 3 (bi + be)) =1. 
a) Prove that there is some b € Z such that 


b= 6b; mod 2a,, b=bg mod 2ag and b? = A mod 4ajaz. 


Hint: Prove that the conguences for 6 hold if and only if agb = agb; mod 2ay,a2, 
a,b = a,bg mod 2ay,a2 and $(b1 + bo)b= 4 (bib: +A) mod 2a,a3. 

b) Let b be as in a). Prove that Fy * Fh = |a,a2, b,c], where c € Z is such that 
b? -A= 4ayagc. 

c) For k €N, consider the class Fi, = [2,1,k] € S1—4x. Prove that ord(Fy,) > 5 
if k > 9, and calculate ord(F;,) for k € [1,8]. 


Theorem 6.4.13. Let A be a quadratic discriminant. 


1. Let m be a positive integer and F € §,a. Then F' properly represents m if and 
only if there exists an O,-regular ideal a € ®a(F’) such that m = Na(a). 

2. A prime p is represented by some class F € §, if and only if pt fa and 
Qa(p) 4 —-1 [| equivalently, either Qa(p) = 1, or p|fxAl. If this is the 
case, then F and F~! are the only classes of §a which represent p. 

3. If A > 0 and p is a prime, then —p is represented by some class of $a if 
and only if p is represented by some class of $a. If F € ¥a represents —p, 
then F and F~' are the only classes of § which represent —p. 


ProoF. 1. If F properly represents m, then F = [m,b,c] for some b,c € Z 
such that (m,b,c) = 1, and then ®,(F) = [alt € CX, where 


b+VA 

2 
Conversely, let a € ®a(F’) be an Oa-regular ideal such that Ja(a) = m. Then 
a = I(€), where € is a quadratic irrational € of type (m,b,c) (where b, c € Z) and 
discriminant A. Hence it follows that ®,(F) = [a]k = ®a([m, b, c]), and therefore 
F = [m,b,c] properly represents m. 

2. We give an ideal-theoretic proof using the Theorems 5.8.1.3 and 5.8.8. An 
elementary proof using only binary forms can be deduced from Exercise 6.2.3. 

Let p be a prime. Assume first that F’ € ¥,A represents p. Then F' properly 
represents p, and there exists an O,q-regular ideal p € ®a(F’) such that Na(p) = p. 
It follows that p is a prime ideal, p{ fa and Qa(p) 4 —1. 

Conversely, suppose that p { fa and Qa(p) # —1. Then there exists an O,- 
regular prime ideal p such that Sta(p) = p, and then the class F = ®~!([p]*) 
represents p. Since Ma(p) = MNa(p’) = p and [p’}* = ([p]+)~+, it follows that also 
©," (Pp) +) = F7! represents p. If F, € ¥a is any class which represents p, then 
(as we have proved) there exists an O,-regular prime ideal p; C Oa such that 
ta (pi) =p and ®,(F,) = [pi]*. Since py € {p, p’}, it follows that F, ¢ {F, F7+}. 

3. For a class F = [a,b,c] € Ja, we set —F = [-a,—b,-c] € Fa. Then 
F represents —p if and only if —F represents p. If this is the case, then —F 
and (—F)~! are the only classes of ¥4 which represent p, and therefore F and 
—(—F)~! are the only classes of ¥4 which represent —p. If F = [a,b,c], then 


and 9a(a) =m. 


a= [rm 
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(—F)-1 = [-a,—b, -c]-1 = [-a,b,—c] = —[a,—b,c] = —F71, and the assertion 
follows. 


Let A be a quadratic discriminant and d € N. In Theorem 5.9.7, we established 
a group epimorphism Wha: Cx —> Ck such that Wi a(lal*) = [aO,]* for every 
Oj, qe-regular ideal a which is coprime to d. Using the terminology introduced in 


Theorem 6.4.2, we obtain an epimorphism O, q = O51 0V) oy 2: Baa > BA 
which yields the commutative diagram 


Oa 
SAa ——— Ba 


®2| |e 


+ 
A,d 
Cre ——> Ch, 
where the vertical arrows are isomorphisms. In the following Theorem 6.4.14 we 
give an explicit description of the epimorphism Oa, 4. 


Theorem 6.4.14. Let A be a quadratic discriminant and dE N. 

1. Every class F € Sage is of the form F = [a,bd,cd?], where a, b,c € Z, 
(a,b,c) =1, (a,Ad) =1, b=A mod 2, and then Oa a(F) = [a, 6, c]. 

2. Suppose that A=1 mod 4. Then the map Oa»: F4a > FA is an isomor- 
phism unless A = 5 mod 8 and either A < —3, or A>0 and eq € Ogg. In 
this special case we have |Ker(O,2)| =3 and 

1-A 
[—. +2, 4] E Ker(O,a 2) : 

ProoF. 1. Suppose that F € Fag, say F = [a,b1,ci1], where a, bi, 4 € Z, 
(a,b1,c1) = 1, (a,Ad) = 1 and 6b? — 4acy = Ad?. Since b} = Admod 2, there 
exist integers u,/ € Z such that 6b} = Ad+2u, la = —umod d, and we obtain 
b, + 2la = by — 2u = Admod 2d. Let b € Z be such that b; + 2la = bd. Then 
bd = Ad mod 2d, hence b = A mod 2, and 


(; :) [a, b1,c1] = [a,bd,co] where co€Z and 4acy = (b? — A)d?. 


Since 4|b? — A and (a,d) = 1, it follows that d?|co, and if c2 = cd?, where c € Z, 
then F = [a,b1,¢1] = a, bd, cd] as asserted. 

Since (a,b,c) = 1 and A = b? — 4ac, it follows that [a,b,c] € Fa. By Theorem 
5.9.5.2, we obtain 


TO ee a eae eat 


=> VR ge Paa( [a, bd, cd’]) — OpjoOa a( [a, bd, cd*]) : 
and therefore [a,b,c] = Oa.a([a, bd, cd?]). 


2. By Corollary 5.9.9, Wt. (and consequently also @, 2) is an isomorphism 
A,2 ’ 


unless A = 5 mod 8 and OX = Ojf,. However, note that OX = OF, if and only if 
either A < —3, or A> 0 and eq € Oya. 
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If A=5 mod 8 and OX = Ofy, then |Ker(O,2)| = |Ker(UX »)| =3, aud 


[3 snd] ma(GS1+ VB) eke 


6.5. Theory of genera 


This section, devoted to Gauss’ genus theory, is the heart of the chapter on 
binary quadratic forms. If A is a quadratic discriminant and m is an integer, then 
we proved in Section 6.2 that m is represented by a class F' € ¥, if and only if A 
is a quadratic residue modulo 4|m|. However, we obtained no further information 
on the specific class F’ which represents m. By genus theory, we can determine at 
least the coset F’ eA. This is done by a system of quadratic characters associated 
with A, called genus characters, and the main tools for the proof are the theory of 
composition derived in the previous section and the theory of quadratic characters 
derived in Section 3.5. 

We start with a series of definitions necessary for a lucid formulation of the main 
theorem (Theorem 6.5.3). Using this main theorem, we define genus characters and 
show their use for the representation of integers by binary forms. Only after that, 
we prove Gauss’ duplication theorem (Theorem 6.5.11) which can be viewed as the 
crown of the theory. Gauss himself proved this theorem by means of ternary forms, 
and we shall reproduce his proof in the subsequent Section 6.6. In this section we 
present the proofs of P. G. L. Dirichlet and F. Mertens. Dirichlet’s proof is very 
short, but uses the existence of primes in arithmetic progressions. Mertens’ proof is 
ingenious and complicated but inside the theory of binary forms. 


We recapitulate and amend a series of definitions and remarks from Chapter 3. 
Let A be a quadratic discriminant and A* the associated reduced discriminant, 
given in the form 
A=senlA) 2p) sao and A= FOO) bi oss. 5 Ding 
where e, rE No, €1,...,e, CN, pi,...,p, are distinct odd primes, and 


0 if A=1 mod4, 

if A=4 mod 16, 

if A=12 mod16 or A=16 mod 32, 
if A=8 mod16 or A=O mod 82. 


i 


won rR 


We consider the quadratic symbol Qa: Z > {0,+1}, defined for a € Z by 


Qa(a) = (=) if (A,a)=1, and Qa(a)=0 if (A,a) #1. 


Recall that Qa is a Dirichlet character modulo A%*, and we also view it as a quadratic 
character Qa: (Z/A*Z)* — {+1} by means of Qa(a+A*Z) = Qa(a) for alla eZ 
such that (A,a) = 1. In particular, Q, € X(A*), and 


Ker(Qa) = {a+A*Z|ae€Z, Qa(a) =1} Cc (Z/A*Z)* is a subgroup of index 2. 
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We apply Theorem 3.5.10 to construct a basis of the group X(A%*)[2] of all real 


characters modulo A*. We recall the Gauss number, defined by 


r if A=1mod4 or A=4 mod 16, 
wA)=<<r+1 if A=8orl2 mod 16 or A=16 mod 32, 
r+2 if A=O mod 82. 


In addition, we define the numbers 


¢ i Aled, 
1 if A= ne 
otherwise , pelt 2 Gf c(A) _3 


By these definitions, we obtain 


P(A) = w(A) + (A. 

Now we establish quadratic characters x1,.--,X (a): (Z/A*Z)* — {+1}. Note 
that for m € Z we have (A,m) = 1 if and only if (m, A*) = 1, and then the residue 
classes m + p;Z for all i € [1,r] and m+2°4)Z are uniquely determined by the 
residue class m + A*Z. 

Suppose that m € Z and (A,m) = 1. We define 


xi(m + A*Z) = (=) for 7 € [1,7]. 


Pi 


If c(A) > 2, we define x-41 =e: (Z/A*Z)* > {+1} by 


1 


e(m + A*Z) = (=) = (ayer? = i 


m —1 if m=3 mod 4. 


If c(A) > 3, we define x-42 = 46: (Z/A*Z)* — {+1} by 


¥ 2 m2— 1 if m=+1 mod 8, 
6(m + A*Z) = (—) = (-1)" “DPB — 


—1 if m==+3 mod 8. 
By Theorem 3.5.10, (x1,---,Xp(A)) is a basis of X(A*)[2], and 


X(A*)[2]] = ((Z/A*Z)™ : (Z/A*Z)*2) = 2°) 
Using this basis, we define the homomorphism 


PA = (y1, tee »Yu(A)): (Z/A*Z)* re {1}44) 


by 


(Xap2205 Xe) if A=1mod4 or A=4 mod 16, 
X1,---5Xn€) if A=12 mod 16 or A=16 mod 32, 
X1,---;Xr,0) if A=8 mod 32, 

(X1,---,Xr,€60) if A=24 mod 32, 

(X15---5Xr,6,0) if A=O mod 82. 
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In particular, it follows that y; = x; for all i € [1,r], and if c(A) > 3, me Z and 
(A,m) = 1, then 


72 2 1 if m=lor3 mod8 
) A*Z) = (—) = (-1)0P 8+ m-D)P2 _ ; 
ed(m + ) (=) (—1) ee 


Now we make the crucial definitions for this section. 


Definition 6.5.1. Let A be a quadratic discriminant. 

1. The subgroup $4 = {F? | F € Fa} of Fa is called the principal genus, 
the factor group $a/S is called the genus group and the elements y of its 
character group ¥a/34 = 5a [2] are called genus characters of discriminant 
A. For a genus character y and a class F € $a, we set y(F) = x(FS4) 
(based on the identification can [2] = Fa/FA, see Section A.7). For a class 
F € $a, the coset F = FR E SAIS, is called the genus of F’, and if f € F, 
then we call F the genus of f, and we say that f lies in the genus F. 

2. For a class F € ¥,a, we denote by Hp the set of all prime residue classes 
m+ A*Z € (Z/A*Z)* built by integers m such that (A,m) = 1 and m is 
represented by F’. Explicitly, we have 

Hr ={f(t,y) + A°Z ¢ (Z/A*Z)* | fe F, x, y eZ, (A, f(x,y) =) }, 


and we set Ha = Hy, (where Ha € Fa denotes the principal class). Ex- 
plicitly, Ha consists of all residue classes m + A*Z € (Z/A*Z)* built by 
integers m € Z such that (A,m) = 1 and m = ga(a,y) for some a, y € Z. 


Theorem 6.5.2. Let A be a quadratic discriminant. Then 
Ba/BAl = 2A? 


Proor. By Theorem 6.4.2.1, there is an isomorphism ®a: Fa — Ce. It in- 


duces an isomorphism ®4 : Fa ie — Cr ioe: and therefore (using Corollary A.5.5 
and the Theorems 5.6.1 and 5.6.11) we obtain 


[5a /FAl = ICX/CR?| = [CAL2I| = |AR] = HO". 


The number |¥a/F4| is called the genus number of discriminant A. 


Theorem 6.5.3 (Main theorem of genus theory). Let A be a quadratic disc- 
riminant. 


1. The homomorphism pa: (Z/A*Z)* > {£1}#) is surjective, 
Ha = Ker(p,) D (Z/A*Z)*?,  (Ha:(Z/A*Z)*?) = 24) , 


and pa induces an isomorphism p: (Z/A*Z)*/Ha > {+1}4O). 
2. For all F, G € $a, we have HrHg C Heig. 
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3. If FE Fa, mEZ, (A,m) =1 and F represents m, then 
Hp =(m+A*Z)Ha C Ker(Qa). 


In particular, Hp is a coset of Ha in Ker(Qa). 
4. The factor group Ker(Qa)/Ha is an elementary 2-group, the map 


Wa: Fa > Ker(Qa)/Ha, defined by Va(F)=Hre, 

is a homomorphism, ¥4 C Ker(Wa), 

|Ker(Qa)/Ha| = 2@-1 and (Ker(Wa): 84) = (Ker(Qa)/Ha:Va(Sa)). 
PROOF. We maintain all notations introduced at the beginning of this section. 
1. By definition, p~a = (¥1,---, Py(a)): (Z/A*Z)* > {+1}#4) is a homomor- 

phism, and (Z/A*Z)*? C Ker(pa). It suffices to prove the following assertions. 

A. $a is surjective, and (Ker(y,):(Z/A*Z)*?) = 2), 
B. (Z/A*Z)*? C Ha C Ker(ya), and if A =8 mod 16, then Ha = Ker(ya). 


Suppose that A and B hold. If A = 8 mod 16, then Ha = Ker(y,) by B, and 
therefore (Ha :(Z/A*Z)*?) = 2") by A. If A#8 mod 16, then 7(A) = 0, hence 
Ker(ya) = Ha = (Z/A*Z)*?, and therefore again (Ha :(Z/A*Z)*?) = 1 = 21), 
Obviously, yA induces an isomorphism py’ as asserted. 


Proof of A. To prove that y, is surjective, let e = (e1,...,e,a)) € {£1} 44) 
be given. By the Chinese remainder theorem, there exists some m € Z such that 
(2A,m) =1, 

(=) =e, forall i€[1,r], 
Pi 
and m has a preassigned value modulo 8. Since 
(1,1) if m=1mod8, 
(-1,-1) if m=3 mod8, 
(1,-1) if m=5 mod8, 
(-1,1) if m=7 mod8, 


(e(m + A*Z), 6(m + A*Z)) = 


it follows that ~ is surjective. Now we obtain 


Z,/A*Z)* (Z *7, x2 (A) 
(Ker(y,):(Z/A*Z)*?) = ee eee = a =~ 94) CA] 


Proof of B. If x € Z and (A,x) = 1, then x? = ga(x,0). Hence the principal 
class Ha = [ga] represents x”. It follows that (x + A*Z)* = x7 + A*Z € Ha, and 
therefore we must prove that 

e Ha C Ker(yq), with equality if A = 8 mod 16, and 
e Ha C (Z/A*Z)*? if A#8 mod 16 (as in this case Ker(~,) = Ha by A). 

Suppose that m € Z, (A,m) = 1, m+A*Z © Ha, and let x, y € Z be such 

that ga(z,y) =m mod A*. 
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CASE 1: A=1 mod 4. If u € Z is such that 2u = 1 mod A%*, then 
m = 4u*ga(a, y) = u? (4a? + dry + (1 — A)y?] = [u(2x 4+ y) |? mod A*, 
which implies m + A*Z € (Z/A*Z)*?. 
CASE 2: A=0 mod 16. Since 4A*| A, we obtain 
2 A» 2 x 
m= ga(@,y)=2 —qy se mod A’, 
which implies m + A*Z € (Z/A*Z)*?. 

CASE 3: A=4 mod 16. In this case, A* = AP and A=4PP’, where P, P €Z 
and 2+ PP’. Since 2 { m and m = ga(z,y) = x? — PP'y” mod OP, it follows that 
x £y mod 2. 

If 2|y, then m = x? mod 2P, and thus m+ A*Z € (Z/A*Z)*?. If 2+ y, then 
PP'y? = —P* mod 2P, hence m = z? — PP'y? = 27+ P* = (c+ P)* mod 2P, and 
thus again m+ A*Z € (Z/A*Z)*?. 

CASE 4: A = 12 mod 16. In this case, A* = 4P and A = 4PP’ for some 
P,P’ € Z such that PP’ = 3 mod 4. Since m = = ga(n, y) = 2* — PP'y* mod 4P 
and 2{m, it follows una xy mod 2. 

If 2|y, then m = x*mod 2P. If 2 { y, then P? + PP’y? = Omod 4P, and 
m=a*—PP'y* = 27+ 4 P? = (2 + P)? mod 4P, since 2| a. In both cases we obtain 
m+A*Ze (ZJA*Z)*2. 

CASE 5: A=8 mod 16. In this case, A* = 8P, where P = py -... + p,;, we set 
A =4D, where D€ Z, D=2 mod 8, and we observe es ga = [1,0 — DI. 

a. m ae AZ € Revo) Since m = ga(z,y) = x? — Dy? mod A*, it follows 
that m= x? mod p;, hence y;(m + A*Z) = 1 for all i € [1,r], and 


Pe az? — 2y? = +1 mod 8 if A=8 mod 32, 
— . 2 +2y?=1lor3 mod8 if A=24 mod 32. 


Hence 6(m + A*Z) = 1 if A =8 mod 32, and e6(m + A*Z) = 1 if A = 24 mod 32. 
In both cases we obtain m+ A*Z € Ker(g~a). 


b. Ker(y,) C Ha: Suppose that m € Z, (A,m) = 1 and m+A*Z € Ker(pa). 
Since y;(m + A*Z) = 1 for all i € [1,r], it follows that m is a quadratic residue 
modulo P. Let x; € Z be such that m = x7 mod P. 

If A = 8mod 32, then m = +1 mod 8, and there exist x2, yg € Z such that 
m = x3 — 2y} = x2 — Dy? mod 8. If a = 24 mod 32, then m = 1 or 3 mod 8, and 
there exist x2, yo € Z such that m = x3 + 2y3 = 23 — Dy3 mod 8. In both cases, let 
xz, y € Z be such that 


t=7r, modP, rt=22 mods, y=O0 modP and y=y mods. 


Then it follows that m = x? = x? — Dy” mod P, m= x2 — Dy? = x? — Dy? mod 8, 


hence m = x? — Dy? mod A*, and therefore m+ A*Z € Ha. 

2. Suppose that F’, G € Fa, and let m, n € Z be such that (A,m) = (A,n) =1 
m+MA*ZeHpr, n+A*Ze Hg, F represents m and G represents n. Then F' « G 
represents mn, and therefore (m+ A*Z)(n + A*Z) = mn+ A*Z € Hei. 
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3. Suppose that F € Fa, me Z, (A,m) = 1 and F represents m. By definition, 
we have m+ A*Z € Hp, and by 2. we obtain (m+ A*Z)Ha C Hesn, = He. 

To prove the reverse inclusion, suppose that n + A*Z € Hp, where n € Z, 
(A,n) = 1, and F represents n. Then F~' also represents n, and Hy = F * F7! 
represents mn. Since (A, mn) = 1, it follows that mn + A*Z € Ha, and therefore 


n+A*Ze (n+ A*Z)Ha = (n+ A*Z)(mn + A*Z)Ha 
= (m+ A*Z)(n? + A*Z)Ha = (m+ A*Z)Ha, 


since n?2 + A*Z € (Z/A*Z)*? C Hag by 1. 

It remains to prove that m+ A*Z € Ker(Qq). By assumption, m is represented 
by some form f € F, and therefore m = d?mo, where d € N and mo € Z is properly 
represented by f. Hence A is a quadratic residue modulo 4|mo| by Theorem 6.2.4, 
and if A < 0, then f is positive definite and therefore mg > 0. By Theorem 3.5.5.2, 
it follows that that Qa(m) = Qa(mo) = 1, whence m+ A*Z € Ker(Qa). 

4. Since (Z/A*Z)*? C Ha C Ker(Qa) C (Z/A*Z)*, it follows that the factor 
group Ker(Qa)/Ha is an elementary 2-group and, using 1., 


((Z/A*Z)™ :(Z/A*Z)*?) a get) 
((Z/A*Z)* :Ker(Qa)) (Ha :(Z/A*Z)*2) 21 +n(A) 
If F,G € $a, then Va(F*G) = Hmag D HrHge = Va(F)Va(G) by 2., and 
equality holds, since Ua (F'*G) and Va(F')Va(G) are both cosets of Ha. Hence Va 


is a homomorphism, and since Ker(Q,a)/Ha is an elementary 2-group, we obtain 
A C Ker(W,). Finally, we calculate 


|Ker(Qa)/Ha| = = gHtA)-1 


er (A)-1 (Ker 2 


= (Ker(Va): 54). 


Now we can define genus characters. Let A be a quadratic discriminant, 


pr: (Z/A*Z)* /Hya > {41}" and Va: Fa S Ker(Qa)/Ha 


as in Theorem 6.5.3, and define 


CA = (o1,... Tuck) = Pa oWVa: Fa 7 {+1}44) . 


Then o, is a homomorphism, and the homomorphisms 


O1,+++,Op(A): SA > eae’ 


are called the basic genus characters associated with A. Since yp’ is an isomorphism, 
it follows that Ker(o,) = Ker(Wa) D §4. Explicitly, 7, is given as follows: 


IfF e€ Fa, mEZ, (A,m) =1 and F represents m, then 


on(F) = ¢a(m+ A*Z) € {41}4, 
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If F € Fa, then the values oj(F) € {+1} for 7 € [1,u(A)] are called the basic 
characters of F, and the vector oa(F) € {+1}"4) is called the complete character 
of F’. Since $4 C Ker(o,), the complete character o 4(F) only depends on the genus 
Fx of F and not on the class itself. For a form f € F, we set oj(f) = 0;(F) for 
all 7 € [1, u(A)], and oa(f) = oa(F). 


Corollary 6.5.4. Let A be a quadratic discriminant. Then every genus in $a 
represents infinitely many primes. 


PrRooF. Let F = F§ € BA/BS be a genus, built by the class F € Fa. By 
Theorem 6.4.13.2, a prime p such that (2A,p) = 1 is represented by some class of 
$a if and only if Qa(p) = 1, and (by the very definition of o,) it is represented by 
F if and only if oa(F) = pa(p+A*Z). By Dirichlet’s prime number theorem, every 
residue class in (Z/A*Z)* contains infinitely many primes, and thus the assertion 
follows. 


Corollary 6.5.4 is a very weak assertion. In fact, even every class F € ¥a rep- 
resents infinitely many primes. We shall prove this stronger assertion in Theorem 
8.2.8 using the analytic theory of quadratic orders. 


In the following Theorem 6.5.5 we show that for the calculation of the basic 
genus characters we need not revert to values coprime to the discriminant. 
Theorem 6.5.5. Let A be a quadratic discriminant and F © ¥a. Then the 
complete character oa(F’) = (o1(F),.--,;@,(a)(F)) can be calculated as follows. 
1. Uff € [lr], n€Z\pjZ and F represents n, then 


o;(F) = (—). 


Dj 
2. If A=0 mod 4, ne Z\ 2Z and F represents n, then 
pee if A=0or12 mod 16, 
or4i(F) = (—1)?-D/8 if A=8 mod 32, 


(—1)@-D/8t@-D/2 if A=24 mod 32, 


and 
Orgo(F) = (-1) D8 if A=O0 mod 32. 


PROOF. Suppose that m € Z, (A,m) = 1 and F represents m. Then 
o;(F) =9;(m+ A*Z) forall 7 € [1,u(A)]. 


1. Assume that j € [1,r], and let n € Z\ p;Z be such that F' represents n. Then 
it follows that n = d?n,, where d € N, mn € Z, and F properly represents nj. 
Consequently, F = [n1,6,c] for some 6, c,€ Z, and there exist x, y € Z such that 
m = nx? + bry + cy. Since A = 6? — 4nic and 4mn, = (2nix 4+ by)? — Ay’, we 
obtain 


i= (=) = S & , and therefore o;(F) = 2 — ©) : 
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2. Suppose that A = 0 mod 4, n € Z\ 2Z, and F represents n. As above, we 
get n =d?n1, where d€N, ni € Z, F properly represents nj, and F = [n1, 2b,c] 
for some b, c,€ Z. Since 2 { d, we have n = n, mod 8. Let 2, y € Z be such that 
m = nx? + 2bry + cy’. It follows that A = 4D, where D = 6? — nyc, and if 
u=ny,x + by, then mn, = u? — Dy? = mn mod 8. 

If A = 0 or 12 mod 16, then D=0 or 3 mod 4, and o,44(F’) = 1 if and only if 
m =1 mod 4. Since mn = u? or u?+y? mod 4 and 2} mn, we get mn = 1 mod 4, 
and therefore op41(F) = (—1)-D/2 = (-1)@-D/2, 

If A = 8 mod 82, then o,41(F’) = 1 if and only if m = +1 mod 8, and since 
mn = uw? — Dy? = uv? — 2y? = +1 mod 8, we obtain n = +1 mod 8 if and only if 
m = +1 mod 8, and therefore o,41(F') = (—1)r?-0)/8 - (—1)@?-/8, 

If A = 24 mod 32, then o,41(F') = 1 if and only if m = 1 or 3mod 8. Since 
mn = u? — Dy? = u? + 2y? = 1 or 3 mod 8, we obtain n = 1 or 3 mod 8 if and only 
if m = 1 or 3 mod 8. Hence o741(F) = (—1)(™-D/2+(m-D/8 = (1) “1/24? -V)/8 

If A = 0 mod 82, then o,42(F') = 1 if and only ifm = +1 mod 8, and since 
mn = u? =1 mod 8, we obtain n = +1 mod 8 if and only if m = +1 mod 8. Hence 
or4a(F) = (—1)™ DPB = (1) DAR, 


Before we continue with our theory, we illustrate the use of genus characters by 
three examples. 


Example 6.5.6 (Representation of integers by forms of discriminant —72). We 
consider the discriminant A = —72 = —2° - 37. In this case, we have A* = 24 and 
(A) = 2. 

An integer m is properly represented by some class F’ € §_72 if and only if m > 0 
and —72 is a quadratic residue modulo 4m. If (6,m) = 1, then this holds if and only 
if —2 is a quadratic residue modulo m, and thus if and only if all primes p dividing 
m satisfy p = 1 or 3 mod 8. 

There are only 2 reduced forms of discriminant —72, namely 

fi = 979: = (1,0, 18] and fo = (2,0, 9] . 
Hence h_72 = 2, and $_72 = {H, Fo}, where H = H_7. = [fi] and Fo = [fo]. 

If a class F € §_72 represents some m € N such that (6,m) = 1, then the 
complete character o(F) is given by o(F’) = o_72(F’) = (o1(F), 02(F)), where 

—2 
ar) = (=) , and oo(F)= (tees = (—) : 
m 
By Theorem 6.5.5, o1(F) can be calculated using any integer m € N\3N. Obviously, 
H represents 1, and F represents 11 = fo(1,1). Hence it follows that o(H) = (1,1), 
o(f) = (—1,1), and we obtain the following criterion : 
If a positive integer m € N \3N is represented by some class class F' € §_72, 
then m is represented by 


A if m=1mod3, andby Fy if m=2 mod3. 


Example 6.5.7 (Representation of integers by forms of discriminant 60). We 
consider the discriminant A = 60 = 2?- 3-5. In this case, we have A* = 60 and 
(A) = 3. 
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An integer m is properly represented by some class F' € §¢o if and only if 60 
is a quadratic residue modulo 4|m|, and this holds if and only if 15 is a quadratic 
residue modulo |m|. Hence, if (60,m) = 1, then m is properly represented by some 
class F’ € ¥¢o if and only if 


1 
(=) =1 for all primes p dividing m. 
Pp 


By quadratic reciprocity, 


)-O@-cormQ@- 
if and only if 


either p=1 mod 4, (F)=() or p=-—lmod4, (=) =-(). 


rats frwer oT [OTT 
ESE 


1, 49 
— 
[1 [#2 [7,8 [1 [-1[-1] 


Hence we obtain: 


An integer m such that (60,m) = 1 is properly represented by some form of 
discriminant 60 if and only if all primes p dividing m satisfy 


p= 1,7, 11, 17, 43, 49, 53 or 59 mod 60. 


To calculate hg, = |%6o|, we determine all reduced forms of discriminant 60. By 
Theorem 6.3.4 a form [a,b,c] (with a,b,c € Z, (a,b,c) = 1 and 60 = b? — 4ac) 
is reduced if and only if 0 < V60—b < 2la| < V60+4 b, and as b is even, say 
b = 2bo, this is equivalent to 0 < 15 — bg < Jal < 15 + bo. The solutions of these 
inequalities are 


bb =1, a€ {3,4}, bp =2, a€ [2,5] and bo =3, a€ [1,6]. 
Since b2 — 15 = ac, the only possible value is b) = 3, and the reduced forms of 
discriminant 60 are [+1,6,+6], [42,6,-3], [+3,6,2], [+6,6,+1]. By Theorem 
6.3.4 every class contains a form [a,b,c] with a > 0. For 7 € [1,4], we set F; = [fi], 
where 


fi = [1.6 —6], fo = (2,6, —3], fs = (3, 6, —2] and fa = (6, 6, —1) . 
Then S60 = {Fi, Fo, F3, Fy}, and since |Fe0/F2ol = 2(60)-1 — 4. it follows that 
|¥6o| = 4, |%%o| = 1, and every genus contains only one class. 


If a class F € Feo represents an integer m such that (60,m) = 1, then the 
complete character o(F’) is given by 


o(F) = o60(F) = ((), E), (Dev? ). 
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Since f1(1,0) =1, fo(2,1)=17, f3(1,2) = 7 and f4(0,1) = —1, we obtain 
o(F,) = (1,1,1), Hp, = {1+60Z,49+60Z} and F, = Hoo, 
o(F,) =(-1,-1,1), Hr, = {17+ 60Z, 53+ 60Z}, 
o(f3) =(1,-1,-1), He, = {7+ 60Z, 43 + 60Z}, 
o(Fx) =(-1,1,-1), Hr, = {11+ 60Z, 59+ 60Z}. 


Therefore we obtain the following criterion : 


If an integer m such that (60,m) = 1 is represented by some class F' € §¢o, 
then m is represented by 


F, if m=1 or 49 mod 60, Fy if m=17 or 53 mod 60, 
Fs; if m=7or 43 mod 60, Fy if m=11 or 59 mod 60. 


In the examples 6.5.6 and 6.5.7 the class group §a was in elementary 2-group. 
In this case, every genus consists of a single class, and therefore, using Theorem 6.5.3 
(together with Theorem 6.5.5) we can completely determine the class representing 
a given integer by means of its character values. 


If some genus F contains only one class C and its inverse C~!, then an integer 
represented by F is represented by both C and C™!, since C and C7! represent 
the same integers (indeed, if C = [f], then C~! = [f°?], and obviously f and f°? 
represent the same integers). We illustrate this case by a further example. 


Example 6.5.8 (Representation of integers by forms of discriminant —55). We 
consider the discriminant A = —55 = —5- 11. In this case, we have A* = 55 and 
(A) = 2. 

An integer m is properly represented by some class F’ € §_55 if and only ifm > 0 
and —55 is a quadratic residue modulo 4m, and as —55 = 1 mod 8, this holds if and 
only if for all odd primes p dividing m we have 


(=) — (=) (=) =1, or, equivalently (=) — (=) : 


There are only 4 reduced forms of discriminant —55, namely 
fi = 9-55 = [1,1, 14], fo = [4,3,4], f+ = [2,1,7] and f_ = (2, -1, 7]. 


Hence we obtain S55 = {Hy Fa, Fh, where H = A_55 = Lf], Fy = L fel, 
Fy = [fa], and |®-s5| = 4. Since |¥_~55/52.55| = 2, it follows that F_55 is a cyclic 
eroup of order 4, and since F_ = ee # Fi, we get G_55 = (F1) and Ee =Fy.lfa 
class F € §_55 represents some integer m such that (55,m) = 1, then the complete 
character o(F’) = o_55(F) = (01(F), 02(F)) is given by 
m m 
o1(F) = (=) and o2(F) = (=) : 
The classes of discriminant —55 fall into two genera, each containing two classes, 
namely F = {H, Fo} and F, = {F,, F_}. By definition, o(H) = o(F2) = (1,0), 
o(F:) = (-1,-1), and we obtain the following criterion : 
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If a positive integer m such that (55,m) = 1 is represented by some class 
F € §_55, then m is represented by 

e either A of Fh ifm =+1 mod 5, 

e both Fy, and F_ ifm = +2 mod 5. 


Exercise 6.5.9. Consider the discriminants A = —84 and A = 96. Determine all 
reduced forms of discriminant A, and establish necessary and sufficient congruence 
criteria for a positive integer m with (A,m) = 1 to be represented by these forms. 


Exercise 6.5.10. a) Let g = 1 mod 4 be a prime such that h_4g = 2 (there 
are only 3 such primes namely 5, 13 and 37, see [100]). Prove that every prime p 4 q 
satisfying p= 1 mod 4 and (2) = 1 is represented by [1, 0, q]. 

b) Prove the following conjecture of Euler: If p 4 5 is an odd prime, then p 
is represented by [1,0,5] if and only if p= 1 or 9 mod 20, and 2p is represented by 
[1,0,5] if and only if p = 3 or 7 mod 20. 


Although we already gave several non-trivial applications, the results proved 
hitherto are incomplete in the following sense. For a quadratic discriminant A and 
a class F € $a, we have seen that the basic characters a;(F') only depend on the 
genus FF, but we have not yet proved that in fact the genus of a class F is uniquely 
determined by the genus characters. To prove this, we must show that the group 


Sa/ ca of all genus characters is generated by the basic genus characters. In classical 
terminology, this is the content of the subsequent duplication theorem of Gauss. 


Theorem 6.5.11 (Gauss’ duplication theorem). Let A be a quadratic discrim- 
inant and keep the terminology introduced in Theorem 6.5.3. Then 
Ker(o,a) = Ker(Wa) =F, and Wa is surjective. 


In particular, the following assertions hold: 


1. Fa/FA = (01,---y Say) 

2. If me€ Z and Qa(m) = 1, then there exists a class F € §a which represents 
an integer mo € m+ A*Z. 

3. If F € Fa, then o;(F) =1 for all j € [1,u(A)] if and only if F = G? for 
some G € §a. In particular, two classes F, G € §a lie in the same genus if 
and only if oa(F) =oa(G). 

A. If F € $a represents an integer m such that (A,m) =1, then Qa(m) = 1, 
oa(F) = ga(m+ A*Z), and FRA € Fa/FA is the only genus which re- 
presents m. In particular, the genus which represents m is uniquely deter- 
mined by the residue class m + A*Z. 


PRoor. The main task is the proof of one of the following three assertions : 
a. Wa is surjective. 

b. Ker(oa) C F4. 

c. Ker(Wa) c §4. 
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Assume that one of these three assertions holds. Since a, = pro Wa and yr 
is an isomorphism, it follows that Ker(o,q) = Ker(Wa), and since $4 C Ker(Wa), 
we obtain Ker(o,) = Ker(W,) = $4, provided that b. or c. holds. By Theorem 
6.5.3.4 we have (Ker(Qa)/Ha : Va(¥a)) = (Ker(Wa : FA), and therefore WV, is 
surjective if and only if Ker(W,) = ee Hence the conditions a., b. and c. are 
equivalent. 

Now it is easy to prove the assertions 1. to 4. using a., b. and c. 


1. Assume to the contrary that there is some ¢ € Fa/34 \ (1,--- 7 ,(A))- By 
Theorem A.7.8.4, there exists a genus F'§% € Fa/F such that (FF) # 1, but 
oj (FEA) = 0;(F) =1 for all j € [1, u(A)] and therefore F € $4, a contradiction. 

2. If m € Z and Qa(m) = 1, then (A,m) = 1 and m+ A*Z € Ker(Qa). Since 
Va: Fa — Ker(Qa)/Ha is surjective, we obtain m+ A*Z € wa(F) = Hp for some 
F € $a, and therefore F' represents an integer mp € m+ A*Z,. 

3. Obvious, since Ker(o,) C $4 implies Ker(o,) = 34. 

4. If F represents m € Z and (A,m) = 1, then m+A*Z € He C Ker(Qa), hence 
Qa(m) = 1, and it follows by the very definition of ao, that oa(F) = pa(m+A*Z). 
If G € ¥a is any class which represents m, then oa(F’) = o,a(G), and therefore 
FR, = GF by 3. 

In the sequel we present Dirichlet’s proof of a. and Mertens’ proof of c. Later, 
in Section 6.6, we shall present Gauss’ own proof of c. 


1. (Dirichlet’s proof) We prove a. Let m € Z be such that (A,m) = 1 and 
m+A*Z € Ker(Qa). By Dirichlet’s prime number theorem, there exists some prime 
p such that p = m mod A*Z. It follows that Qa(p) = Qa(m) = 1, hence A is a 
quadratic residue modulo 4p, and therefore p is represented by some class F' € ¥a. 
Hence we obtain Hr = (p+ A*Z)Ha = (m+ A*Z)Ha = Va(F). 


2. (Mertens’ proof [72]) We prove c. We need some additional terminology. 
For a discriminant A, we denote by r(A) the number of odd primes dividing A, we 
define 


p=" if A=Omod4, D=A if A=1 mod4, 


_ r(A) if D=1 mod2, _ 
amy opines, 9 =e): 


Then it follows that 
T(A)+1 if D=3 mod4 or D=0 mod 8, 
oo. T(A) otherwise, 
and 
s(A) = eae if aS mod 4 or D=0 mod 8, 
27(A) = 2A) otherwise, 
and we prove the assertion by induction on s(A). 


Suppose that F € Ker(a,), hence oj(F) = 1 for all 7 € [1,4(A)]. We must 
prove that F' € ae and (by the induction hypothesis) we suppose that the assertion 
holds for all quadratic discriminants A’ such that s(A’) < s(A). 
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Case I. A #4 mod 16. We prove first : 


A. There exist integers m € N and 8, c € Z such that (m,b,c) = (2A,m) = 1 
and m = qi-...*q@s, where s € [0,u(A) —1], qi,...,q@s are distinct primes, 
and F' € [m,b,c] $4. 


Proof of A. Suppose that Ff € ¥a. Then F properly represents some m, € N 
such that (2A,m,) = 1, and thus F = [m,,*,*]. We set my = e?q.-...- qi, 
where e €C N, ¢t € No, and q,...,q@ are distinct odd primes. By Corollary 6.4.9, 
there is a factorization F = E? * F, *...* F;, where E = [e,*,*] € $a and 
F; = [g,*,*] € Sa for all j € [1,¢]. Since dimp,(Fa/F) = u(A) — 1, there exist 
some s € Ng and G € §a such that s < min{t, ~(A) — 1}, and (after renumbering if 
necessary) F,*...*F, = Fi *...*F,*G?. If m= q-...-qs, then there exist b, c € Z 


such that F, *...* F, = [m,b,c], and consequently F € [m, b,c] $4. [A.] 
By A, we may assume that F = [m,b,c], where m € N, (2A,m) = 1 and 
m=q-:.--:qs such that s € [0, u(A) — 1] and q,...,q, are distinct odd primes. 


If m = 1, then F = Ha by Theorem 6.2.1.3, and we are done. Thus suppose that 
m > 1. Then 4m is a quadratic discriminant, and if m = 1 mod 4, then m itself is 
a quadratic discriminant. 


Since o;(F') = 1 for all j € [1, u(A)], the following conditions hold: 
e (—) = 1 for all odd primes p dividing A. 
Pp 
em=1mod4 if D=3 mod4 or D=4 mod 8. 
e m=+1 mod 8 if D=2 mod 8. 


em=tlor3mod8 if D=—2 mod 8. 
em=t1mod8 if D=0 mods. 


Since A = b? — 4mc = b? mod 4m, it follows that A is a quadratic residue modulo 
4m and D is a quadratic residue modulo m. 


CASE 1: D = O0Omod2 and m = 1 mod 8. Then m is a quadratic residue 
modulo 4|D|, and there exist u, v € Z such that v? = m+4Du. Now m = v? —4Du 
is the discriminant of the form g = [D,v,u], and as (A,m) = 1, it follows that 
(D,v) =1, g is primitive, and G = [D,v,u] € Sm. Since D is a quadratic residue 
modulo m, we get 


(=) =1 forall j¢€[l,s|, andtherefore Ge€Ker(o,). 
i 

Since s(m) = 27T(m) = 2s < 24(A) —2 < s(A), the induction hypothesis implies 
that G € 2. Hence there exists some E € $, such that H,, = E? *G, and we may 
assume that E = [e,*,*], where e € N and (e,2mD) = 1. Then H,, = [e?D, x, +] 
by Theorem 6.4.5.1, hence H,, properly represents e?.D, and there exist x, y € Z 
such that 


2 


mm 
e?D = gm(a,y) = 2" + 2y+ y° and (#,y)=1. 


We obtain (D,y) = 1, hence (A, y) = 1, and my? = (22 + y)? — 4e?.D. Suppose that 
d = (2x + y, 2e), and let x1, y; € Z be such that 2% + y = dx, and 2e = dy,. Then 
(71,41) =1, d?|my?, and d|y since m is squarefree. Since m(d~ty)? = 2? — Dy? 
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is properly represented by Ha, it follows that Ha = [m(d~ty)?,*,*]. By Theorem 
6.4.5.1(a), there exists some t € N such that t|m, and 


F = Fs Hy = [mb,c]s [m(d'y)?, 4,4] = [ma 'y)?, «4. 
Since (A, my) = 1, we obtain F' € $4 by Theorem 6.4.11. 


CASE 2: D=1 mod 2 or m €1 mod 8. Then m is a quadratic residue modulo 
|D|. Hence there exist u, v € Z such that v? = m+ Du, and as (D,m) = 1, it follows 
that (D,v) = 1. Now 4m = (2v)?—4Du is the discriminant of the form g = [D, 2v, ul, 
and we assert that g is primitive. Assume the contrary. Then (D,v) = 1 implies 
D=u=0 mod 2, and therefore m # 1 mod 8. Since m = v? — Du = 1 mod 4, we 
obtain m = 5 mod 8 and D = 2 mod 4, a contradiction. 

We set G = |g] = [D, 2v, u] € Fam, and we assert that G € Ker(o4,). Since D 
is a quadratic residue modulo m, it follows that 


o;(G) = (=) =1 forall j€[l,s], 
ay 
and if m = 1 mod 4, this implies G € Ker(o4m). 

Thus assume that m = 3 mod 4. By Theorem 6.5.5, we must prove that G 
represents some integer n = 1 mod 4, and since G represents D and u, it suffices to 
prove that either D = 1 mod 4 or u=1 mod 4, and we assume that D #1 mod 4. 
Then D = +2 mod 8, and since m = v? — Du, it follows that v = u = 1 mod 2. If 
u = 3 mod 4, then 


3 mod8 if D=2mod8, 
m=1-Du= 
—1 mod8 if D=-—2 mod 8, 


a contradiction. Hence we obtain u = 1 mod 4 as asserted. 


We want to apply the induction hypothesis for G. To do so, we make sure that 
s(4m) < s(A). If m = 1 mod 4, then s(4m) = 27(m) = 2s < 2u(A) — 2 < s(A). If 
m = 3mod 4, then (observing that D 4 3 mod 4 and D # 0 mod 8), we obtain 
s(4m) = 27(m) +1 < 2u(A) — 1 < s(A) = 2 (A). 

The induction hypothesis implies that G € 37,,,, and therefore there exists some 
E € $4m such that Ham = E? *G, and (as above) we may assume that E = [e, *, *], 
where e EN, (e,2mD) =1, and Hy, = [e?D,*,*]. Hence g1m properly represents 
e?D, and therefore there exist 2, y € Z such that e?D = gam(x,y) = x? — my? and 
(x,y) = 1. It follows that (D,y) = 1, and we assert that (A, y) = 1. This is obvious 
if A = D or if D=0 mod 2. However, if A = 4D and D = 1 mod 2, then we have 
D = 3mod 4 (as we are in Case I), and we obtain 3 = e?D = 2? — my? mod 4, 
which implies y = 1 mod 2 and thus (A, y) = 1. 

If A = 4D, then ga(z,e) = x? — e?D = my’, and if A = D =1 mod 4, then 


1-—D 
ga(a — e, 2e) = (a — e)? + 2e(x — e) + —— (2€)? =o 8 DS my . 


In any case, there exist x1, y, € Z such that ga(x1,y1) = my’, and if d = (x1, y1), 
then d?| my? and therefore d| y, since m is squarefree. We obtain 


EB) a1 ant os.) = mer 
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Hence it follows that Ha = [m(d~ty)?, *, *], and (as above) there exists some t € N 
such that t|m(d~'y)?, and 


F = Fx Ha = [m,b,c] * [m(d-ty)?, *,*] = [(t~*md~"y)?, x, «] € 5A: 


Case II. A = 4 mod 16. In this case, A = 4D, where D = 1 mod 4, and we 
apply Theorem 6.4.14. We consider the epimorphism © = Op»: Fa > Fp, and we 
assume that F' € Ker(oa) C Fa. Then F = [a, 2b, 4c] for some a, b, c € Z such 
that (A,a) =1, (@,6,¢) =1, and O(F) = [a, b,c]. Since 

a a 
oa(F) = ((=),-..(=)) =en), 
71 dr 
it follows that O(F) € Ker(op) and, by Case I, we get O(F) = F@ for some 
Fo € Sp. Let Fy € ¥q be such that O(F)) = Fo. Then O(F? + F-1) = Hp, and since 
|Ker(®)| € {1,3}, it follows that (F?*F-1)? = Ha, and F = (F,*F71)? € $4. 


By Theorem 6.5.11, the homomorphism o,: Sa > {+1} 4A) is not surjective 
(indeed, Ker(oq = $7, and |Fa/F4| = 2“4)-'). In the following Theorems 6.5.12 
and 6.5.13 we investigate the image of o, in two important special cases (compare 
with the phenomena which arose in the Examples 6.5.6, 6.5.7 and 6.5.8). 


Theorem 6.5.12. Let A be a quadratic discriminant of the form A = 2°D, 
where e € {0,2,3} and D € Z is odd and squarefree. 
1. If F € ¥a, then 
u(A) 
II o;(F) i es 
j=l 
2. Let F,G € Fa and m,n € Z be such that (A,m) = (A,n) = 1, F repre- 
sents m and G represents n. Then F and G lie in the same genus if and 


only of 
m n 
(“) = (=) for all odd primes p dividing D. 
Pp P 
PROOF. Suppose that |D| = p,-...-p,, where r € No, pi,...,p,r are distinct 


odd primes, and consider a class F' € ¥,. Since F' properly represents some integer 
m € N such that (A,m) = 1, we may assume that 


A 
F = [m,x,*], where meéN, (A,m)=1 and (=) =1. 


Let o1,...,07, €, 0: Fa 7 {41} be given by 
o(F) = (™) for i€ [7], e(F)=(—) if e #0, and 6(F) = (=) if e=3. 
Pi m m 
1. CASE 1: e€ {0,2}, D=1 mod 4, w(A)=r, oa =(01,...,0r). Then 


H(A) i: D 
Tost) = TIF) = (Ga) = Ga) = Ga) = 


j=l 
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CASE 2: e=2, D=3 mod4, p(A)=r+1, oa =(01,...,07,¢). Then 


Tho = 1B) = (Ievmve= (B) = (2) 


Pj 


CASE 3: e=3, D=1mod4, w(A)=r+1, oa = (01,...,07,6). Then 


I oi(F = EG) -(BM@-QA)-G)-" 
CASE 4: e=3, D=3 mod4, w(A)=r+1, og =(,...,07,€6). Then 
u(A) 


TL 90”) = TLS) = oy) Ga) = Ga) = a) = 
2. By Theorem 6.5.5, 
(*) — ia) for all odd primes p dividing A 


holds if and only if oj(F) = 0;(G) for all j € [1,r], and by 1. this is equivalent to 
oa(F) = oa,(G). Now the assertion follows by Theorem 6.5.11.3. 


Theorem 6.5.13. Let A = 2°D be a quadratic discriminant, where D € Z and 
|D| = pyl-...-per for somer EN, e1,...,e, € N and distinct odd primes pi, ...,Dr- 
Then the following assertions are equivalent: 

(a) For every (01,...,d-) € {+1}", there exists some class F € §a such that 

oj(F) = 6; for allj € [1,7]. 

(b) e> 2, and if e=0 mod 2, then D=3 mod 4. 


PRooF. Recall that oa, = y\oWa: Fa 7 {HL} 4), Wy: Fa 3 Ker(Qa)/Ha 
is an isomorphism, and ~ is induced by 


PA = (x1, meee Xara) (Z/A*Z)* — {410 ’ 


where m 
xj(m + A*Z) = (=) for m€N such that (A,m) =1. 
Py 
Hence (a) is equivalent (o1,...,0,)(Ker(Qa)) = {+1}". If m+ A*Z © Ker(Qa), 
where m € N and (A,m) = 1, then 


eG) a a 


Hence (a) holds if and only if, for every (61,...,6,) € {+1}", there exists some 
m €N such that (A,m) = 1 and 


ép(m) = (=)(-1)"4 7 = Te. 
j=l 


iS) 
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CASE 1: e; =0 mod 2 for all j € [1,7]. Then |D| is a square, thus e > 2, and 


e D=1 mod 4 and e=1 mod 2 if D> 0; 
e D=3 mod4 if D<0. 


Hence (b) holds, and we must prove that there is some positive integer m such that 
(A,m) =1 and ¢p(m) = 1. It is sufficient to set 
1 mod8 if D>O, 
m= %3 mod8 if D<0,e=1 mod 2, 
1 mod4 if D<0,e=0 mod 2. 


CASE 2: e; =1 mod 2 for some j € [1,7]. In this case, (a) holds if and only if 
there exist positive integers m;, m_— such that (A,m+) =1 and ¢p(mz) = +1. 

Assume that (b) fails. Since e = 0 implies D = 1 mod 4, we obtain in any case 
e =0 mod 2 and D=1 mod 4. But then it follows that ¢p(m) = 1 for all mE N 
such that (A,m) = 1. Hence (a) fails, too. 

Thus suppose that (b) holds. Then we obtain 


(—) if e=0 mod2 and D=3 mod 4, 
dp(m)=4 (2) if e=1mod2 and D=1 mod 4, 
(=) if e=0 mod2 and D=3 mod 4, 


and in each case there exist positive integers m+ such that dp(m+4) = +1. 


Exercise 6.5.14. Let A be a quadratic discriminant and ¢ a genus character 
of discriminant A. Prove that there exists a quadratic discriminant Ag with the 
following properties: Ay|A, and if F € §, represents some integer m such that 
(A,m) = 1, then ¢(F’) = Qa,(m). 


The examples 6.5.6 and 6.5.7 as well as the discriminants of Exercise 6.5.9 show 
the simplicity of discriminants having only one class in each genus. Negative even 
discriminants with this property have several other interesting features and were 
already used by L. Euler to identify large primes. We give the following definition 
in the spirit of Euler’s application. 


A positive integer n is called a convenient number (numerus idoneus) if it 
has the following property: Whenever an odd integer m > 1 has only one 
representation in the form m = a? +nb?, where a, b € N and (a,b) = 1, then 
m is a prime power. 
(For n = 1, in this definition the representations m = a? + b? and m = b? + a? are 
considered to be equal.) 


Euler himself used (among others) the convenient number 1848 to prove that 
18, 518.809 = 197° + 1848 - 100° 


is a prime! There is a wealth of interesting results on convenient numbers. Gauss 
listed 65 convenient numbers, and it is conjectured that these are all (see the tables 
in [19, p. 60] and [27, Table B2]). We refer the interested reader to the survey article 
[28] and to http://oeis.org/A000926. Here we restrict to the connection with class 
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groups. The proof of the following Theorem 6.5.15 is is a modification of that given 
in [61]. 


Theorem 6.5.15. A positive integer n is convenient if and only if Fan is an 
elementary 2-group. 


ProorF. Let n be a positive integer, A = —4n, H = [1,0,n] the principal class 
of discriminant A, |§a| =h, and suppose that Fa = { [fi],.--, [fz] }. If a positive 
integer m such that (A,m) = 1 is properly represented by some class of Fa, then 
Theorem 6.2.12.2 implies that 


if nl, 


h gr+1 
Wa(m) = Yo|{(e,) € Z? | (@,y) = 1, file,y) =m} = i ek 


i=1 
where r is the number of distinct primes dividing m. 


Assume first that ¥a is an elementary 2-group, and let m > 1 be an odd integer 
which has only one representation in the form m = a? + nb?, where a, b € N and 
(a, b) = 1. Since every genus consists of a single class, Theorem 6.5.11.3 implies that 
the principal class is the only class which represents m. Hence we obtain Ua(m) < 4 
ifn £1, and Va(m) < 8 if n = 1. Therefore it follows that m = p* for some prime 
pandkeN. 

Assume now that a is not an elementary 2-group. It suffices to prove the 
following assertion : 


A. There is a class F € ¥, such that F? 4 H and F represents infinitely many 
primes. 


Suppose that A holds. Then F' represents two distinct odd primes p and q such 
that (A,p) = (A,q) =1, F7! also represents g, and by Corollary 6.4.8.2 it follows 
that the classes F? that H = F + F~! both properly represent pg. Suppose that 
fi = [1,0,n] (hence [fi] = H) and fo € F?. Then it follows that 


I{(x, y) = 2? | (x,y) =1, fi(z,y) = pq}| >4 forie {1,2}, 


and since W,a(pq) = 8, we obtain |{(x,y) € Z? | (z,y) =1, 2? + ny? = pg}| = 4. 
Hence pq has a unique representation pq = a? +nb?, where a, b € No, and therefore 
nm is not convenient. 


Proof of A. Let Fy, € ¥a beaclass such that re # H. By Theorem 6.2.1.3, there 
exists a sequence (™m,);>1 of pairwise coprime positive integers such that (A,m,;) = 1 
and F\ properly represents m; for alli > 1. We set m; = pj1-.. .-Pi,z,, Where kj > and 
Pi,ls+++>Pi,k, ave (not necessarily distinct) primes. By Corollary 6.4.9, there exists 
for every i > 1 a factorization F) = F,1*...* Fj, such that Fy; = [pi1,*, *] € Fa 
for all 1 € [1, k;], and as F? # H, there exists some | € [1, kj] such that F}, # H. In 
particular, there exist infinitely many primes p € {p;, | 7 > 1, 1 € [1, k;]} represented 
by some class F € ¥, such that F? 4 H. Since Fa is finite and Pil F Pjym Whenever 
i # 7, the assertion follows. 
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Exercise 6.5.16. Let n be a positive integer. Prove the equivalence of the 
following assertions : 

a) n is convenient. 

b) Any two improperly equivalent forms of discriminant —4n are equivalent. 

c) nis not of the form ab + bc + ca with integers 0 <a<b<e. 


Hint for the proof of the equivalence of b) and c). (a,b,c) + (b,a—b,c—b) defines 
a bijective map from the set of improper equivalence classes of forms of discriminant 
—4n of order greater than 2 onto the set of all triples (d,e, f) with d < e < f (see 
http: //oeis.org/A000926 /a000926.txt). 


We close this section with a classical result due to A.-M. Legendre. In fact, 
Legendre gave an elementary proof of this result and used it for a partial proof of 
the quadratic reciprocity law. We refer to [67, Ch. I] for a thorough discussion of the 
historical development and further references. Here we make full use of Gauss’ theory 
of quadratic forms to give a short and concise proof of Legendre’s theorem. Note 
however, that Dirichlet deduced the duplication theorem from Legendre’s theorem 
(see [23, §158]). 


Theorem 6.5.17 (Legendre’s theorem). Let a, b, c be non-zero integers such 
that 


e (a,b) = (b,c) = (c,a) = 1; 
e a,b andc do not all have the same sign; 


e —bc is a quadratic residue modulo |a|, —ca is a quadratic residue modulo 
|b], and —ab is a quadratic residue modulo |c| ; 


Then there exists some (x,y,z) € Z° \ {(0,0,0)} such that ax? + by? + cz? =0. 


PROOF. We may assume that a, 6 and c are squarefree. Indeed, suppose that 
the assertion is proved in this case, and set a = aga?, b = bob? and c = coct, 
where ag, b9, co € Z are squarefree, and ay, b,c; € Z. Then the assumptions 
of the theorem are satisfied for (ag, bo, co). If (#0, yo, 20) € Z° \ {(0,0,0)} is such 
that aoxZ + boy? + coz? = 0, then (xobic1, yoaic1, 20a1b1) € Z® \ {(0,0,0)}, and 
a(xgb1¢1)? + b(yoarc1)? + c(za1b1)” = (agx2 + boys + coz) (aibie1)? =(). 

Let now a, 6 and c be squarefree. We may interchange the three number a, 8, c¢, 
and we may also replace (a, b, c) by (—a, —b, —c). This allows us to make the following 
additional assumptions. 

If 2 + abc, then (—ab)(—bc)(—ac) = —(abc)? = —1 mod 4, and we may assume 


that —ac = —1mod 4 and a < 0. If 2|abc, then we may assume that 2|ac and 
a < 0. In any case, we may assume that —4ac is a fundamental discriminant and 
(4ge,6) =1, 


Since —4ac is a quadratic residue modulo 4|b|, Theorem 6.2.4.1 implies that 6 is 
represented by some class F’ € ¥_4ac. We consider the class Fp = [—a,0,—c] € aac 
and a positive integer m such that (4ac,m) = 1 which is represented by Fo, say 
m = —ax? — cy? for some x, y € Z. We assert that F and Fp lie in the same genus. 


By Theorem 6.5.12.2 we must prove that 


(2) = = for all odd primes p dividing ac. 
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Thus let p be an odd prime dividing ac. If p|a, then 
2 


Ba mo Q-(-4 


@ 
a. 
If p|c, then 
()=1, ama (5) = ($) = (==) =F). 
Pp Pp Pp Pp Pp 
Let G € F_aac such that F * G? = Fo, and let z be a non-zero integer represented 


by G. By Corollary 6.4.8.1, bz? is represented by Fy, and thus there exist x, y € Z 
such that bz? = —ax? — cy?. 


6.6. Ternary quadratic forms 


In this section, we give a brief account of Gauss’ theory of ternary quadratic 
form to the extent that we can present Gauss’ proofs of the duplication theorem 
and the three squares theorem. We follow the presentation given in [27]. For a more 
elaborate discussion of the material we refer to [104]. 


We start with some definitions from the elementary theory of ternary forms. 
The cofactor matrix A? of a matrix A € M3(Q) is defined as follows. 


a he Netw datta2a all! —all! 
If A=la W cy], then A*=] W’c—be! cla—ca"”  a/b— ab" 
al’ oO" cl be’ — d'e ca’ — da ab! —a’b 


It is easily checked that the cofactor matrix has the following properties: 
1. (At)# = (A*)*. In particular, if A is symmetric, then so is A*. 
2. If B€ M3(Q), then (AB)# = A# BF. 
3. (A#)# = det(A) A. 
4. If det(A) 4 0, then A* = det(A)(A7'!)*, and det(A%) = det(A)?. 


Definition 6.6.1. 


1. A ternary form is a homogeneous quadratic polynomial ¢ € Z[X,Y, Z]. We 
write ¢ in the form 


6 = o(X,Y,Z) = aX? + bY? 4 eZ? + QuXY + 20YZ 4+ WwXZ, 


where a, b, cE Z and u, v, w € sZ. We call @ classical if u, v, w € Z. 
With a ternary form ¢ as above we associate the matrix 


au w A U W 
Mg=|u 6b v and its cofactor matrix Mf =|U BV], 
wou ce WV C 


where 
A=be-v’?, B=ac—w’, C=ab-v’, 


U=vw-—uc, V=uw-—av, W =u - bw. 
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We call 6g = det My the determinant of ¢. Using its matrix My, we may ¢ 
write in the form 


xX 
C= (5, ¥, 2) Mg | 
Z 


@ issaid to represent an integer m € Z if there exist x, y, z € Z such that 
m= o(a, Yy, a) 


. For a ternary form ¢ € Z[X,Y, Z] and a matrix T € GL3(Z) we define its 
transform by 
xX 
T¢ = 4((X,Y, ZT) =(X, Y, Z)TM,T" (| Y ) €2[X,Y,Z]. 
Z 


Obviously, T¢ is a ternary form, and Mrg = T My T*. Two ternary forms 
@ and w are called equivalent if there exists a matrix T € GL3(Z) such 
that ~ = T¢. If €1, €2, e3 € {+1} and (X1, Yi, 71) is any permutation of 
(X,Y, Z), then ¢ = 6(X,Y, Z) is equivalent to @(€1.X1, €2X2,€3X3). 


Equivalence is an equivalence relation on the set of ternary forms. Two equivalent 
forms f and g have the same determinant, represent the same integers, and both f 
and g are either classical or not. Note that there is no need for a distinction between 
proper and improper equivalence since the matrices JT’ and —T perform the same 
transformation, and det(—T) = —det(T). 


As for binary forms, we look for distinguished representatives in each equivalence 


class of 


ternary forms. In the following Theorem 6.6.2 we summarize the results of 


Gauss’ reduction process. 


Theorem 6.6.2 (Gauss’ reduction of ternary forms). Every ternary form with 
determinant 6 #0 is equivalent to a form 


b = aX? + bY" + cZ? 4+ 2uXY + 2vYZ +2wXZ, 


where a,b,c €Z and u,v, w € sZ, have the following properties: 


If C=ab—u?, V=uw-—av and e= (2b,2w), then 


and 
e 


CG ad 4 
jal <a orca, tal < Sea, 


either aC #0, —|a| < 2u< al, 2|w| <|a| and —|C| < 2|V| < |C|, 
or a=C=u=0, 6=—bw’, —|w| <c<|w| and -e<4u<e. 


The proof of Theorem 6.6.2 depends on the following elementary Lemma 6.6.3 
from the theory of binary forms. 
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Lemma 6.6.3. If a,c € Z andb € $Z, then there exist matrices S, S, € SLo(Z) 
such that 
G O44 fe. o a b a, Bi 
s(f S)sr= (FO) ond (5 Pl sr— (HB), 
— $2 a) 
la’| < ay) eI and |ci| < pf eo 


PROOF OF LEMMA 6.6.3. We consider the form f = [a,2b,c] of discriminant 
A = 4b? — 4ac. It suffices to prove the existence of a form f’ = [a’, 2b’, c] such that 
|a’| < 2,/|ac — b?|/3 and f’ is equivalent to f. Indeed, if this is done, let S € SL2(Z) 


be such that f’ = Sf, and set 
0 1 
a=(2 25 
Then it follows that 


b a b py 
s(} ea d and si(f t\st=(% ae 


If f is degenerate, then f is equivalent to a form f’ = [0, 2b’, c'] by Theorem 6.1.3. 

If f is positive definite, then f is equivalent to a reduced form f’ = [{a’, 2b’, c’], 
and by Theorem 6.3.2.1 we obtain |a’| < ,/|A|/3 = 2\/|ac — b?|/3. If f is negative 
definite, then —f is positive definite, and if —f is equivalent to [a’, 2b’, c’], then f is 
equivalent to [—a’, —2b', —c’]. 

If f is indefinite, then Theorem 6.3.6.2 implies that f is equivalent to a reduced 
form f’ = [a’,2b',c'] such that |a’| < VA/2 < /A/3 = 2,/Jac — b?]/3. 


PROOF OF THEOREM 6.6.2. Let w be a ternary form with determinant 6 ¥ 0. 
We choose a ternary form ¢ which is equivalent to y and whose matrix and cofactor 
matrix are given by 


where 


a Uy UW, Aj Uy Wi 
M¢, = U1 by U1 and (My, )* = U, By Vi 
Wy VU C1 WVMY C 


such that |a| + |C] is minimal among all ternary forms which are equivalent to w. 
As (Mz )# = 5My,, we obtain ad = B,C — V?, and we assert that 


[|C| [|B,C — V2 | /|ad| 
la| 2 3 and IC| 2 3 =2 3 


Assume to the contrary first that 


lal yy c 29,1 a 


By Lemma 6.6.3 there exists some € SLo(Z ne that 


if tb 2 
a uy t a wu ! Jab, — uj| 
= <— pe 
s(@ - SSc= & * , where |a|<2 3 < jal. 
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We set 0 = (0,0) and observe that a’b! — uw’? = ab — uf = C. Then we obtain 


S ot 
r= (5 1) € SL3(Z), 


a UW) * OK Ox 
Mr¢, = TMg1" = u b! Ul and (Mr¢,)* = {|[* * * 
Wr Vi CL *k Cc 


Since T'¢, is equivalent to 7 and |a’|+|C| < ja|+|C|, this contradicts the minimal 
choice of |a| + |C|. 
Assume now that 
|ad| 
C| > 24; —. 
cl > 2/ 
By A, there is some $j € SL2(Z) such that 


Bi Vi\ ot _ (B’ V' ii ea) (BIC — Vel 
(7 a \sta(G a) where |C"| <2 5 <|C|. 


Now we obtain 


1 ot 4 1 O . ax* * 
Ti = 0 oy E SL3(Z) , Ty = ot St ‘ Mr, 4, = T™Mg,T; — x * x 
k > >k 
and 
HP Ht iL i 1 O 1 O A; U, W, 
(Mn ¢,)” = fy (Moi) (T,)" = (c 5 ) (Mg, )* é 2) =(|U, B’ vy 
: : WV’ Cc 


Since T¢, is equivalent to ~ and |a| + |C"’| < |a| + |C|, this again contradicts the 
minimal choice of |a| + |C]|. Thus the inequalities for |a| and |C| are proved. 


From 


|ad| 


16C? _ 64 
la| <2 I and |C| <2 = we obtain per 2 io) 


9 ~ 27?’ 


and therefore j 
lal < 3V |6] . 
Since C' = ab, — ua, it follows that either aC #0 or a=C=u, =0. 


It is now sufficient to prove that there exist a, 8, y € Z and e € {+1} such that 
the ternary form 


1 0 0 
d=|a 1 0] d =aX?2+bY24+cZ? 4 2uXY +2YZ + 2wXZ 
By il 
has the desired properties. For this, we calculate 
1 0 0 a uy wy la Bp au w 
Mg=|a 1 0 uy ob, v4 0 1 yvyJ=]ftu bv 
B»yil Wy vy Cc 0 0 1 wou c¢ 
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and 
1 -a ay—6 Aj U, Wi 1 0 0 A U W 
(My)*#=[0 1 -¥ U Bi VY —a 1 OJ/=|U BV], 
0 O 1 WYVv C ay-B -y 1 WVC 


where b = a2a+2au,+b1, c= Braty7b, +¢, +28 yu, +26w,+2yu1, u=aa+uy, 
w= Bat+yuy+wi, v=aPat (B+ ay)ur + 7bi +aw, +; and V=V,—-YC. 

CASE 1: aC #0. Assume first that a, y € Z are such that —|a| < 2u < |a| and 
—|C| < 2|V| < |C|. Then there exists some 8 € Z such that —|a| < w < |al. 

CASE 2: a= C = u, = 0. In this case, we obtain b = b}, u=0, w= wi, 
c= y7by +e, +26, +2711, v = yb) taw, + v1 and 6 = —b,w? = —bw? #0. Now 
we set e = (2b, 2w) and let k € Z be such that —e < 2ke+4v; < e. Then there exist 
a, y € Zsuch that ke = 2wa + 2by, and we obtain —e < 4wa + 4by + 4v, = 4 <e. 
Having chosen a and 7, there exists some ( € Z such that —|w| < c < |w]. 


Exercise 6.6.4. Prove that there are only finitely many equivalence classes of 
ternary forms of a given determinant. 


Theorem 6.6.5. Let ¢ be a ternary form. 
1. If 6g = —1/4, then ¢ is equivalent to Y? — XZ. 


2. If @ is classical and 6g = 1, then ¢ is equivalent to precisely one of the forms 
WHY FIOXT and w= X?+¥"4+ 7". 
If in addition (x,y,z) > 0 for all (x,y,z) € Z?, then & is equivalent to w. 


PROOF. We may assume that ¢ = aX?+bY?4+cZ74+2uXY +20YZ+2wXZ, 
where a, b, c€ Z and u, v, w € sZ, are such that the inequalities stated in Theorem 
6.6.2 hold. 


1. Assume that 46, = —1/4. Since 


43/1 1 1 
ae at, we obtain a=u=0 and Za", hence b=1, |w| a 
and therefore e = (2b,2w) = 1. Since —|w| < c < |w| and —e < 4vu < e, it follows 
that c=v=0. Hence 6=Y?4+2wXZ =Y?+4 XZ, and since the forms Y? + XZ 
and Y? — XZ are equivalent, the assertion follows. 


2. Let ¢ be classical and 6g = 1. Then u,v, w € Z, jal < 1, |C| < 1, and 
therefore either |a| = 1 ora=u=0. 

CASE 1: |a| = |C| = 1. From the inequalities —|a| < 2u < |al, 2|w| < |a| 
and —|C| < 2|V| < |C|, it follows that u = w = V = 0, hence V = —av = 0 
and therefore v = 0. Since 6g = abc = 1, we obtain |a| = |b] = |c| = 1, and (by 
interchanging the variables) we may assume that c= 1 and a=b € {+1}. Hence it 
follows that either ¢ = w or ¢ = —X2—Y?4 Z?. 
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CASE 2: a=u=0. Then 6g =1= —bw’, hence |w| = 1, b=—1, e=2, and 
since —|w| <c < |w| and —e < 4v <e, we obtain c € {0,1}, v =0, and ¢ is one of 
the four forms 


VO Loxe wad = YO e Lox. 


Since the forms Y? + cZ?+2XZ and Y?+cZ? —2XZ are equivalent, it remains to 
show that the three forms 


W=—-Y°4OXZ, w=? + 7°4+9X7 and @=-—xX?-¥° +7 


are equivalent. To prove this, we consider the transformation matrices 


-1 -1l 0 0 0 1 
sea, 2 SL =) and T={|0 -1 -1] €SLa(Z). 
1 1 1 1 il 1 


It is easily checked that 6 = Sw and ¥, =Tw. 
Since w only represents non-negative integers, while y also represents negative 
integers, these two forms are not equivalent. 


Exercise 6.6.6. Prove that every ternary form of determinant $ is equivalent 
to precisely one of the forms —2Y?+ XZ and X?4+ Y?7+Z74+XY4+4+XZ4+YZ. 


Exercise 6.6.7. Prove that every classical ternary form of determinant 2 is 
equivalent to precisely one of the forms X?+Y?+42Z?, —X?—Y?4+427Z? and 
2X? 4+ 2YZ. 


We proceed with Gauss’ proof of the duplication theorem. Let A be a quadratic 
discriminant, and consider the homomorphism Va: ¥a — Ker(Qa)/Ha, defined 
by 


Wa(F) = He = {m+ A*Ze (Z/A*Z)* | me Z, (A,m) =1, F represents m}. 


Hence a class F' € ¥, belongs to Ker(W,) if and only if it represents some integer 
m = 1 mod A*. We must prove that Ker(Wa) C $4. By Theorem 6.4.11, it suffices 
to prove the following assertion : 


G. If F € ¥a and F represents some integer m = 1 mod A%, then there exists 
an integer mo such that (A,mo) = 1 and F represents m3. 


This will be done in the subsequent Theorem 6.6.9. Before however, we need a 
technical lemma. 


Lemma 6.6.8. Let A be a quadratic discriminant, m1 € Z and (A,m,) = 1. 
If the principal class Ha represents some m € my, + A*Z, then it even represents 
some m € m,+ AZ. 
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PROOF. We set A = 4D +0 = €2°P, where DE Z, o € {0,1}, © = sgn(A), 


P=pi'-...-p&, e,r€No, e1,...,e, € N, and pi,...,p, are distinct odd primes. 
Then we obtain A* = 2°4)p, -...-p,, where 
0 if A=1 mod4, 
1 if A=4 d 16 
i= mo : 
2 if A=12 mod16 or A=16 mod B2, 
3 if A=8& mod16 or A=O mod 82. 


Suppose that the principal class Ha represents an integer m € m, + A*Z. Then 
there exist u, v € Z such that m = ga(u,v) = u? + cuv — Dv? = m, mod A*, and 


therefore 4mo = (2u+c,av)? mod A*. From this, we obtain 


4 
(=) = (=) =1 forall te€ [lr], 
Pi Pi 
hence mo is a quadratic residue modulo P, and there exists some x7, € Z be such 
that 2? = ga(x1,0) = m, mod P. If e = 0, this implies m, = ga(x1,0) mod A, 
and we are done. 

Thus suppose that e > 2. Then o = 0, ga = [1,0,—D], my, is odd, and it 
suffices to prove: 


A. There exist x9, yo € Z such that m; = x2 — Dy2 mod 2°. 


Suppose that A holds. Let x, y € Z be such that x = x1 mod P, x = xo mod 2°, 
y = Omod P and y = yo mod 2°. Then m = x? — Dy? is represented by Ha, 
m =m, mod 2° and m = m; mod P, and therefore m = m, mod |A|. 

Proof of A. Since m, = u? — Dv? mod A* implies m, = u? — Dv? mod 2°), 
there is nothing to do if e < c(A). There are three cases with e > c(A). 

CASE 1: A=4 mod 16, c(A) =1, e=2 and D=1 mod 4. In this case, we 
set (Zo, yo) = (1,0) if m, = 1 mod 4, and (29, yo) = (0,1) if m, = 3 mod 4. Then 
it obviously follows that m= 22 — yj = 72 — Dy? mod 4. 

CASE 2: A = 16 mod 32, c(A) = 2, e = 4 and D = 4 mod 8. It follows 
that m, = u? — Dv? = uw? = 1 mod 4, and thus there exists some yo € {1,0} such 
that m + Dye =1 mod 8. Let x € Z be such that xe =m t+ Dye mod 16. Then 
m, + Dy? is a quadratic residue modulo 16, and m, = x2 — Dy} mod 16. 

CASE 3: A=0 mod 82, c(A) = 3, e >5 and D=0 mod 8. It follows that 
m, = uw? — Dv? = vw? = 1 mod 8, and therefore m, is a quadratic residue modulo 
2°. Hence there exists some zo € Z such that ae =m, mod 2°, and if yo = 0, then 
my = «2 — Dy? mod 2°. 


Theorem 6.6.9 ( Gauss’ proof of the duplication theorem). Let A be a qua- 
dratic discriminant with associated reduced discriminant A*, F € $a, and assume 
that F' represents some integer m1, = 1 mod A* (hence F € Ker(Wa)), and f € F. 
Then there exists a matrix 

t t! ti 
T={u w uw") €GL3(Z) 


ok * * 


6.6. TERNARY QUADRATIC FORMS 247 


such that (A, tu’ — ut’) = 1, 
fH=@UX+wvVP-aX +uY)e'X+u"Y) and f(—-u,t) = (tw — ut’). 
In particular, F represents (tu’ — ut’)? (which implies F € §% ). 


PROOF. Suppose that f = [a,b,c] € F. Since (A,mj,) = 1, there exists some 
n € Z such that nm; = 1 mod A, and as n = 1 mod A%, the principal class Ha 
represents an integer ny € n+ A*Z. By Lemma 6.6.8, Ha even represents some 
ny € n+ AZ, and if m = nymj, then m = nm, = 1mod A, and F = Ha * F 
represents m. Hence there exist k,1,n € Z such that f(—k,l) +nA = 1, and we 
obtain 


i i a 06/2 1/2 
== —ZlFCkY) +A] =det(A), where A=[b/2 c_ k/2 
/2 k/2 n 


A is the matrix of the ternary form ~ = aX?+cY?+nZ2+0XY +1XZ4+kYZ 
with determinant dy, = det(A) = —1/4. By Theorem 6.6.5, w is equivalent to the 
form ¢=Y?— XZ. Let T, € GL3(Z) be such that T; MT} = A, and consider the 


matrix 
kk Ox 


T= |e a & 

ros v 

Since det(T7*) = det(T,)” = 1, it follows that (r,s,v) =1, the form g = [r, —s, v] is 

primitive and thus properly represents some integer coprime with A. Let a, y € Z be 

such that (a,7) = 1 and (A, g(7, a)) = 1, and let 8, 6 € Z be such that ad— By = 1. 
We consider the matrix 


, where r,5,vEZ. 


a? aB og * Ox 7? 
G=|2ay ad+ Py 286 and its cofactor matrix G*=|[* * —ay 
7? 6 62 x a? 
A simple (but lengthy) calculation shows that G € SL3(Z) and 
0 O -1/2 
Ms = Oo 2 oO = GM,4G". 
-1/2 0 O 
We set 
t t! t" >k * * 
T=TG={(u wv uw" | €GL3(Z) and obtain T# =T#G# = [% * 
* *k x * *« g(7,Q) 
and TMTt = T7,GMG'T' = A. Now it follows that 
xX xX 
fHfQGYV=SA4YOAlLY |} =CGY,0 TMT" |Y | =e((& ¥ 07) 
0 0 


= bbX EuY, UX bay, UX el"V) = UX eV) — OX 4X se 'Y), 
f(—u,t) = (tu! — ut)’, tu’ — ut! = g(y,@), and (A, 9(y,@)) =1. 
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6.7. Sums of squares 


The representation of a positive integer as a sum of squares (and, more generally, 
as a sum of k-th powers) of positive integers is a fascinating topic of number theory 
and attracted a lot of interest through history. We refer to volume II of Dickson’s 
History of the Theory of Numbers [22] for the development in the past centuries 
and to [99, Ch. XI] for recent work and further references. A recent and extensive 
presentation of results concerning sums of squares is [34]. 

The representation of an integer as a sum of two squares was already dealt in 
several places of this volume (Theorems 2.1.7, 3.2.5. 3.4.1, 6.2.6, 6.2.13). We proceed 
with a necessary and sufficient criterion for the representation of a positive integer 
as a sum of three squares. This unequally more difficult problem was also solved by 
Gauss who even proved the following stronger quantitative result: 


Letn #1, 3 be a positive integer and 
s(n) = {(x,y,2z) €Z° | (a, y,z)=1, a ty? +22 =n}I. 
Then 
12h_4n if n=1 o0r2 mod 4, 
r3(n) = ¢ 24h_, if n=3 mod 8, 
0 otherwise . 
We refer to [104] for a readable proof of Gauss’ quantitative result. 


In the sequel we confine ourselves to discussions of the qualitative statement. We 
shall present two different proofs. The first one, in the spirit of Gauss, makes use of 
the theory of binary forms and is inspired by [27]. The second one, taken from [34], 
avoids the theory of binary form and uses Dirichlet’s prime number theorem. 

After that, we investigate the (amazingly much simpler) question concerning the 
representation of positive integers as sums of four and more squares. 


We start a preparatory lemma for Gauss’ proof of the three-square theorem. 


Lemma 6.7.1. Let n, a €N and b, c€ Z be such that n=ac—b?, (a,n) =1, 
and —a is a quadratic residue modulo n. Then n is the sum of three integral squares. 


Proor. Let v € Z be such that —a = v? mod n. Since (v,n) = 1, there exists 
some ps € Z such that wv = b mod n, and —v?c = ac = b? = pv? mod n implies 


—c =p? mod n. Now we define a, 8, y € Z by 


Chir y—b a+v? 
gas, cs y= ; 


n n n 
and we consider the classical ternary form 


= OX oY en 7? + OXY 4 WX 4+ OpVZ 6 ZX, Y, Z|; 
4 Ll 


which represents n = g(0,0,1). Hence it suffices to prove that w is equivalent to 
w= X2+Y" 4+ 27. Since 


a B p abd 
My={|6 y v |, it follows that Me =|b ce], 
bun de § 
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where d= Bv — py, e= Bu—av and s = ay — B?. We obtain 


det(My) = 26uv + ayn — av? — yp? — np? 
= = [op (uv — 0) + V2 +.0)(v? +0) 
—(c+p?)y? — (a+v*)u? — (uv — b)?} =1, 
hence det(M. . ) = 1, and we consider the classical ternary form 
0 =aX? +c¥?+sZ?4+2dXY +2dXZ+2eYZ with matrix My =M?. 


Since 6g = det (M7) =! and 


1 2 ] 2 1 . 
O(a, y,z) = -(ar-+by+cz) +— (ny+(ae—bd)z) om z* >0 for all (x,y,z) € Z°, 


it follows by Theorem 6.6.5 that @ is equivalent to w. Let T € GL3(Z) be such that 
TM?T* = M, =I. As (Mf)# = My, we obtain T#M,(T*)* = I = M,,, and 
therefore ~ is equivalent to w. 


Theorem 6.7.2 (Gauss’ theorem on sums of three squares, basic version). 
Every positive integer n #0, 4 or 7 mod 8 is a sum of three integral squares. 


ProorF. 1. (Proof by means of binary forms) 

CASE 1: n =1 or 2 mod 4. We consider the quadratic discriminant A = —4n. 
Then A = 8 or 12 mod 16, and by Theorem 6.5.13 there exists of some class F' € ¥a 
such that F' = [a,2b,c], wherea € N, (A,a) =1 and 


(<) = (=) for all odd primes p dividing n. 


Hence —a is a quadratic residue modulo n, and n is the sum of three integral squares 
by Lemma 6.7.1. 


CASE 2: n = 3 mod 8. We consider the quadratic discriminant A = —n. 
Then A = 5 mod 8, Qa(—2) = 1, and by Theorem 6.5.11, there exists some class 
F € $a which represents an integer ay € —2+ A*Z. Then a, = aod, where ao € Z, 
d € N, and F properly represents ag (which implies ag > 0). Hence we obtain 
F = |ao,b,co] for some b, co € Z. If a = 2a and c = 2co, then it follows that 
—A =n = 4aocp — b? = ac — b?. If p is a prime dividing n, then p| A*, and therefore 


Gee a a 
Pp P Pp , 
Consequently, —a is a quadratic residue modulo n, and thus n is the sum of three 
integral squares. 


2. (Proof by means of Dirichlet’s prime number theorem). Let n € N be such 
that n 40, 4, 7 mod 8. It suffices to prove the following assertion : 


A. There exist integers a, b, u such that D = ab—u?>0 and nD—b=1. 
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Suppose that A holds. We consider the classical ternary form 


= aX? +bY? 4774+ 2uXY +2XZ and its matrix My = 
w 


eee 
3s OF 


u 
b 
0 


Then (0,0, 1) = n, and therefore it suffices to prove that ~ is equivalent to the form 
w= X*4Y?4 Z*. We use Theorem 6.6.5. By assumption, det(w) = nD—-—b=1, 
and for all (x,y,z) € Z? we obtain 


a(x, y,z) = (ax + uy + nz)? + Dy? — Quyz + (an —1)2?. 


Since b = nD—1>2D—1>0and ab= D+u? > D> 0, it follows that a > 0, and 
since u? — D(an — 1) = a(b— Dn) = —a < 0, the form DY? — 2uYZ + (an —1)Z? 
is positive definite. Hence we obtain w(z,y,z) > 0 for all (x,y,z) € Z°, and we are 
done. 


Proof of A. We use Dirichlet’s prime number theorem. 
CASE 1: n =2 mod 4. Since (4n,n—1) = 1, there exists some m € N such that 
b=n-—1+4mn isa prime. If D=4m+1, then b= Dn —1, and 


Gog 
ee Dy Spy 
Hence —D is a quadratic residue modulo b, and therefore —D = u? — ab for some 


a,ue€ Z. 
CASE 2: n=1 mod 2. We set 


1 if = 4 
c= : Re ee and cn—1=2u, where u€N is odd. 
3 if n=1 mod4, 
Since (4n,u) = 1, there exists some m € N such that u+4mn is a prime. We set 
D=8m+c and b= Dn—1 = 2p. Then we obtain the following values: 


In each case, we calculate 


Ge go er oe 

p/ \D/ \DIXDI- 

Hence —D is a quadratic residue modulo b, and therefore —D = u 
a,ue€ Z. 


2 _ ab for some 


Theorem 6.7.3 (Gauss’ theorem on sums of three squares, full version). 
A positive integer m is a sum of three integral squares if and only if m is not of 
the form m= 4°(8k +7) for some e, k € No. 


PROOF. We proceed by induction on e. 
e=Ur Tim s a sum of three integral squares, then m = x? + x3 + x3, where 
x; € N, hence x? = 0, 1 or 4 mod 8 for all i € [1,3], and therefore m 4 7 mod 8. 
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Conversely, if m # 7 mod 8, then m is a sum of three integral squares by Theorem 
6.7.2. 

e>1, e-l—e: Ife>1 and 4°n=27+23+23, where x; € N, then it follows 
that 2; = 0 mod 2 for all i € [1,3]. Hence 4°n is a sum of three integral squares if 
and only if 4°~'n is a sum of three integral squares, and the assertion follows by the 
induction hypothesis. 


Exercise 6.7.4. An integer of the form n(n + 1)/2 for some n € No is called a 
triangular number. Prove that every positive integer is the sum of three triangular 
numbers. 


Exercise 6.7.5. Prove that a positive integer is a sum of three rational squares 
if and only if it is a sum of three integral squares. Deduce that there are no rational 
numbers x, y, z such that 22+ y?+ 27 +a4+y+z=1. 


The following theorem of Lagrange on sums of four squares follows immediately 
from Theorem 6.7.3. It is however so much more elementary that we shall also give 
a direct proof. 


Theorem 6.7.6 (Lagrange’s theorem on sums of four squares). Every positive 
integer is a sum of four integral squares. 


ProoF. 1. (Proof by means of Gauss’ theorem on sums of three squares). Sup- 
pose that m = 4*mo, where k € No, mo € N and 4 { mo. We set e = 1 if 
mo = 7 mod 8, and e = 0 otherwise. Then there exist 71, r2, 73 € No such that 
mo —e = 2} +23+4+-22, and therefore m = (2¥a,)? + (2*x9)? + (2'a3)? + (2*e)?. 


2. (Elementary proof) We make use of the following identity, valid for elements 
of any commutative ring. 


(aj + a5 + a3 + a3) (bj +05 +03 +05) = (ayy + agbz + a3b3 + agbs)? 


ay bo = ab, + azb4 = a4b3 - 


) 
a ) 
+ (a,b 3 a3by + agb4 = a4by)? 
+ (ayb4 — agby + agb3 — a3b2)? ‘ 

This identity shows that the set L = {a} + a3 + a3 + aj | ai, a2, a3, a4 € Z} is 
multiplicatively closed, and therefore it suffices to prove that every prime p is a sum 
of four integral squares. Since 2 = 17 + 1? + 0? + 02, we may assume that p > 2. 


If p=2N +1 and i, j € [0, NJ, then i 4 j implies i? 4 j? mod p. Hence 
44+ 7 |G EDN }H=H-F [Fe DN} =N +1, 
and as 2(N +1) =p+1, there exist x, y € [0,N +1] c [0,p — 1] such that 


l+a?+y?+0?=pn forsome néEN. 


In particular, there exists some n € N such that np is the sum of four integral squares 
which are not all divisible by p. Let n € N be minimal with this property, and set 
np = 2} +22 4+ 23 +23, where 21, x2, 23, 4 € Z and p{ x; for some i € [1,4]. We 
must prove that n = 1. First we show: 


252 6. BINARY QUADRATIC FORMS 


A. nis odd and n < p. 


Proof of A. If n is even, then we may (after renumbering if necessary) assume 
that x1 = v2 mod 2 and x3 = x4 mod 2, and we obtain 


nm (%1—22\2 e = (= = ray" (= +4)" 

5p = ( 2 ) 2 ae a ae us ar ae ee 
and this contradicts the minimal choice of n. Hence n is odd. For 7 € [1,4], let 
ys € [—N,N] be such that y; = x;mod p. Then y; # 0 for some i € [1,4], and 
yitystyetyt =22?+23+23+2} =0 mod p, say yZ+y3+y?+yt = mp for some 
m €N. By the minimal choice of n we obtain np < mp = yztyst+yst+yi AN? <9 


and thus n < p. [A.| 
Let now 21, z2, 23, z4 € Z be such that 
|e| < and z,=2; modn forall 7€ [1,4]. 


If z; = 0 for alli € [1,4], then z; = 0 mod n for alli € [1,4], and np = 0 mod n?. 
Since n < p, this implies n = 1, and we are done. 
Thus suppose that z; 4 0 for some i € [1,4]. Since 


2 2 2 ) | 2 2 a 
at 2+ 2 +24 = 277 +%79+734+ 274 =0 mod n, 


there is some | € N such that nl = 2? + 23 + 22 + 23 < n?, hence | < n, and we 
obtain 


n?lp = (np) (nl) = (af + 25 + 03 + 29) (2p + 2g +23 4 29) Sup tup+ug tui, 
where 


= 20 2 2 2 = 
Uy = ©1421 + 1929 +-1323 +4424 =A, + %754+273+24 =0 mod n, 


Ug = 1122 — 122% + L324 423 = V1 XQ UX, + X3X%4 — L4X3 = 0 mod nN, 


U3 = 1123 — 1321 + L224 T4422 = X%1X3B U3, + €2X4 —- Lye 2Q = 0 mod n, 


U4 = 4124 — HAZ, + L223 322 = XX4 LX 4 LYLZ 302 = 0 mod n. 


For i € [1,4], let ¢; € Z be such that u; = nt;. Then n7lp = n?(t? + t3 + 3 + ¢3), 
hence Ip is the sum of four integral squares, but | <n, a contradiction. 


Exercise 6.7.7. Let n be a positive integer. Prove that 8n is a sum of eight and 
not fewer positive integral squares. 


Exercise 6.7.8. Suppose that d € [1,7]. Prove that every positive integer n has 
a representation n = ct + oie + ee + dx, where 71, ©2, ©3, ©4 are integers. 


Theorem 6.7.9 (Jacobi). Every positive integer n has a representation 
n= a’ + 2b? + 3c? +6d?, where a,b,c, d are integers. 


ProoFr. Let n be a positive integer. We show first: 
A. There exist integers a, b, c, dsuch that n = a?+b?+c?+d? and 3|a+b+e. 
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Proof of A. By Theorem 6.7.6, there exist integers 71, %2, 3, v4 such that 
n=22403+423 +23. Let r =|{i € [1,4] | 2; =0 mod 3}|. If r > 3, we are done. 

If r = 2, we may assume that x3 = 74 = 0 mod 3, and x = ex2 = 1 mod 3 for 
some ¢ € {+1}. Then (a,b,c,d) = (#1, —€x%2, 213,24) satisfies our requirements. 

If r < 1, we may assume that 21 = ex2 = nx3 mod 3 for some «, 7 € {+1}, and 
then (a,b,c,d) = (%1,€x2,nx3, 14) satisfies our requirements. [A.| 


Assume now that n = a? + b? + c? + d?, where a, b, c, d are integers such that 
a+b+c= 3z for some z € Z. We may assume that a = b mod 2, and therefore 
a+b—2c=a+b- (6z—2a— 2b) = 3a+ 3b = 0 mod 6. We set a+b—2c = 6¢ and 
a — b= 2y, where t, y € Z, and we obtain 


a—b 


b 
3(a7 +07 4+) =(at+b4+cP +2(5 — -e) +6(4 ) = Oz? + 184? + 6y?. 


Hence it follows that n=oe7 +P +40 =d + 2y? +327 + 62. 


Jacobi’s Theorem 6.7.9 fits into a more general theory as follows. Call a quadruple 
(A, B,C,D) of positive integers such that A < B < C < D universal if every 
positive integer n is of the form n = Aa? + Bb? + Cc? + Dd?, where a, b, c, d are 
integers. There exist 54 universal quadruples: 


(1,1,1,D) where De 1,7]; (1,1,2,D) where D€ [2,14]; 


[1, 
(1,1,3,D) where D € [3,6]; (1,2,2,D) where De [2,7]; 
(1,2,3,D) where De [3,10]; (1,2,4,D) where De [4,14]; 
(1,2,5,D) where D € [6,10]. 


For details and a wealth of similar elementary results we refer to [21]. 

A substantially more general result is given by the 15-Theorem of Conway and 
Schneeberger and the 290-Theorem of Bhargava and Hanke (see [7] and the notes 
by Y. S. Moon in http://math.stanford.edu/theses/moon.pdf). These theorems deal 
with integral quadratic forms in n > 4 variables, given by 


fin) = S) aigXiXG € ZG ,...,Xp)) 
I<i<j<n 


In accordance with our terminology for ternary forms, we call such a form classical 
if a;,; = 0 mod 2 whenever i < j, and we call it positive definite if f(a) > 0 for all 
0A#A2€Z". Then the following assertions hold: 


15-Theorem. I/f a classical integral positive definite quadratic form represents 
the numbers 1, 2, 3, 5, 6, 7, 10,14 and 15, then it represents all positive integers. 


290-Theorem. Jf an integral positive definite quadratic form represents the 
numbers 1, 2,3; 5, 6, 7, 10, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29, 30, 31, 34,35, 37, 
42, 58, 93, 110, 145, 203 and 290, then it represents all positive integers. 


We close this section with a refinement of Lagrange’s theorem on sums of four 
squares. We suppose that k > 4 and investigate which positive integers are sums of 
k positive squares. These and related questions are dealt with in [34, Ch. 6], [87], 
[35] and [5]. 
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Theorem 6.7.10. Fork € N, let Q, be the set of alln € N which are not a 
sum of k positive integral squares. 
1. Qs =({1, 3,5, 9, 11, 17, 29, 41} U{ 42-2, 42-6, 42-14 | a | No}. 
2. Qe = 11, 2, 3,4, 6, 7,9, 10; 12, 15, 18, 33 2 
3. If k > 6, then 
Q,=([1,k-1U{k+b|beB}, where B= ({l, 2, 4,5, 7, 10, 13}. 


PROOF. 1. Let n EN. 
CASE 1: 8{n, n< 169 ifn #1 mod 4, and n < 676 ifn = 1 mod 4. A tedious 
but simple calculation shows that n € Q4 if and only if 
né {1, 2, 3, 5, 6, 9, 11, 14, 17, 29, 41}. 


CASE 2: 8{n, n # 1mod 4, and n > 170. As n — 169 # 0, 4 or 7mod 8, 
Theorem 6.7.3 implies that n — 169 is a sum of three squares, say n = a? + b? +c’, 
where a, b, cE Np and a > b>. Now we obtain 

17% 4¢e2e+P+e if «>, 
m=< 57+12% +e07+6b? if b>0=c, 
374+4745%+a? if b=0, 


and therefore n ¢ Q4. 

CASE 3: 8{n, n = 1mod 4, and n > 677. Then n — 676 = 1 mod 4, and 
Theorem 6.7.3 implies that n — 676 is a sum of three squares, say n = a? +b? +c’, 
where a, b, cE No and a> b> c. Now we obtain 

pte ff eS 0, 
t=< 10° L3C Leite Tt 6S 0 =<, 
C2 +1e+e? if b=0, 
and therefore n ¢ Q4. 

CASE 4: n = 4%, where a,m € N, a > 2 and 2 { m. In this case, we 
obtain n = 4% 1(4m) and 4m = 4mod 8. By the CASES 1,2 and 3, it follows 
that that 4m ¢ Q4. If 4m = a7 + 23 + 22 + xt, where 2, x2, 73, r4 € N, then 
nm = (2% 121)? + (2% 1x9)? + (29-123)? + (24-124)", and therefore n ¢ Qu. 

CASE 5: n = 4%m, where a, m € N and m = 2 mod 4. We assert that n ¢ Q4 
if and only if m ¢ Q4. Then it follows from the CASES 1, 2 and 3 that n € Qa, if 
and only if m € {2, 6, 14}. 

If m ¢ Q4 and 2, £2, 73, x4 € N are such that m = x? + #3 + 23 + 27, then 
n= (2%2x1)? + (2%x2)? + (2¢x3)? + (2424)7 ¢ Qa. 

As to the converse, suppose that n ¢ Qu, and let b € [0,a] be minimal such 
that 4°m ¢ Q4. If b > 1, then 8|4'"b, and if 4°m = x? + 23 + 23 + 27, where 
L1, £2, 43, x4 € N, then 2|a;, hence x; = 2y;, where y; € N for all i € [1,4], and 
tli = yityst ys + y7, contradicting the minimal choice of b. Hence b = 0 and 
m ¢ Qa. 

2. We use 1. Ifn € Qs and n> 1, then n — 1 € Qu, and therefore 


Qs C {1, 2, 4, 6, 10, 12, 18, 30, 42}.U{ 49-241, 47-641, 4°-1441 |@e No}. 
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Obviously, {3, 7, 9, 15} C Qs. If N = 4°k +1 € Qs for some a, k € N such that 
2|k, then n— 4 € Quy, and asn —4=5 mod 8, it follows that n — 4 € {5, 29}, and 
it is easily checked that {9, 33} C Qs. Since 30 = 32 +37+2?+42?42?¢Qs5 and 
42 = 47 + 32 + 32 + 2? 4 2? ¢ Qs, the assertion follows. 

3. We use 2. Suppose that k > 6. It is obvious that [1,k —1] C Q, and k € Qx. 
Ifn € Qy and n > k, then n-—k+5 € Qs, and therefore n = k + b, where 
be {1, 2, 4, 5, 7, 10, 13, 28}. Since +28 = (k —4)1? +5? +27 41741741? ¢ Qj, 
it remains to prove: 


Ifn € [k, k+ 13] \ Qz, then n =k +}, where b € {0, 3, 6, 8, 9, 11, 12}. 


For x = (a1,...,%%) € N* with x, < ag <... < apg, we set s(w) = a7+...4+ a7. 
Then s(x) < k +13 is only achieved by the following seven possibilities : 
#=(Lico l,l), s(ajee eH (1,421.2), sa) Se +3) 
= (1.25138), Hk ey eS Cees, 1 22)5 sey He+G: 
# = (1...51,2,3), s@y=Hk+Is w2=(1,..,1,2,2,2); 32) =e+9: 
x =(1,...,1,2,2,2,2), sz) =k +12. 
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CHAPTER 7 


Cubic and biquadratic residues 


In Chapter 3, we started with some elementary facts concerning power residues, 
and then we proceeded with quadratic residues, quadratic reciprocity and its con- 
sequences. To obtain a similar theory including reciprocity laws for higher power 
residues, one has to leave the rational number field. Already Gauss noticed that in 
order to formulate a reciprocity law for cubic or biquadratic residues it is necessary 
to use complex integers, but it was only Eisenstein who gave complete proofs for 
the biquadratic and cubic reciprocity laws using the cyclotomic fields of fourth and 
third roots of unity. Moreover, he succeeded in proving a special case of the general 
reciprocity law for [-th power residues, where | is an odd prime. Only class field 
theory, as developed by Takagi, Hasse and Artin, provided a full insight into higher 
reciprocity laws. Here we must limit ourselves to these sketchy remarks, for a full 
history of the subject and more details we refer to Lemmermeyer’s book [67]. 


In this chapter we present the theory of cubic and biquadratic residues and 
reciprocity laws. We start with the cubic reciprocity law in the integral domain 
E =Z|p| (where p = ¢3 = e?7'/ ) and the biquadratic reciprocity law in the integral 
domain D = Zii]. Our main references for these reciprocity laws are [44] and [67]. 
After that, we continue with a detailed discussion of rational biquadratic reciprocity 
laws, and we close with a presentation of Z.-H. Sun’s explicit construction of a 
biquadratic class group character and its consequences. 


Throughout this chapter, we shall tacitly use the results of Chapter 3 (in partic- 
ular, Gauss and Jacobi sums and the properties of the Legendre and Jacobi symbols) 
without further reference. 


7.1. The cubic Jacobi symbol 


Throughout this and the following sections, let p = ¢3 = (-1+ /—3)/2 be the 
normalized primitive 3rd root of unity, and E = Z[p]. 


We start with some elementary results concerning the arithmetic of E and its 
quotient field K = q(F) = Q(p) = Q(—3). Recall that K is a quadratic number 
field with discriminant Ax = —3 (Theorem 1.1.9), E = O_3 = Ox is its ring 
of integers (Definition 5.1.6), —p = G', B= p? =p -!, EX = (-p) (Theorem 
5.2.1.1), and w_3 = p is the basis number of discriminant —3. Every z € K has a 
unique representation z = a+ bp, where a, b € Q, and then 


N(z) = (a+ bp)(a + bp?) = a? — ab+ 0. 
Since hx = h_3 = 1, it follows that E is a principal ideal domain (Theorem 5.8.6). 
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For every prime element 7 € FE, there is a unique prime p € 7E, we have 
TnEQZ=pZ, E/nrE isa field, and |E/nE| = N_3(nE) = N(r) (Theorem 5.8.1 
and Definition 5.4.1). In particular, 

(E/nE)* ={a+n7E|ae E\ nE} 
is a cyclic group of order N (7) — 1, and the inclusion Z — E induces a monomor- 
phism t,: Fp, > E/E, given by t,(a+pZ) =a+7E for all a € Z. Throughout, we 
shall identify F, = Z/pZ with its image under v,, and then a+ pZ=a+aE € E/nE 
for alla € Z. 

Conversely, if p is a prime, then Theorem 5.8.8 implies that p behaves in E as 
follows : 

1. If p =2 mod 3, then p is a prime element of E, and N(p) = p’. 


2. If p=1 mod 3, then there exist a, b € N such that the elements 7 = a+ bp 

and 7 = a+ bp? are prime elements of E, 
Nin) =N(@®) =0F =p =e —ab+ PF, 

E/rE = {a+7E|ae€Z\pZ} and E/TE = {a+ TE | a € Z\ pd}. If 
a, 2 € E, then a = 6 mod o if and only if @ = 6 mod7, and (a,7) = 1 
if and only if (@,7) = 1. In particular, if a, b € Z, then a = b mod 7 if and 
only if a= b mod p, and (a,7) = 1 if and only p{a. 

3. Y—3 = p(1—p) is a prime element of EL, and N(W—3) = 3. In particular, 
for a € EF the following assertions are equivalent : 


a) (a,3)=1; b) a¢ V—-3E; c) 3+ N(a). 


Consequently, if 7 € E \ /—3 E is a prime element, then 
e either N(m7) =p=1 mod 3 is a prime, and E/E =F», 
e or tE = pE for some prime p = 2 mod 3, and E/rE = E/pE is a field 
with p? elements. 
In both cases, it follows that |(£/7E)*| = 0 mod 3, and since the 3 residue classes 
1+7E, p+7E, p?4+7E are distinct, we obtain ord(p + tE) = 3, and 


{€€ E/nE|@=14+7E}={p' + 7E|k € (0,2]} =(p +E). 


Since |E*| = 6, every a € D® has 6 associates, but the following elementary 
Lemma 7.1.1 allows us to single out one of them. If a=a+bp € E, where a, b€ Z, 
then a = 1 mod 8 (in £) if and only if a= 1 mod 3 and b=0 mod 3. 


Lemma 7.1.1. 

1. The map EX — (E/3E)*, defined by ¢ + €+4+ 3E, is an isomorphism. In 
particular, (F/3E)* = (-p+3E) = {e€+3E|e€ E*}, and if ¢, 6, € E®, 
then € = €, mod 3 implies ¢ = €y. 

2. Ifa, 8 € E\V—-3E are such that a= B mod 3 and aE = BE, thena= B. 


3. For everya € E\\/—3E, there is a unique e € E* such that ac =1 mod 3. 

4. Let p =1 mod 3 be a prime. Then there exists a prime element 7 € E such 
that = 1 mod 3 and N(x) = p. If m € E is another prime element such 
that 7, = 1 mod 3 and N(m) =p, then m™ € {x,7}. 
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ProoF. 1. If k, 7 € [0,5] and k < J, then 


(—p)’ — (—p)* = (—p)*[(—p)’-* — 1] #0 mod 3. 
Hence the six residue classes {(—p)? + 3E | j € [0,5]} C (E/3E)* are distinct, and 
since |(£/3E)*| = 6 (by Theorem 5.9.3), the assertion follows. 


2. If aE = BE, then 8 = ae for some « € E*, and a = 2 = ae mod 3 implies 
€ =1 mod 3 and thus e= 1. 


3. Ifae E\ /-3E, then a+ 3E € (E/3E)*. Hence there exists some ¢ € E* 
such that a = e~! mod 3, and consequently a¢ = 1 mod 3. The uniqueness follows 
by 2. 

4. Ifp =1 mod 3, then p = 797 for some prime element 7 € E, and by 3. there 
exists some ¢ € £* such that 7m = mo¢ = 1 mod 3. Then 7 is a prime element of FE, 
7 =1 mod 38, and p= a7. Let 7 € E be another prime element such that p = 1,7 
and 7; = 1 mod 3. By unique factorization, we get either 7, = em or a, = em for 
some ¢ € &* and thus either 7, = 7 or 71 =7. 


Exercise 7.1.2. Prove that every a € E* has an (up to the order of the factors) 
unique factorization a = e(./—3)°m,-...-m,, where ce € EX, e € No, r € No and 
T1,...,7, are prime elements of E satisfying 7; = 1 mod 3 for all € [1,r] 


As a first consequence of Lemma 7.1.1, we investigate the various representations 
of primes p = 1 mod 3. 


Theorem 7.1.3. Let p=1 mod 3 be a prime. 


1. (a) There exist integers a, b € Z such that a=1 mod 3, b=0 mod 3 and 
o=o°— grr, 
(b) Let a, ay, b, b} € Z be such that a= a, =1 mod 3, b= b; = 0 mod 3 
and p = a2 —ab+b? = a? — a,b, + bt. Then it follows that either 
(a1, 61) = (a,b) or (a1,b1) = (a— b, —b). 
2. There exist integers A, B € Z, uniquely determined by p up to sign, such 
that p= A? +3B?. 
3. There exist integers L, M © Z, uniquely determined by p up to sign, such 
that 4p = L? + 27M?. 


Proor. 1. By Lemma 7.1.1.4, p= N(z) for some prime element 7 = 1 mod 3 
of E. If t = a+ bp, where a,b € Z, a = 1mod3 and b = Omod 3, then we 
obtain p = a? — ab + b?. Thus assume that we also have integers aj = 1 mod 3 
and b; = Omod 3 such that p = at — ayb, + b = 7171, where 7 = a, + Dip. 
Since 7; = 1mod 3, we obtain (again by Lemma 7.1.1) that either 7; = 7 or 
Tm =7 =a+bp? =a—b-— bp. In the first case, we get (a1,b1) = (a,b), and in the 
second case we get (a1, 61) = (a — b, —b). 

2. By 1., there exist a, b € Z such that p = a? — ab + B?. 

CASE 1: ab=0 mod 2. We may assume that a = 0 mod 2, and then we obtain 


r= (o-$) 9G)" 
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CASE 2: a=b=1 mod 2. Then p= a” —ab+8? = (b— a)? —b(b—a) +07, and 
since b—a=0 mod 2, the assertion follows by CASE 1. 
The unqueness of A and B follows by Theorem 3.4.2. 


3. By 1., there exist a, b € Z such that p = a? — ab+0b? and b=0 mod 3. Then 
Ap = (2a — b)? + 3b? = L? + 27M?, where L = 2a —b and M = b/3. To prove 
uniqueness, suppose that L1, M, € Z are any integers satisfying 4p = L? + 27M?. 
Then Ly + 3M, = 0 mod 2, and we set Ly + 3M, = 2a; and 3M, = b;. We obtain 
Ap = (2a, — b,)? + 3b? a A(at — a,b, + b) hence p = a; — a,b, + b?, and therefore 
either (a1, 61) = (a,b) or (a1, b1) = (a — b, —b) by 1. In the first case, it follows that 
M, = b,/3 = b/3 = M and Ly, = 2a, — b} = 2a — b = L. In the second case, we get 
M, b; /3 —b/3 —M and Lj = 2a; — bj = 2(a— 6) +b = 2a—-b=L. 


Exercise 7.1.4. Let p = 1mod3 be a prime and 4p = L? + 27M”, where 
L,M € Zand L=M mod 4. Prove that p = a? + 3b?, where 


L3M\... 
(a,b) = (5,) if L=M=0 mod2, 
and 
9M—-L L+3M\ ..._. 
(a,b) = (———, ; ) if L=M=1 mod 2. 


After these preparations, we define the cubic residue symbol in F which is the 
basic notion for our theory of cubic residues. 


Theorem and Definition 7.1.5. Let 7 © E\ /—3E be a prime element. 
Then there exists a unique character 0,: (E/tE)* — C* of order 3 such that 


On(€) + 7B =ENM-D/3 for all € € (E/E)™ . 


6, is called the (normalized) cubic character modulo 7. If a € E \ wE, then 
a+7E € (E/rE)”, we set 0,(a) = 6,(a + 7E), and we define the cubic residue 
symbol modulo 7 by 
a 
(=), = On(a) € (p). 
By the very definition, it follows that 
a 


(=), =aN™-Y/3 mod x forall a€ D \aD, 
7 


and the symbol 


depends only on the prime ideal 7F and the residue class a+ 7£F and not on 7 and 
a itself. Moreover, if a1, a2 € E\ 7E, then aja2 € E \ rE, and 


oa a 
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PROOF. We must prove existence and uniqueness of 6,. 
Suppose that (E/mE)* = (w). Then ord(w(™-Y/3) = 3, and therefore 
N(m-D/3 — (p + tD)*". Replacing w by w~! if necessary, we may assume that 
N@)-D/3 — p+ 7E. Let 67: (E/nE)* — C* be the unique character satisfying 
6,(w) = p (see Corollary A.7.5.1). Then ord(@,) = 3, and the characters 6, and 
62 — 6-' = @, are the only characters of order 3 of (E/7E)™. Hence it suffices to 
prove that 6,(€)+7E =€N™-Y/9 for all € € (E/mE)* (then 67! does not have 
this property). 
Suppose that € € (E/7E)*, say € = w* for some k € N. Then it follows that 
EW (n)-1)/3 _ (aN ()—-1)/3)k = p* 4+7E = On (w)* rE = 6,(E) +E. 


wW 
wW 


It is now almost clear how the cubic residue symbol controls the cubic residue 
character of elements in EF. To be precise, if 8 € E®, then an element a € F is called 
a cubic residue modulo 6 (in E) if a = €3 mod 6 for some € € E (equivalently, if 
a+ GE is an 3rd power in E/GE). 


Theorem 7.1.6. Let 7 € E\ /—3E be a prime element. 
1. If ae E\ rE, then a is an cubic residue modulo x in E if and only if 


In particular, if N(x) =p =1 mod 8 is a prime, then an integer a € Z is a 
cubic residue modulo x in E if and only if a is a cubic residue modulo p (in 
the classical sense of Section 3.1). 

2. If p=2 mod 3 is a prime anda € Z\ pZ, then a is a cubic residue modulo 
p, and 


ProoF. 1. Recall that (E/7E)* is a cyclic group of order V(7) — 1. Hence the 

assertion follows by Theorem A.5.2.1, since 
(=) =1 if and only if aN @™-D/3 =1 mod mr. 
1/3 

Ifa € Zand N(z) = p=1 mod 3isaprime, thena+pZ = a+nrE € E/nE = Z/pZ. 
Therefore a is a cubic residue modulo p if and only if a is a cubic residue modulo 7 
in E. 

2. If p = 2mod 3 is a prime, then (p — 1,3) = 1. Hence a is a cubic residue 
modulo p (in the classical sense and also in F, see Theorem 3.1.2). In particular, we 


obtain . 
per 
p/3 


As in the theory of quadratic residues, it is convenient to extend the definition 
of the cubic residue symbol to composite denominators. In this way, we introduce 
the cubic Jacobi symbol as follows. 


Suppose that 6 = em,-...-a, € E\ V—-3E, where r € No, ¢ € E* and 
T™,...,7, € E\ /—-3E are prime elements. If a € E®, then (a, 8) = 1 if and only 
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if a ¢ 7;E for all 7 € [1,r] (see Theorem A.8.3.3 ). In this case, we define the cubic 


Jacobi symbol by ; 
ia), 7 ae eh 


By definition, it follows that 
(3), =1 if 8€E*, and (5), = a. if B = fifo. 


In the following Theorem 7.1.7 we gather those elementary properties of the 
cubic Jacobi symbol which we shall use in the sequel without further reference. 
Only in the subsequent Section 7.2 we shall prove the cubic reciprocity law. 


Theorem 7.1.7. Suppose that BE E\ /-3E. 
1. If ay, a2 € E and (aj, 8) = (a2, 8) =1, then (aya2, 8) = 1, and 


ea. ~ Cea 
2. If ay, a2€ E, (a1,8)=1 and ay = az mod £, then (a2, 8) =1, and 
(F),- (GF) 
B/s3 B/3° 
3. If ~a€ E and (a, 8) =1, then (a, 8) = 1, and 
2 


@).-@), =) - @, 


4. We have ‘i 
*) =pN4G-DP and (=) = 
© Le an Bs ; 
PROOF. Suppose that 8 = em,-...-7, € E\ /—-3E, where ce € EX, rE No, 


and 7,...,7, € E \ /—3E are prime elements. 
1. Suppose that aj, a2 € F and (aj, 3) = (a2, 8) =1. Then (a;a2, 6) = 1, 


Gar = ale» for all 7 € [1,r], 


Tr 


(27), - 2), - 2), 0E), - G4), 


i=1 


and therefore 


2. Suppose that aj, a2 € E, (a1,8) = 1 and a; = ag mod £. Then it follows 
that (a2, 3) = 1, and a; = a2 mod 7; for all i € [1,r]. Hence we obtain 


(=), = (=) for all 7 € [1,7], 


Ti 173 


(F),- I), - H), - F),. 


i=1 =I. 


and therefore 
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3. Suppose that a € FE and (a,() = 1. Then there exist x, y € E such that 
az + By =1, hence @¥ + BY = 1, and therefore (@, 8) = 1. Since G6 =E7-...-7,, 
€€ E*, and 7,...,7, are prime elements of FE, it suffices to prove that 


(), = (*), = (*), = (=), for all 7 € [1,r]. 
Let i € [1,r] and j € (p) such that 


(=), =j, that is, a (m-1)/3 ej. 


Then a@W()-1)/3 = @W(mi)-D)/3 = (WN i)-1)/3 ©} + FE, and therefore 


a a) 
()-ier'?. 
4. By Lemma 7.1.1.1, 
Ga) = p“(™)-D/3 mod 7; implies ek = pN()-D/3 for all 4 € [1,7]. 


Since N(8) = N(m)-...-N (a), we obtain (using Lemma A.3.4), 


and therefore 


(5) = pXB-V/3 | 
3 


7.2. The cubic reciprocity law 


We start with the calculation of Gauss sums for normalized cubic characters. 
If 7 € E is a prime element such that N(z) = p = 1 mod 3 is a prime, then the 
inclusion map Z/pZ > E/nE, defined by a+ pZ 4 a+ 7E, is an isomorphism 
by means of which we identified these two residue class groups. In particular, the 
normalized cubic character 0,: (E/7E)* — C™* is a character modulo p, hence 
6, € X(p), and, as usual, we view 0, also as a Dirichlet character 0,: Z — C modulo 
p. Explicitly, 


0 if te pZ. 
We calculate the Gauss sum 7(6,) € Z[¢3p] and the Jacobi sum J(6,,0,) € E. 


tie aa if teZ\pZ, 


Theorem 7.2.1. Let a be a prime element in E such that 7 = 1mod 3 and 
N(x) = p=1 mod 8 is a prime. Then 


=W(O)=n and =—7(0, Sa7. 
PRoor. We start with a proof of the following two assertions: 
A. —J(0,,9,) =1 mod 3. 
B. J(@x,6,) =0 mod a. 
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Proof of A. We calculate 7(6,) € Z[¢3p] modulo 3: 
3 
7(0,)° = os 0 (Gp = > 6,.(t)® ih = S° pos 1a y a =-1 mod 3. 
teFy teF x teFy teFp 
Hence we obtain —J(6z, 0) = —pS(9n,9n) = —T(0,)? = 1 mod 3. [A.] 
Proof of B. We calculate J(0,,0,) +7E € E/nE =F». 
Sr: OnJ+TE = S> G,(a)0,(1—a) = S> a? VBA - a)? VB = S* Fa), 
a€F,y \{1} a€Fyp a€Fp 


where F' € F,X] is a polynomial of degree deg(F’) = M = (2p — 1)/3 < p—1 and 
F'(0) =0. We set 


M M 
P= oe and obtain J(0,,0,) +a = ee ys a’. 


j=l j=1 ak 


If FX = (w), then we obtain, for every j € [1, p — 2], 


Hence it follows that J(0,,0,)+7E =0¢€F, and thus J(6;,6,) =0 mod 7. O[B.] 


Suppose that A and B hold. Since 7(0,)? = pJ(Ox,0,) and |r(0,)|? = p, 
it follows that N(J(O.,0.)) = |J(On,0x)\? = p, and therefore J(0,,0,) = 1E 
or J(0,,0,) = TE. By B we get J(0,,0,)E = —J(0,,0,)E = aE, and since 
—J(0,,0,) =m =1 mod 3, Lemma 7.1.1.2 implies that —J(0,,0,) = 7, and conse- 


quently —7(6,)° = —pJ(Ox,9) = —pr = —1°7r. 


Before we proceed with the cubic reciprocity law, we give another interesting 
application of cubic Jacobi sums. 


Theorem 7.2.2. Let p = 3m-+1 be a prime, and suppose that 4p = L? +27M?, 
where L, M € Z and L=2 mod 3. Then it follows that 


L=(-1)" i) ee 


PRoorF. We consider the prime element 


__ b+3My-3 
7 2 
We calculate J(6?,02) + 7E € E/nE =F,. 


2m 
SQ, R)+rB= So ae VBI —aPO VBS gm S° (*") (—1) a! 


acFy \{1} acFp j=0 


€ FE satisfying N(r)=p and r=1 mod3. 
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Suppose that F> = (w). For j € [0,2m] and v € [0,p — 2] = [0,3m — 1] we have 
2m+ 7 € [0,5m — 1], and thus 2m + j = 0 mod 3m if and only if 7 = m (observe 
that 3m = p— 1). Hence we obtain 


p—2 ‘ ‘ 
> q2mts — sere _ —1+pZ 7 j =m, 
ack? — 0 if jAm, 


and consequently 


5(62, 62) = cae(7) ee 


TIT 


On the other hand, J(6?, 62) = J(0x,9.) = J(@x,9n) = —7, and therefore 


beqeger= 0 4 \= yn") mod 7. 
m 


Since both sides of this congruence are rational integers, the congruence holds mod- 
ulo p. 


In the literature there are different definitions of primary elements in EF used for 
the formulation of the cubic reciprocity law (confer [67] and [44]). Our definition 
combines these possibilities. 

An element a € E is called primary if a= 1 or 2 mod 3. The following lemma 
is a simple variant of Exercise 7.1.2. 


Lemma 7.2.3. Every primary element a € E has a factorization 


OOS EN] feet Mp 5 
where e € {+1}, re No and m,...,7, are primary prime elements of E. 
ProoF. Let a € F be primary. As E is factorial, a = u7,-...- 7, where 
u € EX, r € No, and 7™,...,7, are prime elements of &. By Lemma 7.1.1.3, 
for every i € [1,r] there exists some ¢; € E™ such that 7; = ¢;7; is primary. If 
€=Ue,-... ep, thena=em-...-a,, € € E* and¢=+1 mod 3. Thus we obtain 


EeE=ol. 


Theorem 7.2.4 (Cubic reciprocity law). 
1. If a,b€Z and (a,3b) = 1, then 


3. Suppose that a =a+bp, wherea,b€ Z, a=1mod3 and b=0 mod 3. 


Then 
(2),=are9, (EB) =r ant (2) =e 
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Proor. 1. Ifa =eq,-...-qp, where ec € {+1}, r © No, and q,...,q, are primes 
different from 3, then 


(2), = (>), and thus we must prove that (-), =1 for all primes q{ 3b. 


For a prime gq = 2 mod 3, the assertion follows by Theorem 7.1.6.2. Thus suppose 
that ¢ = 1 mod 3 is a prime such that q { b. Then g = XX for some prime element 


A € FE, and a 
b b b b b 
CG racy Gy cal 
2. We proceed in a series of steps. 


I. Let 7, € E be prime elements such that 7 is primary, NV (7) = p= 1 mod 3 
and N(A) = q=1 mod 3 are distinct primes. Then 
2 


=D 
q/a  \ A /3 

Proof of I. We may assume that 7 = 1 mod 3 (otherwise we consider —7), and 
we calculate the Gauss sum 1(4,) € Z[¢3p] modulo gq as follows. 


7 (On)? = So On(t)9G = So On(t)C = 7(G,0n) = Gn(q) (Oe) mod q. 


teFp teFp 


We multiply this congruence by 7(0,), observe that T(0,)T(Ox) = p # q, cancel p 
and obtain 


7(,)*-! =B_(q) = (7), meee. 


Since - 
7(0,)7 ' = [7(0,)3]9-V/3 = (—7r?r)G-V/8 = — “) moa A 
3 
it follows that : ' 
ae a ae _ (4 2 
cS ) 7 ( A ), a ©) en 
and therefore equality holds. (I.] 


II. Let a € E be primary, a € Z\ 3Z and b € Z. Then 


Ge 


Proof of II. Suppose that a = €q1-...-q-, where ec € {+1}, re No andq,...,q, 


are primes different from 3. By Lemma 7.2.3, a@ = nm,-...+7s, where 7 € {+1} 
and 7,...,7s are primary prime elements of FE. For j € [1,5], it follows that either 
N (aj) = pj =1 mod 3 is a prime, or 7; = +p; for some prime p; = 2 mod 3. Since 


tia s Tr s 
Geille, @ Gal, 
=) = mee and (— ={[]] —),; 
GS ey aed OS, “Sar 
it suffices to prove that 


ea — (+), for all i€ [1,r] and 7 € [1,s]. 
i j 
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If 7; = tp; for some prime p; = 2 mod 3, this follows by 1. Therefore it suffices to 
prove the following assertion : 


IIa. If 7 is a primary prime element of EF such that N(7) = p=1mod3 isa 
prime and q { 3p is a prime, then 


Proof of Wa. CASE 1: ¢=1 mod 3. Let \ € E be a prime element such that 
q = AX and apply I. It follows that 


= 
Cow haG cle e c Gmc 

CASE 2: q¢=2 mod 3. We calculate the Gauss sum 7(6,) € Z[¢3p] modulo gq. 

T(On)? = S> On(t)2G = S°G,(t)G = 7(q,0r) = On(q)T(Gn) mod gq. 


teFp teFp 


We multiply this congruence by 7(0,,), observe that 7(0,)7(0,) = p = 77 and obtain 
T(O,)¢* = (4) mm mod q. 
1/3 


Recall that 7(6,)9t! = [r(6,)3}t)/3 = (—n?w)ttV/3, and if s = a+ bp, where 
a,b€Z, then 1? = a4 + 1p? =a+4 bp? =F mod q. Hence it follows that 


7 6 7 aes q O d q ¢] 


(=) = (-1) 4 D/3,(042)4D)/3-GH) = A(P-Y/3 = (=) mod q, 
3 q/3 


observing that 


2 1 2 
areas) eae! and (-1)@-D/3 =1 mod q. 
Therefore equality holds. II. ] 
III. Proof of the general case. Let a, 6 € E be primary and (a, 8) = 1. By 
Lemma 7.2.3, we obtain a =e7,-...-7, and B= nA,-...-As, where €, 7 € {+l}, 
r,s © No and 7y,...,7,, A1,...,As are primary prime elements of FE such that 


nm, # ; for all i € [1,r] and 7 € [1,8]. Since 
8 pe 8 ros 
9), HG), = ®,-He, 


it suffices to prove that 


Ca) = (~), for all i € [1,r] and 7 € [1,s]. 


By II., it suffices to prove the following assertion : 


268 7. CUBIC AND BIQUADRATIC RESIDUES 


IIIa. If 7, \ € E are distinct primary prime elements such that N(7) and N(A) 


are primes, then r 
T 
Giles 


Proof of Wa. Let 7, A € E be distinct primary prime elements such that 
p= 77m and q = AX are primes. 
CASE 1: A\¥7. By I. we obtain 


(2) = (SF), om Oi), 


Multiplication of these two relations implies 


GeO GG eG: 


CASE 2: \ =7. Since 7 +7 € Z \ 3Z, we may apply II. and obtain 


CRG ee ee ae ae 
7/3 mw /3 \at+7m/3 \ot7/3 \a+7/3 — nm /3 \q/3° 
This completes the proof of 2. 


3. By Theorem 7.1.7.4, 


— a? —ab+b?— aG= 
(£) = pN(@-D/B = of 2_ab+b?—1)/3 _ p(-a-8)/3 


since 
a ebb +a46=2 = (@=1) 4941 =b@=1) 4+e=2 = 3e—1) = 0 mod 9; 
and therefore a? — ab +b? —1=1—a—b mod 9. 
Next we prove that 
0) =, siay/s 
(*) ( = p : 
We set b = 3em, where « € {+1}, me No, and we proceed by induction on m. 
m=0: Then a =a, and 


(2), =(@)(2),=r0 


m > 0, m— m-+1: Suppose the assertion holds for ay = a+8emp, and consider 
a@ =a, + 3<ep. Then we obtain 


oe ee el ee aa ee 
a/3 \a,+3ep/3 \a,+3ep/3 — a /3 \a,/3 


= (*) = pi-a/3_ 
ay, 73 


which completes the proof of (*). 
Now it follows that 


(52), = (E58), = (Ca), - (228), = "=o 


(=), = Ge (1-a)/3 _ (atb—1)/3+(1=a)/3 _ 9/3. 


and 
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Exercise 7.2.5. Calculate the cubic Jacobi symbols 
—9+ 4p 5+ 2p 
(——*) and ( ) ; 
5+ 8p 73 7+4p/3 
Hint: Use the division algorithm in E: For any a, 6 € E®, there exist y, 6 € E 
such that a = By + 6 and N(6d) < N(8). 


We proceed with some criteria for small numbers to be cubic residues modulo a 
prime p = 1 mod 3. For more details we refer to [6, Sec. 7.1], [1, § 57] and [67, Ch. 7]. 
Warning: There are several misprints in this section of Lemmermeyer’s otherwise 
beautiful book [67]. 


Theorem 7.2.6. Let p = 1mod 3 be a prime and 4p = L? + 27M?, where 
L,M€ZandL=M mod 2. 


1. 3 is a cubic residue modulo p if and only if M =0 mod 3. 


2. Let l= 3m+o0F p be a prime, wherem € N ando € {+1}. Then | is a 
cubic residue modulo p if and only if 


> (™) nee 337-))/2 1™-J Mi =0 mod I. 
j 


j=l 
j=lmod 2 
In particular : 
e 2 is a cubic residue modulo p if and only if L = M =0 mod 2. 
e/fl=5 or l=7, then l is a cubic residue modulo p if and only if 
ILM =0 mod l. 
e Jf l=11 or l=18, then Il is a cubic residue modulo p if and only if 
LM(L? — 27M?) =0 mod I. 
PROOF. We set p = 777, where 
£+3M/-3 3M+L 
T=-— OFS EOC 
2 2 


Then a € E is primary, and by Theorem 7.1.6.1, an integer | € Z \ pZ is a cubic 
residue modulo p if and only if J is a cubic residue modulo 7 in F, and this holds if 
and only if 


+3Mp. 


1. By Theorem 7.2.4,3, 


(=), =p“ =1 ifand only if M=0 mod3. 
T 
2. We have 
eee J/—3 le m 7 ee 
TT = omni 9m where gm = o> ; (-1)9 1)/2 3G+1)/2 pm—d yg 


j=l 
j=1mod 2 
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CASE 1: 1 = 1 mod 3. Suppose that 1 = A, where \ € E is primary. By the 
cubic reciprocity law and Theorem 7.1.7.3 we obtain 


l AN GX T\ (T\-1 
GG GLO 
and therefore / is a cubic residue modulo p if and only if 
T T . We 
(5), = Gor that is, a’ =7" mod X. 
Since (2\/—3, A) = 1, this holds if and only if g,, = 0 mod A, and thus if and only if 
Im = 0 mod I. 


CASE 2: 1 = 2mod 3. If 7 = a+ bp, where a, b © Z, then it follows that 
nw =a'+b!p! =a+bp? =F mod l, and by the cubic reciprocity law we obtain 


nm (=), = nm(F). = 7m P-Y/3 = _mtm(l-l) = glm = F™ mod |, 


Therefore / is a cubic residue modulo p if and only if a” = 7 mod /. Hence the 
assertion follows since (2”~1,/—3, 1) = 1. 


Corollary 7.2.7. Let p= 1 mod 3 be a prime and p = a? +.3b?, where a, b EN. 
1. 2 is a cubic residue modulo p if and only if 3| b. 


2. 3 is a cubic residue modulo p if and only if 9|b or 9ja+b. 
3. 5 is a cubic residue modulo p if and only if one of the following conditions 
holds : 
e 5/a and 3|b; 
e 15|b; 
e 15|atb; 
e 15 | 2axb. 


PROoF. We make use of the explicit criteria given in Theorem 7.2.6. We set 
2b 
(L,M)= (2a, =) if b=0 mod 3, 


and 


+6 
(L,M) = (—a + 38, “= ) if atb=0 mod3. 


Then it follows that 4p = L? + 27M?. 


1. If 3|b, then L = M = O mod 2, and thus 2 is a cubic residue modulo p. 
Conversely if 2 is a cubic residue modulo p, then L = M =0 mod 2, and 


_ fis? My? 4 2 
p=(S) +27(=) =e +30", 
and by the uniqueness of a? and b? (see Theorem 7.1.3.2) it follows that 3| b. 


2. If 9|b or 9{a+b, then 3|M, and thus 3 is a cubic residue modulo p. Con- 
versely, suppose that 3 is a cubic residue modulo p. Then 3| M, and thus either 9|b 
or 9 | axb. 
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3. Recall that 5 is a cubic residue modulo p if and only if either 5| Z or 5| M. 

If 5|a and 3], then 5| LZ. If 15/6 or 15|a+b, then 5| M. If 15|2a+b, then 
—a+2b=0 mod 5, a+b=0 mod 38, and L = —a F 3b = —142b=0 mod 5. 

Conversely, if 5| M, then obviously 15|b or 15|a+6. Thus assume that 5| L. 
Then either 3|b6 and then 5|a, or —-a+3b=0 mod 5. In the latter case we obtain 
at 2b=a+3b=0 mod 5. 


Exercise 7.2.8. Let p= 1 mod 3 bea prime, p = a?+3b? and 4p = L?+27M?, 
where a, b, L, M € Z. Prove the equivalence of the following assertions : 

(a) 6 is a cubic residue modulo p; 

(b) Either 9|b or 9|2a+b. 

(c) Either 6| M, or (M,6) =1 and 12|L4+M. 


Exercise 7.2.9. Investigate whether 2 + 3p is a cubic residue modulo 11 in EF. 


7.3. The biquadratic Jacobi symbol 


Throughout this and the following sections, let D = Zli] be the ring of Gaussian 
integers. 


We start with an overview of elementary results concerning the arithmetic of D 
and its quotient field K = q(D) = Q(i). Recall that K is a quadratic number field 
with discriminant Ax = —4 (Theorem 1.1.9), D = O_4 = Ox is its ring of integers 
(Definition 5.1.6), D* = (i) (Theorem 5.2.1.1), and w_4 =i is the basis number of 
discriminant —4. Since hy = h_4 = 1, it follows that D is a principal ideal domain 
(Theorem 5.8.6). 

For every prime element 7 € D, there is a unique prime p € 7D, we have 
tmDQNZ=pZ, D/rD isa field, and |D/tD| = N_4(7D) = N(x) (Theorem 5.8.1 
and Definition 5.4.1). In particular, 

(D/rD)* ={a+n7D|aeD\ 7D} 
is a cyclic group of order (7) — 1, and the inclusion Z <+ D induces a monomor- 
phism 1,: F, > D/7D, given by t;(a+pZ) = a+7D for all a € Z. Throughout, we 
shall identify F, = Z/pZ with its image under v,, and then a+ pZ=a+7D € D/1tD 
for alla € Z. 

Conversely, if p is a prime, then Theorem 5.8.8 implies that p behaves in D as 

follows : 
1. If p=3 mod 4, then p is a prime element of D, and N(p) = p?. 
2. If p=1 mod 4, then there exist a, b € N such that the elements 7 = a+ bi 
and 7 =a -— bi are prime elements of D, 
N(x) =N(®) = 1% =p=a? +8", 
D/ntD ={a+nD|aeZ\7Z} and D/7D = {a+7D|a€ Z\nZ}. If 
a, 8 € D, then a = 6 mod 7 if and only if @ = 8 mod7, and (a,7) = 1 
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if and only if (@,7) = 1. In particular, if a, b € Z, then a = b mod 7 if and 
only if a= b mod p, and (a,7) = 1 if and only p{a. 
3. 2=—i(1+i)?, 1+i is a prime element of D, and NV(1+i) = 2. In particular, 
if a € D, then (a, 2) = 1 if and only if a ¢g (1+ i)D. 
Consequently, if 7 € D \ (1 +i)D is a prime element, then 
e either V(7) = p= 1 mod 4 is a prime, and D/7tD = F,, 
e or 7D = pD for some prime p = 3 mod 4, and D/ztD = D/pD is a field 
with p? elements. 
In both cases, it follows that |(D/7D)*| = Omod 4, and as —1 # 1mod 7, we 
obtain ord(i+ 7D) = 4, and 


{€ € D/nD | &* =14+aD} = {i + 7D |k € [0,3]} ={+i+aD,+14+ 7D}. 


In the following elementary Lemma 7.3.1 we investigate the behavior of elements 
of D modulo powers of (1 +i). We shall tacitly use these results again and again in 
this chapter without further reference. 


An element a € D is called primary if a =1 mod (1 +i). 


Lemma 7.3.1. Suppose that a,be€ Z and a=a-+ bi. 
1. (a) a € (1+i)D if and only if a = b mod 2, and this holds if and only if 
2|N (a). 
(b) a= 1 mod 2 holds if and only if a = 1 mod 2 and b = 0 mod 2, and 
then N(a) = 1+ 2b mod 8. 
(c) @ is primary if and only if b=0 mod 2 anda+b=1 mod 4, and then 
N (a) = 3-—- 2a mod 16. 
2. If ag (1+i)D, then there exists a unique u € D* such that ua is primary. 
In particular, if a = 1 mod 2, then u € {41} anda+b=u mod 4. 


3. If  € D is a primary prime element, then either N(mr) =p =1 mod 4 is a 


prime, or ™ = —q for some prime q = 3 mod 4. 
A. If a€ (1+i)D, then there exist uniquely determined u € D*, r © No and 
primary prime elements 7™,...,7- € D such that a = uT,:...-7,. Moreover, 


if a =1 mod 2, thenue {+1}. 
ProoF. 1.(a) The assertion follows since 


_@ _ {a+bi(l—i)_atb, b—a 
1+i 2 2 2 
and N(a) =a? +b? =a+b mod 2. 
(b) a—1=(a—1)+6i € 2D holds if and only ifa—1=b=0 mod 2. If this is 
the case, then a? = 1 mod 8, 6? = 2b mod 8, and N(a) = a? +b? =1+ 2b mod 8. 
(c) Note that 


a-1 _ (a+ bi=l)(-1~i) _1~(a~6), l~(a+4), 


(1+i)3 4 4 4 


i€ D ifand only if a=b mod 2, 
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Hence a is primary if and only if a -b=a+b=1 mod 4, which is equivalent to 
a+b=1 mod 4 and b=0 mod 2. If this holds, then a=1 mod 2, b=1—a+4u 
for some u € Z, and 


N(a) =a? + (1—a+4u)? = 2a? + 1 — 2a + 8u(1 — a) = 3 — 2a mod 16. 

2. If a ¢ (1+i)D, then a+b = 1mod 2 by 1.(a), and since -a = —a — Bi, 
ia = —b+ai and —ia = b — ai, there exists a unique u € D* = {+1,+i} such 
that wa = 1 mod (1+i)? by 1.(c). If a=1 mod 2, then b= 0 mod 2 and therefore 
u€ {+1} and u=a+b mod 4. 

3. Obvious by 2. 

4. Suppose that a € D \ (1+/i)D. Since D is factorial, a has a factorization 


Q=UT:...°,, where u€ D*, r € No and 7,...,7, € D\ (1 +i)D are prime 
elements of D. For i € [1,7], let u; € D* be such that 7; = ujr; = 1 mod (1 +i). 
Then u = U(u-...- up)! € D*, and a = um -...+ mp. If a = 1 mod 2, then 2. 
implies u € {+1}. 

To prove uniqueness, assume that @ = u7-...-Tp = UT]:...:7s5, Where r, s € No, 
u, u € D* and 7,...,7,, 71, .-.7%s; € D\ (1+ 1)D are prime elements satisfying 


m= 7; =1 mod (1 +1)? for all 7 € [1,r] and j € [1, s]. In particular, it follows that 
u-ta = uta = 1 mod (1 +i)? and therefore u = % by 2. By unique factorization, 
we obtain r = s and, after renumbering if necessary, there exist u,,...,u, € D” 
such that 7; = uj7; for all i € [1,r]. However, since 7; = 7; mod (1+i)%, 2. implies 
that u; = 1 for all i € [1,r]. 


Exercise 7.3.2. Suppose that a € D and 2 { N(a). Prove that there exists 
some primary element 3 € D such that N’(8) = N(a). 


Exercise 7.3.3. Suppose that a € D\(1+i)D, s ¢ Nand s > 3. Prove that a 
possesses a unique representation a = i”5“(—1+4 2i)’ mod (1 +i)*, where v € [0,3] 
and 

e pw, v € [0,2% — 1] if s = 259 +1, 

e  € [0,2%-? —1], v © [0,2%-1- 1] if s = 2Qsp. 
Deduce that (in D) a is a quadratic residue modulo (1 + i)* for every s > 5 if and 
only if a =1 mod (1 +i). 


After these preparations, we define the quadratic and biquadratic residue sym- 
bols in D. These symbols are the basic notions for the theory of biquadratic residues. 


Theorem and Definition 7.3.4. Let 7 © D\ (1+ i)D be a prime element. 
Then there exists a unique character x,: (D/tD)* — C* of order 4 such that 


Xn(€) + aD =ENM-D/4 for all €€(D/nD)* . 


The character y, is called the (normalized) biquadratic character modulo a. If 
a€ D\ «nD, then a+aD € (D/1tD)*, we set x7(a@) = X¥x(a + 7D), and we define 
the biquadratic residue symbol modulo m by 

a 


(=), = xx(a) €{ 


TT 


— 


i}. 
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By the very definition, it follows that 
(=) =aWV™-D/4 mod x forall a€D\n7D. 
T/A 


The character y2: (D/7D)* — {+1} is the unique quadratic character of the cyclic 
group (D/7D)* (see Corollary A.7.5.2). For a € D\ aD, we define the quadratic 
residue symbol modulo a (for D) by 


a2 


(=), =x2(a+ nD) = (=) €{41. 


T 


It follows that 
(=), =aN™-Y? moda forall ae D\xD, 


as 


depend only on the prime ideal 7D and the residue class a+ 7D and not on 7 and 
a itself. Moreover, if a1, ag € D\ 7D, then ajyag € D\ cD, 


ay,ag QL ag ay,ag Ay ag 
le 
nm JA mw /4\ 7 Ja nm /2 aq /2\ 7/2 
Proor. We must prove existence and uniqueness of x7. 
Suppose that (D/D)* = (w). Then ord(w(™-)/4) = 4, and therefore 


and the symbols 


wV(m)-)/4 — +14 2D = (i+ 1D)*!. Replacing w by w7! if necessary, we may 
assume that w(™)-)/4 — | + 7D. Let yx: (D/tD)* > C* be the unique char- 
acter satisfying y,;(w) = i (see Corollary A.7.5.1). Then ord(x,) = 4, and the 


characters y, and x2 = x7! = Yq are the only characters of order 4 of (D/mD)*. 
Hence it suffices to prove that y,(€)+aD =€W™-D/4 for all € € (D/mD)* (then 
yz! does not have this property). 

Suppose that € € (D/7D)*, say € = w* for some k € N. Then it follows that 
ENM@M—D/4 = (QW @-D/A)K = iF + 2D = Xn (w)*¥ + 2D = Xn(€) + 2D. 


It is now almost clear how the quadratic and the biquadratic residue symbols 
control the quadratic and the biquadratic residue character of elements in D. To be 
precise, if 6 € D® and n €N, then an element a € D is called an n-th power residue 
modulo 8 (in D) if a = €" mod 8 for some € € D (equivalently, if a+ 6D is an 
n-th power in D/3D). In particular, ifn = 2 [n = 4], then a is called a quadratic 
[biquadratic] residue modulo 8 (in D). 


Theorem 7.3.5. Let 7 € D\ (1+ i)D be a prime element. 


1. Ifa@eD\rD andneN, then a is an n-th power residue modulo 7 in D 
if and only of 
aN @)-D/N(@)-1L") =1 mod. 


In particular, a is a biquadratic [quadratic] residue modulo 7 in D if and 


only if 
Gr et 
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2. Suppose that N(x) = p=1mod 4 is a prime, a € Z andn € N. Then a 
is an n-th power residue modulo x in D if and only if a is an n-th power 
residue modulo p (in the classical sense of Section 3.1). In particular, if 
n = 2, then it follows that 


(=), — S) ( the Legendre symbol). 


and a is a biquadratic residue modulo p in D. 


ProoF. 1. Recall that (D/7D)* is a cyclic group of order N(7) — 1, and that 
an element a € D\7D is an n-th power residue modulo z in D if and only ifa+7D 
is an n-th power in (D/7D)*. Hence the assertion follows by Theorem A.5.2.1. 


2. Ifa € Z, then (a+ pZ € Z/pZ) = (a+aD € D/nrD). Hence a is an n-th power 
residue modulo p if and only if a is an n-th power residue modulo 7 in D. 


3. If p= 3 mod 4 is a prime, then p is a prime element of D, and N(p) = p?. If 
a € Z\ pZ, then 


(=) ag? Us (a?-1)@+1)/4 =1modp,_ hence (=) al 
4 p/4 


and a is a biquadratic residue modulo p in D by 1. 


Exercise 7.3.6. Let 7 € D be a prime element, k, n € N and (N(z),n) = 1. 
Prove that an element a € D is an n-th power residue modulo 7° if and only if a is 
an n-th power residue modulo 7. Hint: |(D/x*D)*| = N(m)*-'(N (a) — 1). 


As in the theory of quadratic residues, it is convenient to extend the definition of 
the biquadratic residue symbol to composite denominators. In this way, we introduce 
the biquadratic Jacobi symbol as follows. 


Suppose that 6 = em -...-m € D\ (1+i)D, where r € No, © € D* and 
1™1,...,7 € D\(1+i)D are prime elements. If a € D®, then (a, 6) = 1 if and only if 
a ¢ 7D for all i € [1,r] (see Theorem A.8.3.3 ). In this case, we define biquadratic 


Jacobi symbol by 
e) ~ II(=), lena 


j=l 


and the quadratic Jacobi symbol for D by 


By definition, it follows that 
(3), =1 if 8¢D*, and (5), = lalla) if 6 = Bifo. 
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In the following Theorem 7.3.7 we gather those elementary properties of the 
biquadratic Jacobi symbol which we will use in the sequel without further reference. 
After that, in the Theorems 7.3.8 and 7.3.9, we calculate some special biquadratic 
Jacobi symbols, and only in the subsequent section we shall prove the biquadratic 
reciprocity law and its supplement. 


Theorem 7.3.7. Suppose that B © D\ (1+i)D. 
1. If ay, a2 € D and (a1, 6) = (a2, 8) = 1, then (a a2, 8) =1, and 


Cr h= G)Ge 


2. If a1,a2€D, (a1,8)=1 and a, = a2 mod £B, then (a2, 8) =1, and 


4. If ¢ € D*, then (e, 8) =1, and 
E\ _ W(8)-)/4 
a) 


PROOF. Suppose that 6 = em -...-m € D\ (1+i)D, where ce € DX, rENo, 
and 7,...,7, € D\ (1+i)D are prime elements. 


1. If ay, ag € D and (a4, 8) = (a2, 8) = 1, then (aya, 8) = 1, 


= _ () (=) for all ¢€ [1,7], 
mT; JA 74 574 
and therefore 


(“), <1), - (2) 2), GG), 


= = 


2. Let a1, a2 € D be such that (a1, 8) = 1 and a, = ag mod Z. Then it follows 
that (a2, 8) =1, and aj = a2 mod 7; for all i € [1,r]. Hence we obtain 


(“), = (=) for all i € [1,7], 


Ti 1474 


Gi) = (2), = (2), ~ (F),: 


and therefore 


3. Suppose that a € D and (a,() = 1. Then there exist x, y € D such that 
az + By =1, hence @F + BY = 1, and therefore (@, 8) = 1. Since GB =E7-...- 7p, 
€¢€ D*, and 7,...,7, are prime elements, it suffices to prove that 


), = (=) = (=), = (=), for all 7 € [1,r]. 
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Let i € [1,r] and j € {+i, +1} be such that 


(=), =J, that is, aN (-)/4 EjiaD. 
u 


Then a@W()-D/4 — GW (m)-1)/4 — aN (7i)-1)/4 Ej + FD, and therefore 


Qa = -—] = 3 
(gaara? 
4. Ife € D*, then e = i* for some k € [0,3]. Hence 
(=) = —N™)-D/4 mod 7; implies (=) =eN(@-D/4 for all ic [Dyer]: 
474 T4474 


Since N(8) = N(m1)-...-N(a,), we obtain 
E T/é “.N(m)-1 _ M(B)-1 
(=), = II(=), = ¢°, where ae aaa a mod 4, 


and therefore 


Theorem 7.3.8. 
1. Suppose thata,b€ Z and GB =a+bie D. Then 


a) =j"-%/2 if B is primary, 


and 


(=), =o” if B=1 mod2. 


2. If qE Z\ 2Z, then 


and if q=x+1 mod 8, then 


(-),= 1 forall e€ D*. 


ProoF. 1. If 8 is primary, then V(3) = 3 — 2a mod 16, and 


i) _jw@-0/4 2 {0-02 since N)=1 1-4 
=) , since m = mod 4. 
If 8 =1 mod 2, then NV(8) = 1+ 2b mod 8, and 
-1 = . N(8)-1 _ b 
ae) — (~1)N(4)-1)/4 — (_1)9/2 cle MR ca pa 
( B i. (-1) (-1)"*, since 1 =5 mod 2. 
2. If ¢ € Z\ 2Z, then N(q) = ¢’, and therefore 


(-), = (@P-0/4 = (1) -DP8 = (=). 
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If g=+1 mod 8 ande € D%, then e = i* for some k € [0,3], and therefore 
i\k Q\k 
(),-(-@'= 
q74 q74 qd 


In the following Theorem 7.3.9.2, we consider congruences for fractions with a 
denominator coprime to the modulus, and for this we use the conventions and results 
of Theorem and Definition A.8.5. 


Theorem 7.3.9. 
1. Ifa,b€Z, a, BED, (2a,b)=1, (2a,6) =1 and (2a,b) = 1, then 


a a a 
@) =1, & ~ er ’) ae o) ~ Cast 
(using the ordinary rational Jacobi symbol). 
2. Let p be a prime, ¢ € {+1}, p=e mod4, a€Z\pZ and pt a*+1. Then 
a+ él 
a— eli 


at ) a =e 


cS Dip} 5 and ( Z 


: mod p. 
a— el 


PROOF. 1. To prove the first two assertions, we set b = ep,-...-p,, where r € No, 
e € {+1} and py,...,p, are primes. Then 


(4), =II(4),=1 »@ (%),=T1(),-T1A) = C2). 


g=1 “Pi i=1 3° 


Hence we may assume that 6 is a prime. 


If b = p= 1 mod 4 is a prime, then p= a7 for some prime element 7 € D, 
(7,a) = 1 and (a,a) = 1. Hence we obtain 


(5).= O.G).- O.0.=G2.€, 


Ola eG aGe waa, 


where the last symbol is the Legendre symbol. Obviously, we have 


Cee) vee 


If b=p=83 mod 4 is a prime, then p is prime element of D, and 


and therefore 


by Theorem 7.3.5.3. 
If a=a-+bi, where a, 6 € Z, then a? = a? + iP =a— bi=a mod p, 


QA) _ @-D/2 = (gPth\@-D/2 = y(gye-v/2 = (N@ 
(5), =" = (oP)? =N(a)” = ( - ) mod p, 


and the congruence modulo p entails equality. 
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To prove the third assertion, we set 6 = em,:...- 7, € D, where « € D%, 
rENo, m1,.-.,7, are prime elements of D, a € Z and (2a, 8) = 1. Then it follows 
that 7 ¢(1+i)D, (m,a)=1, (N(m),a) = 1 for all 7 € [1,r], 


(5),-I1E), ™ (etm) - Heep): 


Hence we may assume that { is a prime element of D. 
If G is a prime element of D such that N(3) = p= 1 mod 4 is a prime, then 


G)=G) 


by Theorem 7.3.5.2. If 6 = p=3 mod 4 is a prime, then 


@-(@i=1 Gig) -G)= GF =" 


2. Since N(a— ic) = a? +140 mod 9, it follows that 


at+ei (a+ei)? 
= — — €D 
a— ei a2 +1 cpl 
and we apply Theorem A.8.5. 
If ¢ = 1, then p = 77 for some prime element 7 € D, 


(224) = (4) (SS) = AES =r oa 


=e) (B),= (CE) mr, 


and therefore the congruence holds modulo p. 
If « = —1, then p is a prime element of D, (a+i)? = a? +i? =a—i mod p, and 


A+i\ 7 | \(p2-1)/4 = poi (p+i)/4 _ (aa iy eri 
( 5 ),=@+i) = [(a+i)?*| =) mod p. 


7.4. The biquadratic reciprocity law 


We start with the calculation of the Gauss sum for a normalized biquadratic 
character. If 7 € D is a prime element such that NM (a) = p= 1 mod 4 is a prime, 
then the inclusion map Z/pZ — D/rD, defined by a+ pZ+> a+7D, is an isomor- 
phism by means of which we identified these two residue class groups. In particular, 
the normalized biquadratic character y,: (D/7D)* — C* is a character modulo p, 
hence y7 € X(p), and, as usual, we view y, also as a Dirichlet character y,: Z— C 
modulo p. Explicitly, 


xn(t+a7D) if tEZ\pZ, 
Xm(t) = , \ 
0 if te pZ. 


We calculate the Gauss sum T(x) € Z[G4p] and the Jacobi sum J(yr, Xx) € D. 
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Theorem 7.4.1. Let 7 € D be a primary prime element, and suppose that 
N (mr) =p =1 mod 4. Then 
—Xn(-1)JS(Xm5 Xm) =17 and T(Xn)° = 17°F. 


PRoor. We start with a proof of the following two assertions: 
A. —xXn(—1) J(xn, Xn) = 1 mod (1+ 1). 

B. JS(xa,Xr) =9 mod x. 

Proof of A. We calculate 


SOx Xn) = YS xel@xed-a={ + YO bxeOxe(d-2) 
a€Fy \{1} t=2 t=(p+1)/2 
(p—1)/2 (p+1)/2 
=[1-t=u] ‘Ss Xa (t) Xan (1 = t) + ys Xa(U)Xe(1 _ u) 
t=2 u=2 
(p-1)/2 
=2 30 xnlt)xe(1—t) + xn(PS*)x-(1 = po) 
t=2 
and 
p+l1 pt+l1 1—p? pe —1 
Xn (=) xe a “) = xn(—* ) = Xn (aa) = Xn (p" —1)=xr(-1). 


If t € [2, (p — 1)/2], then x7(t)x7(1 — t) € D*, hence 
Viel) Sl mod (141) and 2% ()x<—71)=2 mod (+i). 
Since p—3 = 2 mod (1+i)3, 2x,(—1) = 2 mod (1+i)° and y,(—1)? = x2(-1) = 1, 
we obtain 
=Xn(—1)J (xm. Xe) = —Xe(—Y lp — 3+ xe(—1)] = 2xe(-1) -—1=1 mod (1+ 7)*, 
which competes the proof of A. 
Proof of B. We calculate J(X2,X2)+7D € Fp. For a € F> we have 
p-—1l 
4! 
and we suppose that FX = (w) = {w” |v € [0,p — 2] }. Then we obtain 


S(P - 
Sax +mD= So aP(1-a)P= 0 oP (2) le’ 


Xn(a) + 7D = aN @™-D/4 — i where P= 


acF,y \{1} acF;, j=0 
Pip Pip p-2 
_ =a re ( ‘ —1)3 yy (P+) 
Bee a2) p> 
= cFp j= Vv 
P si 
P _y(P+i)(p-1) _ 1 
SP rr me 
= 


which completes the proof of B. 
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Suppose that A and B hold. Since x2 is the quadratic character modulo p, it 
follows that x2 £1, y2(=1) = (-)°-V2 = 1, Wve xn)? = p = 77, and B 
implies —y7(—1)J(X2,X2)D = J(xn,X2)D = 1D. Hence there exists some ¢ € D* 
such that —\7(—1)J(va, Xx) = em. Since —Vx(—-1)S (va, Xr) = 1 = 7 mod (1 + i)3, 
it follows that 


—Xa(-l)S (Xn Xn) = 7, 
and consequently 
S(Xe: ea = [—Xx(—1)7 1]? = X5(—1)n? . 


Since +(Xm)? = 7(x2)JS(XmsXm) and (x2)? = r(x2)r(x2) = x2(-Lp = x2(-La7, 
it follows that 


T(Xm)* = T(x)? Km Xu)” = [XE(-D) | [xG(-D 0? ] = 087. 


Exercise 7.4.2. Let p = 4m+1 = a? +0? be a prime, where a, b € Z and 
a+bi=1 mod (1 +i)%. Prove Gauss’ congruence 


2 
2a = 1y"( ”) mod p. 
m 
Hint : Calculate J(x2, x2) and proceed as in Theorem 7.2.2. 


Now we apply Theorem 7.4.1 to obtain a weak version of a biquadratic reci- 
procity law. 


Theorem 7.4.3 (Weak biquadratic reciprocity law). If q € Z\2Z, ae D, 
(a,q) =1 and a=1 mod 2, then 


(7), - Ge where gt = (-1) Yq, 


Proor. CASE A: a=7 bea prime element such that + = 1 mod (1+i)? and 
N (mr) = p= 1 mod 4 is a prime. 

CASE A.1: q is a prime. We calculate the Gauss sum T(x) € Z[C4p] modulo q 
and obtain 


T(Xm)1 = Do x(t = DY xXEOG = tax) = K4(q) 7(x4) mod g. 
teF teFp 


CASE A.la: g=3 mod 4. Then q is a prime element of D, q* = —q, 
XL = Xp =Xe and XYL= Yq. 
Ifa,be€ Zandaz =a+bi, then 7? = a? 4+ D172 = a — bi = 7 mod q, and therefore 
i+! = 77 = p mod q. Hence we obtain 


Wh = X28 (q) r(xt)t (xm) = Xn (Q) TK aT (Xm) = Xx(DNa(—L) 0 


= (=) ni*1 mod q, 
mw /4 


T(Xa) 


and 
T(xn)ot? _ Ir(vn)*]oth/4 = (x37) (at )/4 = 78+9(941)/4 mod q. 
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Consequently, 
(—) nit! = 78+9+D/4 mod gq, 
mw /4 
and since (7,q) = 1, we may cancel 77+! in this congruence. It follows that 
(—) = 7(9tI)[(8+9)/4-1] = 7 (@?-1)/4 = (=) mod q, 
4 q/4 


7 
and therefore equality holds. 

CASE A.1b: q¢=1 mod 4. Then g* = ¢ = AX = N(A) for some prime element 
AED, x2 =x, and 


q-1 


to Pate) T 


Since (p,q) = 1, we may cancel p in this congruence, and we obtain 


(=) = (ner) NO-D/4 = [7 (xn)*] GQ-D/4 — (Xn)? + = (4) ° mod q. 
Hence equality holds, and therefore 
(2),=("=1G): QI = @.Q).= 
CASE A.2: q=eq-...: qd € Z, where ce € {+1}, rE No and q,...,q, are 


odd primes. Then 


Tr 


e=(F)e = (SI MG] = He 


and - 
(5), ~ II(*), 7 ules) ~ Gr 


CASE B: a € D, (a,q) = 1 and a = 1 mod 2. By Lemma 7.3.1.4, there 
exists a (unique) factorization a = €71-...- 7,(—qi)-...(—qs), where « € {41}, 
r,s No, m1,...7, € D are prime elements of D such that 7; = 1 mod (1+i)? and 
N (a) = pi = 1 mod 4 are primes for all 7 € [1,r], and g; = 3 mod 4 are primes for 
all 7 € [1,5]. Since 


(5), = ©) =1 and Ca) = ee) =1 forall j€[1,s], 


it follows by CASE A that 


r s 


Or ale ne en "as 


7. 
i=1 
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Example 7.4.4. We use the weak biquadratic reciprocity law to derive criteria 
for the biquadratic residue character of 3 and 5. In a more systematic and more 
general way we shall return to criteria for biquadratic residues in the Examples 
7.5.11 and 7.6.5. 

Let p = 1 mod 4 be a prime and p = a? + b?, where a, b € Z and b = 0 mod 2. 
Then p = 77, where 7 = a+ bi € D is a prime element and 7 = 1 mod 2. If a € Z, 
then a is a biquadratic residue modulo p if and only if 


(=) =1, andif a=1mod4, then (=) = (=) . 
w/4 mw/4 a/a4 
a= —3: 3 is a prime element of D, and 


(2).- (Gen @,a# ma 


Now it is easy to see that 7? = a? —b?+2abi = 1 mod 3 if and only if b= 0 mod 3. 
Hence —3 is a biquadratic residue modulo p if and only if b= 0 mod 3. 


a=5: 5=(2+i)(2—i), and N(2+i) = N(2-—i) =5. Hence we obtain 


es Cr) mr ae 
(F).= (Ga)- Gale 


that is, if and only if 7 = 7 mod 2 +i. Since 
m—7%  2ib(2—i) — 2b+ 4ib 


2+1 5 5 
it follows that 5 is a biquadratic residue modulo p if and only if b = 0 mod 5. 


if and only if 


ED ifandonly if b=O mod5, 


Exercise 7.4.5. Let p = a? +b? = 1 mod 4 be a prime, where a, b € Z. Prove 
that —7 is a biquadratic residue modulo p if and only if 7| ab. 


Before we prove the general biquadratic reciprocity law, we present a further 
application of the weak law. 


Theorem 7.4.6. Let p = a? +b? =1mod 4 be a prime, where a,b € Z and 
b=0 mod 2. 
1. If p=1 mod 8, then b is a biquadratic residue modulo p. 
2. If p=5 mod 8 and b = 2bo, where bb = 1 mod 4, then bo is a biquadratic 


residue modulo p. 


PROOF. We set 7 = a+ bi. Then 7 is a prime element of D, N(m) = p, and an 
integer c is a biquadratic residue modulo p if and only if 
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1. If p= 1 mod 8, then 6 = 0 mod 4, and replacing a by —a if necessary, we 
may assume that a = 1 mod 4 and thus 7 = 1 mod (1+). Since b = ia mod 7, we 
obtain 


Che hel arcale) 
= (—) = j-2")/2 — 1, since ma =a? +abi =1 mod (1+i)?. 
Ta/4 
2. Since 7 = a+ 2boi, it follows that 


(2),= (Bat 
nm /4 bo /4 
Theorem 7.4.7 (Biquadratic reciprocity law). Let a, y € D\ (1+i)D be such 


that (a,y) =1, a=a+bi and y=c+di, where a,b,c, d€ Z. 
1. (Jacobi, Kaplan) If a=c=1mod4 and b=d=0 mod 2, then 


eo) > Ce aa 
2. (Gauss, Eisenstein) If a =y=1 mod (1+i)%, then 
or Oe eee 


Proor. 1. CASE 1: (a,b) = (c,d) = 1. Then it follows that 
(a,a) = (c,y) = (ca, y) = (ay,a)=1, ci=d mody and ai=b moda. 


Therefore we obtain ca = ac+bci = ac+bd mod y, ay = ac+adi = ac+bd mod a, 
and consequently 


ee) ~ &) ~ (=), ane ie) ~ Ga) = =p 
which implies 
Ces ere) ere ele) GO ans 
Since a= c=ac+bd=1 mod 4, we obtain 
ey 7 a) ~ Ge ~ (),(), ~ (=), 
err GiaeG. 
oe ee ee ae ee a 


Putting all together, we arrive at 


DSO Ge] Gam 


since ac(ac + bd) = (ac)? + acbd = 1 +bd mod 8. 
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CASE 2: a,b,c,d€Z are arbitrary, a= c=1 mod 4 and b=d= 0 mod 2. 
Let m,n € Z be such that m = n =1 mod 4, |m| = (a,b), |n| = (c,d), and set 
a= mao, b= mbo, c= nco, d= ndo, ap = a9 4+ boi and y = co + doi. Then 
(ao, bo) = (co,do) = 1, a9 = co = 1 mod 4, bo = do = 0 mod 2, bod = bd mod 8, 
a@=mag and y= ny. By CASE 1 we obtain 


OG. a 
1 1 1 1 
nae sa a 
~(B))y = camee aM 
2. If a= y=1 mod (1+ i)3, then bD=d=0 mod 2, a+b=c+d=1 mod 4, 
N (a) =3-—- 2a mod 16 and N(7) = 3 — 2c mod 16. Hence 
N(a)-1_a—-1 N(y)-1_ ¢-1 


= — 2 = 2 
1 5 mod 2, rl 5 mod 2, 


and if a—1 = 4u—b and c— 1 = 4v —d, where u, v © Z, then it follows that 
(a — 1)(c — 1) = (4u — b)(4u — d) = bd mod 8, and 


bd a-le-1_ N(a)-1N(y)-1 


Therefore it remains to prove that 


VY) (%)\7+ 
iG) = 
ala\y/4 
Let e, f € {41} be such that ae = cf =1 mod 4. By 1. we obtain 


came =m = (2) (2) 


“(2.0.2.6 OG. Or Or 


Theorem 7.4.8 (Supplement to the biquadratic reciprocity law). If a,b € Z 
and a=a+bi=1 mod (1 +i)3, then 


(? + ) _ j(a-b-B-1)/4 ang (=) _ 5-6/2. 
a /4 a/4 
In particular, if aE Z, ¢ € {+1} and a=e mod 4, then 


(=) _ j(ae-1)/4 | 
a 4 


PROOF. It suffices to prove the assertions concerning the biquadratic character 
of 1 +i, for then 


(=) - ee + _ = eyes, — j8(1-a)/2+ (ab 1) /2 5-8/2 
4 4 


a a a/a\ a /4 
since 3(1—a)+ (a—b—b?—-1) =2—2a—b-—b? = 2b—-b- b* = —b mod 8. 
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CASE 1: a=a=1mod 4 isa prime. Then a = a7 for some prime element 
am € D such that N(7) = a, and therefore we obtain 


C2) -(2C9-OGE9, 
“(DLA =O. 


CASE 2: a =a < 0 and gq = —a = 3 mod 4 is a prime. Then q is a prime 
element of D, N(q) = a?, and 


(- + ) = (- + ), = (1 a jy@-/4 = 9(a?-1)/8 (q—1)/8 oe -. 


” q 
Since 
gee = ta) = cy * = (ayl@tpa? = (+078 oa g 
and 
(q+) @—-1_ (-a+1)?+(a@-1)_ a@-a_a-l 
a. a ee mod 4 
it follows that 
1+i ; 
( + -) =i(—/4 mod q, and therefore (=) — ;(a-1)/4_ 
a a /4 


CASE 3: a€ Z, « € {£1} and a=e mod 4. Then ae = 1 mod 4, and therefore 
aé = a,-...:@,, where r € No and, for all i € [1,r], a; = 1 mod 4 and either a; or 
—a,; is a prime. By the CASES 1 and 2 we obtain 


1+iy — fltiy _77sitiy _ os —waa-1l_ae-l 

( ae Aj ),=8. WHenE > 4 4 oes 
CASE 4: a,b€Z, (a,b) =1 and a=a+bi=1 mod (1+). Then it follows 

that a+b=1mod4, 6=Omod2, (a,a) = 1, (b,a) = 1, (a(1+i),a) = 1, 


((1+i),a) =1, (a—b,a) =1, and we set a* = (—1)@-Y/2a = (-1)*/2a = iba. By 
CASE 3, we get 


C2) = C8) - O.07 ODO 
("C= OF OED" 


where 
l-a a~ a-b-1l 
T= b+1)— 
(b+ 1) 5 Zl 
led l-a, b'  a~b-1_a~b-bi-1 ara 
= = ——. = =" FES SCrdI 
a) 2 "4 4 4 ake, 


since b(1 — a) = b? mod 8, 3b? = —b? mod 16, 
at mod4 if b=2 mod 4, l-a* 1l-a & 


— d th 
4 0 mod4 if b=0 mod4, ee 2 2 4 
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CASE 5: a,b € Z and a = a+ bi = 1 mod (1+ i)°. Let d € Z be such that 
d=1 mod 4, |d| = (a,b), a=dao, b = dbo and a = dap, whence (ao, bo) = 1 and 
ag = ap + boi = 1 mod (1 +i). By the CASES 3 and 4, we get 

T-Pi\ flat) (Le eet ate a4 
(),= (=), (Go) = ' ; 
Since b) = 0 mod 2 and d = 1 mod 4, we obtain b? = bd? = b?d mod 16, and 
therefore 
d—-1 agp—bo—b2-1 _ d(ag—bo — 2) -1_a-—b-b-1 


Exercise 7.4.9. Suppose that a,b € Zand a=a+bi=1 mod 2. Prove that 
(=) _ j-(a+)b/2 
; : 


a 


Exercise 7.4.10. Calculate the biquadratic Jacobi symbols 
3+ 10i —9+ Ti 5+ 2i 
See 
7+ 2i /4 7+ 121 /4 —2—Ti/4 
Hint: Use the division algorithm in D: For any a, 6 € D®, there exist y, 6 € D 
such that a = By + 6 and N(6d) < N(8). 


Theorem 7.4.11 (Quadratic reciprocity law in D). Let a, y € D be such that 
a=7y=1mod2, (a,y)=1, a=a+bi, where a,b € Z and e € {+1} such that 
a+b=e mod 4. Then 


@),-co, B=comnon at =), 


PROOF. By assumption, b= 0 mod 2, ca = ca+ebi = 1 mod (1+i)°, and there 
exists some 7 € {+1} such that 78 = 1 mod (1 +i)°. Hence we obtain 


Ca ae 
a/2 \ala \ a /a’ 
and since ca — eb — b? -1=a+b—e mod 8, it follows that 


(=), = — = (—1)areb-P-1)/4 _ (_yy(atb—<)/4 


a 


Finally, since 


,-(2),-6 we B,-G-4 


and the biquadratic reciprocity law yields 


ee 
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We end this section with some reciprocity formulas which connect the weak 
biquadratic reciprocity law with the quadratic reciprocity law in D and certain 
rational Jacobi symbols. These formulas embody a first step towards the purely 


rational reciprocity laws which we will consider in the following section. 


Theorem 7.4.12. Suppose that p =~a+bi, v =c+di, m=a?+b* and 
n=c’?4+d’, where a,b, c,d€Z and (a,b) = (c,d) = (m,n) = 1. Then 


bd — bd 
Ce ere aC) ae 
_ (19a (28 — *c) - (—1)@™-D/4 (=) ( + aa) . 
m m m 
&) ~ GiG. on ee) ~ Ce 
PROOF. By the Theorems 7.3.9.1 and 3.4.5 we obtain 
(= (E) trate, = (S)ar aa (2) =e, 
Since (a,m) = (b,n) =1, adi = bd mod p and bdi = —ad mod y, it follows that 
CG) care | ores al ae 
2 


If we replace d by —d, we obtain 


(7), = (= — “) _ (aim (=28 - *) = ee a aa *) 


bb m m m 


ag 7) a Guerre ema | ee 
Hence it follows that 


(eet) = (2)(SSH) wna (HEH) = (2). 


By the weak biquadratic reciprocity law we obtain 


og al) ao) 


and therefore 
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7.5. Rational biquadratic reciprocity laws 


In the previous section we have derived the general biquadratic reciprocity law 
in D = Z/i], and now we come back to the original topic of classical number theory, 
the ordinary integers. Modeled on the definition of the Legendre symbol for qua- 
dratic residues, we define a rational biquadratic residue symbol and investigate its 
properties. The main results of this section are the reciprocity laws for this rational 
biquadratic residue symbol and its connections with the quadratic residue character 
of certain quadratic irrationals. Although many basic ideas go back to Dirichlet, the 
major part of the investigations on rational biquadratic reciprocity laws was done 
in the second half of the 20th century. 


Let p be an odd prime and a € Z \ pZ a quadratic residue modulo p. Then we 
define the rational biquadratic residue symbol modulo p by 


E _ ji if a isa biquadratic residue modulo p, 
4 )-—1 otherwise. 


By definition, this symbol depends only on the residue class a + pZ € Fp. 
If a € Z\ pZ, then Theorem 3.1.2.2 implies that a is a biquadratic residue 
modulo p if and only if a~)/(@2-) =1 mod p. If p= 3 mod 4, then 
(=) =1 implies | == (=) (by Theorem 7.3.5.3 ). 
Pp pia p74 
If p=1 mod 4, then p= 77 for some prime element 7 € D such that N(z) = p, 


(=) =1 implies BP =a-D/4 mod p, hence lh =a?-Y/4 mod 7, 


Pp 
and therefore 
aj (a 
pao ae 
As before, we extend this definition multiplicatively and define the rational 
biquadratic Jacobi symbol as follows. Suppose that m = p,-...- pr, where r € No 


and p1,...,pr are primes. Ifa € Z, (a,m) =1 and ais a quadratic residue modulo 
m, then a € Z\ p;Z, a is a quadratic residue modulo p; for all 7 € [1,7], and we 


define : 
a 
m J4 pe pj 44 
In the following Theorem 7.5.1 we collect elementary properties of the rational 
biquadratic Jacobi symbol. Recall from Theorem 6.2.6 that, if a positive integer m 
is a product of primes p = 1 mod 4, then it is a sum of two integral squares, and if 
m is a product of primes p = 1 mod 8, then m = c? + 2d? for some c, d € N. 


Theorem 7.5.1. Let m EN be odd. 


1. Suppose that m = mime, where m1, m2 € N. Let a, b, c€ Z be coprime to 
m, and let a and b be quadratic residues modulo m. Then 


ale Cookbiele Ce Eldale (5 


alc) 
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and if a= b mod m, then 


2. Let m be a product of primes p= 1 mod 4, m=a?+4+0?, where a,b €N, 
(a,b) =1, 2|b anda=a+bi. 


(a) IfaeZ, (a,m) =1, and a is a quadratic residue modulo m, then 


a) (a —l _ 2 _ b/2 
EP i Ce ana ls |, _ eS =a 
(b) Let m be a product of primes p=1 mod 8. Then 4|b, m= c? + 2d? 
for some c, dE N such that 2|d, and 
2 


=|, = (-1)9/4 = (14/2, 


PROOF. 1. If a is a quadratic residue modulo m, then a is a quadratic residue 
modulo m, and modulo mg, and the first equality holds by the very definition. For 


the other two, it suffices to consider the case where m = p is an odd prime, and there 
is nothing to do if p = 3 mod 4. If p=1 mod 4 and z € D is such that N(z) = p, 


“ ) -(@),-@.@,- ELE. 


is a quadratic residue modulo p, we obtain 
2 


et = (QP each Ps s) mod p, 


and thus equality holds. 
If a = b mod m, then a = b mod p for all primes p dividing m, and therefore 


ay) _[b 
Lire 7 a 
2. There is a factorization a =a+bi=7,-...-75, where s € N and 7j,...,75 
are prime elements of D. Then it follows that m = N (a) = p,-...-+p, with primes 
pi = N (mj) = 1 mod 4. 
(a) By definition, 


and as c? 


and therefore, by Theorem 7.3.8, 
= (2 =eare= Z)=caems 


(b) As m is a product of primes p = 1 mod 8, it follows that b= 0 mod 4 and 2 
is a quadratic residue modulo m. Replacing a by —a if necessary, we may assume that 
a=1 mod 4, hence a= 1 mod (1 +i), and therefore, using Theorem 6.2.6.4(a), 


=|, (-), ;—b/2 (—1)¢/4 = (-1)"+4/2, 
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Exercise 7.5.2. Let m be a product of primes p = 1 mod 8, and suppose that 
m = a*+b?, where b = 0 mod 4. Prove that there exist positive integers c, d, e, f, n 
such that m = c? + 2d? = e? —2f? = 8n+1, and for any choice of c, d, e, f, n with 
these properties we have 
2 2 —2 
= = —] b/4 = | n+d/2 — (=) = (=) . 
al =) cee c 
Hint: Use Theorem 6.2.6, and observe that Z[,/2] and Z[\/—2] are principal ideal 
domains. 


One of the main properties of the rational biquadratic Jacobi symbol is its con- 
nection with the quadratic residue character of certain quadratic irrationals. For this 
we introduce the following notations. 

Let m € N be odd, a € Z not a square, a = u+vv/a € Z|,/a], where u, v € Z, 
and N(a) = u? — v?a. Suppose that (a,m) = (N(a),m) = 1, and that both a 
and N(a) are quadratic residues modulo m. If t € Z and t? = a mod m, then 
(u+vt)(u — vt) = u? — vt? = N(a) mod m, hence (u+ vt,m) = 1, and we define 
a generalized quadratic Jacobi symbol by 


(=) 7 7 (=*) € {41}. 


m m m 
We assert that this definition does not depend on the choice of t. Indeed, suppose 
that t,t, € Z are such that t? = t? =a mod m, and m= q -...- qd, where r € No 
and qi,...,g@, are odd primes. Then it suffices to prove that 
u+ ut u+ vt . 
(—) = (— =) for all 7 € [1,r]. 
vi Ti 


If i € [1,r], then t? = t? mod q, and we may assume that t; 4 t mod q;. Then 
ty = —t mod q, uw? —v?a = (ut vt)(ut+ vt1) mod q, hence 


2 2 


u* — v-a u+tuty, (/ut+ vty u+ ut utovt, 
= (———) = (——) (—=) , and therefore ( ) = (=) ; 
ti ti ti di Gi 
In particular, it follows that 


(E*)=(*). me (B=) = EL 
Suppose that a ,, a2 € Z[,/a] are such that both V(a 1) and N (a2) are coprime 


to m and quadratic residues modulo m. Then N (a a2) = N(a1)N (a2) is coprime 
to m, it is a quadratic residue modulo m, and we assert that 


a ap 
m/ \m/\m/" 
Indeed, let t € Z be such that t? = a mod m, and for i € {1,2} let uj;, v; € Z be 


such that a; = uj + via. Then ayag = (uyu2g + v1v2a) + (ujv+u20v1)/a, and since 
uyug + vyv24 + (uve + U2, )t = (ur + Uit)(Ug + Vat) mod m, we get 


(22) _ (a + vyvga + (uve + wut) _ (“ + =) (2 + * 


' Qe. - He 


— 
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If m = p is an odd prime, then 


4a 
Qua() = (=) =1, 
and as Z[,/a] = Oa, it follows by Theorem 5.8.8.1 that pZ[,/a] = pp’, where p, p’ 
are prime ideals of Z[,/a] such that p 4 p’ and Nya(p) = MN4a(p’) = p. We consider 
the isomorphisms t,: Z/pZ > Z[V/a]/p and ty: Z/pZ > Z{\/a]/p’, defined by 
u(c+pZ)=c+p and v'(c+pZ)=c+p" for all c € Z. By interchanging p and p’ (if 
necessary) we may assume that ip)(t + pZ) = /at+p and tp (t+ pZ) =—/at+p". 
Then it follows that u..(u+vt+pZ) =a+p and u(u—vt+pZ) =a+p", and by 
the Chinese remainder theorem, we obtain an isomorphism 


0: Z[Va]/pZ[Va] > Z[Va]/pxZ[Va}/p' 7+ Z/pZxZ/pZ 
(where 7 = (tp, ty/)~+) such that O(a + pZ[,/a] = (u+vt + pZ,u-—vt + pZ). Hence 
&. =1 ifandonly if a+pZ[Va] is asquare in Z[V/a]/pZ[V/a]. 


In this case we call a a quadratic residue modulo p. 


Occasionally we shall use both the rational biquadratic Jacobi symbol and the 
generalized quadratic Jacobi symbol for fractional arguments as follows (compare 
Theorem and Definition A.8.5). 

Let m € N be odd. If z=c ta € Lim)? where a, c € Z and (a,c) = (a,m) = 1, 
then there exists some d € Z such that cd = 1mod™, and if both a and c are 
quadratic residues modulo m, then d is also a quadratic residue modulo m, and 
z+mZpn is a square in Zim) /MZpn) = Z/mZ. In this case, we set 


el: 


(which obviously only depends on z and m, and not on a, c and d). 


We can do the same for the generalized quadratic Jacobi symbol. Assume that 
a € Zis not asquare, a= utv/a € Z[,/a], where u, v € Z, and N(a) = u? — va. 
Suppose that (a,m) = (N(a),m) = 1, and that both a and N(qa) are quadratic 
residues modulo m. If c € Z and (c,m) = 1, then z = cla € Z/@|fmj, and we 


define 
Zz c\/a 
Cale. 
(which obviously only depends on z and m, and not on a and c). 


In the following theorem, we gather results which (in the special case where m 
and n are primes) were proved by K. Burde [15] and partially go back to Dirichlet. 


Theorem 7.5.3 (Dirichlet, Burde). Let m,n € N be odd, m = a? +b? and 
n=c?+d?’, where a,b,c, d€N, 2+ ac, and (a,b) = (c,d) = (m,n) = 1. Suppose 
that m is a quadratic residue modulo n, and n is a quadratic residue modulo m. 
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Then 
LS 
= (-1ym-na(8 _ = _ (—1yima (2 _ 6 e = . 


m m m m 


Proor. By Theorem 3.4.1, both m and n are products of primes p= 1 mod 4, 
and as they are reciprocally quadratic residues, it follows that 


@)- (= 
If u=a+bi and y=c+di, then Theorem 7.4.12 implies 
Lee a Gr el ere a Creces 


Z (—1yim/4 (220) _ (—ayimty/a (204 Pe) 


m m 


Let e, s € Z besuch that e? =—1 mod m and s? =n mod m. Since N(c+di) =n 
and N(d+./n) = —c? are quadratic residues modulo m, we obtain (using Theorem 
7.3.9.1 and the definition of the generalized quadratic Jacobi symbol) 


(2), _ (=), _ (ee), : Gs _ , 


(FS) = (FS) ma (GG) = (GE). 


m m m 


From the congruences 


(c+d+s)? =2(c+s)(d+s) modm and (c+de+s)? = 2(c+s)(c+de) mod m 


eC Gre Gre a ars @re) 


Ce ee eG waa Ge a ee. 


In the following theorem, we present the reciprocity law of H. C. Williams, 
K. Hardy and C. Friesen which seems to be the most general rational biquadratic 
reciprocity law. In particular, it contains as special cases the rational biquadratic 
reciprocity laws by E. Lehmer (Theorem 7.5.9), T. Sch6nemann and A. Scholz 
(Corollary 7.5.7), and K. Burde (Theorem 7.5.3). Our proof is modeled after the 
original proof given in [50], but we remark that there is a more structural proof 
using class field theory by F. Lemmermeyer; see [67, Sec. 5.4] and the references 
given there. Chapter 5 of Lemmermeyer’s book [67] contains a wealth of further 
results and historical remarks and is warmly recommended to an interested reader. 


we obtain 
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Theorem 7.5.4 (Williams, Hardy, Friesen). Assume that m = 2°mo > 1 for 
some 6 € {0,1} and mo = p,-...- pr > 1, where r € No and pi,...,pp are 
distinct primes such that pj = 1mod 4 for alli € [1,r]. Let q be an odd prime, 
q* = (-1)9-9/2q, and let A, B, C € N be such that (A, B) = (B,C) = (C, A) = 1. 
Suppose that 


A? = m(B? + C?), (=)'=1 and Gee for all 7 € [1,7]. 


1. If 6 =0, then m =1 mod 4, and 
A+B/m\ — (2\3°¢ 
FG ie 
2. If 6=1, then m= 2mp = 2 mod 8, q=e mod 8 for some <¢ € {+1}, and 
eae = (-1)0-9)/8 & . 
4 


q ™o 


m 


PROOF. Throughout the proof, we shall tacitly use the quadratic reciprocity law 
and the properties of the quadratic and biquadratic symbols. 


If 6 = 1, then m = 2mo = 2 mod 8, (B,C) = 1 implies A = 2 mod 4, and 


2 
(=) =1 implies q=emod8 forsome ¢€ {+l}. 
q 


Since 
ok 


Ga) ee (*) 1 for all i€ [1,7], 


it follows that q¢{m, q and q* are quadratic residues modulo m, and the rational 
biquadratic residue symbols in question are defined. 


Since V(A + B./m) = A? — B?’m = mC? and 
(ME) =(F)= GIG) <1 tremor (FE) satin 


q q q 
Since m is squarefree, we obtain A = ma for some a € N, hence ma? = B?+4+ C?, 
and (a, B) = (a,C) = (m, B) = (m,C) = 1. Moreover, (B,C) = 1 implies 2 { a. 
From the identity 2(A+ B\/m)(A+C./m) =[A+(B+C) jm]? we obtain 
€ + Bvin) _ (=) (< + cv) 
q q q 


which shows that the assertion of the theorem is symmetric in B and C. 


CASE A. q{ BC. By symmetry, we may assume that 2 + B. We proceed in four 
steps. 


I. There exist k, e, f © N such that 
e 2{k and k*q =e? —mf?; 
© (6,4) = (fa) = (ef) = (6.8) = (6,8) = (em) = (km) = 1; 
e 2|f if q=m=1 mod 4, and 2|e if -q=m=1 mod 4. 
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Proof of I. We prove first: 


(*) If k, e, f © N are such that k?¢ = e? —mf? and (k,e,f) = 1, then it 
follows that (e,q) = (f,9) = (e, f) = (f, 4) = (e,k) = (e,m) = (k,m) = 1. 
Let k, e, f € N be such that k?q = e? — mf? and (k,e, f) = 1. If gle or q| f, then 
q|(k,e, f), a contradiction. Hence (e,q) = (f,q) = 1. 

Let now t be any prime and observe that. m is squarefree. If t | (e, f), then t? | k2q, 
hence t|& and thus t| (k,e, f). If t| (f,&), then t|e and thus t|(k,e, f). If t|(e,&), 
then t?|mf?, hence t| f and thus t| (k,e, f). If t|(e,m) and t 4 q, then t|k and 
thus t| (k,e, f). If t|(k,m), then t|e and thus t| (k,e, f). In each case, we arrive at 
the contradiction t| (k, e, f). [(*)] 

Since m is a quadratic residue modulo gq and ~g is a quadratic residue modulo 
m, Theorem 6.5.17 implies that there exists some triple (k,e, f) € Z° \ {(0,0,0)} 
such that k?q — e? + mf? = 0, and consequently k?q = e? — mf?. Since q +m and 
m is squarefree, it follows that kef # 0, and thus we may assume that k, e, f Ee N 
and (k,e, f) =1. 

If m = 2 mod 8, then e? —2f? = k?q mod 8, and since (e, f) = 1, it follows that 
21k, and we are done. If m= 1 mod 4, then we will eventually have to modify e, f 
and k in a suitable way. We distinguish two cases. 

CASE a: m=q=1 mod 4. If 2| f, then 2{k, and we are done. Thus suppose 
that 2+ f. Then k? = k?q =e? — mf? = e? — 1 mod 4, and therefore 2| k. We set 

Ha | ktm, =e pa| pail, v= Cer.¥), 
ky=b tk’, ey =b'e’ and f, =o'f'. 
It follows that ki, e1, fi © N, (k1,e1,f1) =1, k?q = e? —mf?, 24 ky and 2| fi. 
Hence the triple (ki, e1, fi) satisfies I. 

CASE b: m= —q=1 mod 4. If 2|e, then 2 { k, and we are done. Thus suppose 
that 2+ e. Then —k? = k?q = e? mf? =1—f? mod 4, hence 2| k, and we consider 
the fundamental unit e4g = ut v./q € O7: where u, v € N. Then u? — qv? = 1, 
Theorem 5.7.8.2 implies that 2|u, 2/v, and we set 


k' = kut+ev, e' =eutgqkv, b=(e',f,k), ky —b'1k’, ey =—db te’ and f, =b''f. 
It follows that k1, e1, f1 €N, (k1,e1,f1) =1, k?q =e? —mf?, 24k, and 2/ey. 
Hence the triple (ki, e€1, fi) satisfies I. (I.] 
In the sequel we assume that k, e, f € N are as in I. and observe that 2+ aBk. 
II. 2{ Af+Be, and (Af + Be, ae+ Bf) =I?, where 1 € N and (1,2ABgef) = 1. 
If t, ue N are such that Af + Be = I*t and ae + Bf = I?u, then (u,t) = 1, 

24t, and t? — mu? = —qv? for some v € N. Moreover, 


(AitBe) yen) [), 


and if u = 2°u*, where 6 € No, u* CN and 2} u*, then 


(—***) on 


u*—1 q+l 
2 2 
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Proof of II. If 2| A, then 2+ BC, m=2mod 8, q = k?q = e? — 2f? mod 8, 
hence 2{e and Af + Be=e=1 mod 2. If 2+ A, then m =1 mod 4, hence 2|e or 
2|f, and since 2{ B, we obtain Af + Be=e+ f =1 mod 2. 

Now we set b = (Af + Be,ae+ Bf), and we prove that every prime r dividing b 
satisfies r{2ABgef and 2|v,(b). Thus let r be a prime such that v,(b) = « > 1. 
Then r ¥ 2, and from the identity 


(Af + Be)? —m(ae+ Bf)? = (B? — ma?)(e? — mf?) = —C*k*q 
we obtain r2* | C*k?q. Since q{ Ck, it follows that 


req, 9° |Ck, andit \= [5], then r*|C or r|k. 


CASE a: r+|k. Then r + mef, and since r|ae + Bf and (a, B) = 1, it follows 
that r{aB. From Af = —Be mod r* and ae = —Bf mod r“ we obtain 


efma? = (Af)(ae) = (—Be)(—Bf) = Bef mod r*, 


hence ma? = B? mod r*, and therefore r* | ma? — B? = C?, which implies r*|C. 

CASE b: r*|C. Then r { aB, and since r|ae + Bf and (e, f) = 1, it follows 
that r{ef. From Be=—Af modr* and —Bf =ae mod r“ we obtain 

Bak*q = Ba(e? — mf”) = (Be)(ae) — (Bf)(Af) =0 mod r*, 

hence r* | k?q, and consequently r> | k. 

In both cases, it follows that r*|C, r°|k, r + 2ABqef, and r { m, since 
(m,C) = 1. We assume that « is odd, say = 2X — 1 for some \ € N. Since 

m(a%e? — B? f?) = (ma? — B?)\e? + B?(e? — mf?) = Ce? + B?k?q = 0 mod r™ 
and 
A’ f? — B?e? = mf?(B? + C?) — Be” = —B?k?q+mf?C? =0 mod r™, 


we obtain r*|(ae+ Bf)(ae—Bf) and r?+|(Af + Be)(Af — Be). Since r { 2ABef, 
it follows that r { (ae + Bf,ae-— Bf), r+ (Af + Be, Af — Be), and therefore 
r’|ae+ Bf, r?|Af+ Be and r**|b. But then we get v,(b) > 2A=«+1,a 
contradiction. 

Hence we have proved that « = v,(b) = 0 mod 2 and « { 2ABgqef for every prime 
r dividing b, and therefore b = (Af + Be,ae + Bf) =I? for some | € N such that 
(1, 2ABqef) = 1. 

We set Af + Be = I?t and ae+ Bf = I?u, where u,t € N, (u,t) =1, and 2¢t 
(since 2+ Af + Be). As above, we obtain 


i4( — mu*) = (Af + Be)? — m(ae + Bf)? = —C7k’¢, 
hence [?|Ck, and if Ck =1?v, where v € N, then t? — mu? = —qv?. 


Now we calculate the following Jacobi symbols using the relations k?2q = e?—mf? 
and t? — mu? = —qv?. We obtain 


(22s Ps). (2) 04) 


“)- ime " )-A@)-A4-A4 

(AG *) = (2) oe) Ga) = GY) bre 

2@) 2 1-Q’ OSE 

= (2) BBS) 08 ],= (a) (4h- GL 
(A+B) yet 2) [4]. 


In the same way, it follows that 
(24) = (F)- 6") - oF (8). 
(2)=(E)=(B)=c9, ww (HE) <9) 


It remains to prove that either 2{u (hence 6 = 0) or gq = +1 mod 8. Assume to 
the contrary that 2|u, and q = +3 mod 8. Since 2 { tv, it follows that 


qu 


= 


( 
-( 
-( 


g=quv’ = mw -t?=-1mod4, hence g=3 mod 8, 


and m = mu? = q+1 = 4 mod 8. By I. we have 2| f, hence 2 { e, and since 


?u=ae+ Bf =0 mod 2, we obtain 2| a, a contradiction. [IT.] 


III. Suppose that e = 2%e* and f = 2°f*, where a, 8 € No, e*, f* € N, and 
2{e*f*. Then 


Oe G) Ge) lak @ Gt = 
Proof of III. Calculating the Jacobi symbols as in II., we obtain 
Q-@'@)-9F#9'S). 
2 ay f2 ae a * 
Fe a ee 
e*—1 é a eta 5 a 
a) Ge ea 
and, since e? = k?q mod mp and m= e? mod k, 
e? k?q k q mo q 
eel as ea 
6 
= () Ee le 


| 

aN 
Ered BN) 
NS 

a 
aS 
| 3 
NS 
1 
3 |< 
oO 
ud 
w 
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Putting all together, it follows that 
e*-1 q— a eX 6 Qa 6 
Ceol oar) Canara) 
e*- a 6 
ee) ale 


Since k?q = e? mod f*, we obtain 
()-2)(2)-coF# QQ) -coF#@ omm 
IV. Final proof. Throughout, we use I., IT. and III. 
CASE 1: q=1 mod 4, q* =q. Since mf? = e? mod q, we obtain 
Oe ee aa ae 
and therefore 
oO) 
CASE la: m=1 mod 4. Then 6=0, m=~mo and 2| f. We obtain 
(a) — (=)’ =|, and we must prove that (=)’ a (=) ‘ 
This is obvious if gq = 1 mod 8. If g = 5 mod 8, then 5 = k?q = 1— mf? mod 8, 
hence f = 2 mod 4 and 6 = 1. 
CASE 1b: m=2 mod 8. Then 6=1, q=1 mod 8, 
(- a a - (==) Lins le’ and we must prove that (—1)-)/8 = (=) : 


Since 1 = k?q = e? — 2f? mod 8, it follows that 2{e, 2|f, ABe= A= 2 mod 4, 
Be(Af + Be) = ABef + Be? = 2f +1 mod 8, and 


(a) 7 (sam) (=) = (sae ED) (=) = (—1)4/2+(076?—1)/8 


Since k*e?+4f —1= k*q+mf2k? +4f —1=q—14+2f(mof +2) =q—1 mod 16, 
it follows that 


f . ke? -1 q-1 
ag ee 
which completes the proof. 
CASE 2: ¢g=3 mod 4, g* = —q. Since me? = m?f? mod q, we obtain 
(j\ G23) _ a: = (amet Bn) _ igs. = 
q q 7 q 7 q \Gq q 7s” 
and therefore 


(At) - (2)=(2)°(2) 1, 
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CASE 2a: m=1 mod 4. Then 6 =0, mp =m, gm=3 mod 4, and 
(SS) - (Sy EL-Gyor “1. 


Hence we must prove that 


which is equivalent to 


1 —1 1 
oe oe mod2 orto a(qgm+1)+m—q=2 mod 8. 
If ¢q+m=0 mod 8, then gn +1= —m?+1=0 mod 8, m—q=2m=2 mod 8, 
and we are done. Thus assume that g +m = 4 mod 8. Then it follows that 


qm =m(4—m) =4m—-—1=3 mod 8, 


and 3 = k’q = e? — mf? = e? — f? mod 4, which implies 2|e and 2 { f. Since 
e? = k?¢+mf? =q+m = 4 mod 8, we get e = 2 mod 4, hence a = 1, and again 
a(qgm+1)+m—q=4+m-—q=2m=2 mod 8. 


CASE 2b: m= 2 mod 8. Then 6=1, m=2mo, q=7 mod 8, and therefore 
7 = k’q =e? — 2f? mod 8. Hence 2t¢e, 2{ f, a=0, and 


Goma a oe 


Therefore it remains to prove that 


2 ke? — 1 -—1 1 
(=) (em 94 = (18, that is, H+ = —— mod 2. 
But ke? —1+ 2(mp —1) = k*qtk?mf? —1+m—2=¢+2m—3=¢q+4+1 mod 16, 
and the assertion follows. 


CASE B. q| BC. By symmetry, we may assume that q| B. 

Since 2°mga? = B? + C? and (B,C) = 1, it follows by Theorem 3.4.1 that moa? 
is a product of primes p = 1 mod 4, and since B + iC is Z[i|-primitive, it follows 
by unique factorization in Z[i] that B+ Ci = (1 +i)*nm-...-7,, where r € N, 
n € D* and 7,...,7, € D are primes such that 7 = 1 mod 2 and 1;D 4 7D 
for all i, 7 € [1,r]. Hence moa? = p,-...- pp, where pj = N(n;) for all i € [1,7], 
and after renumbering if necessary we may assume that r = s + 2t, where s,t EN, 
Mig = Pio." De, Derg = Povey for ally € (1,2), and @ = pega * si«* Degg We set 
p= T-...°Hs and @ = 1541+... 7544. Then it follows that B+Ci= (1+i)*nya?, 
a = N(q) and mp = N (2). 


Since q* is a quadratic residue modulo mo, we obtain 


cfs} ana (7) = (2)'(£) =1. 
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Using Theorem 7.3.5.2, we get 
(A*)-4-*)-@-46-6,-O4 
q “igh \ @, # Sak Sad See ~ Nee ves 


~ le. ~ aaa - Ee eee 
CASE a. 6 =0. Then 
a2 =i -1 
Ga) ~ et 7 Ga 


Since B+ Ci = nua? =n mod 2 and B+ C =1 mod 2, we get n € {+1} if 24 B, 
n € {+i} if 2] B, and in both cases it follows that 


by Theorem 7.3.8.2. 


CASE b. 6 = 1. Then g = € mod 8, and we obtain (using the Theorems 7.4.8 
and 7.3.8.2) 


a iy ((1 +i)pya? fge mae iC) 
ae se 


— (—-yyae-ns (M4) _ (yy 28 
(=1) (-1) 
qd 4 


Exercise 7.5.5. Let p and q be distinct odd primes, p = a? +b? and q = c?4+d?, 
where a, b,c, dE N, 2{ ac, and 


a) Show that Burde’s reciprocity law 


FFs orcas) 
qi4t pla Pp 
is a special case of Theorem 7.5.4. Hint: Set A = pq, B = b(c? — d?) + 2acd, 
C =a(c? — d*) — 2bed and m=p. 
b) Prove Fréhlich’s reciprocity law (see [30] ): 


ela Gre a ae) 


We continue with a generalization of the reciprocity law of Sch6nemann and 
Scholz. The original law, which connects biquadratic reciprocity with the quadratic 
character of fundamental units, is contained in Corollary 7.5.7 (compare [94] and 
[93]). 
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Theorem 7.5.6. Assume that m= 2p, -...° pp > 1, where 6 € {0,1} rE No, 
Pi,-+-,Pr are distinct primes such that pj = 1 mod 4 for alli € [1,r], 


6 : 
(=) =1 and (=) =1 forall i€[l,r]. 
q qd 

Suppose that a= T+U,/m, where T, U EN, (mU,T) =1, and N(a) = —C? for 
some CEN, 


1. If 6 =0, then m=1 mod 4, then 


Oo aa 


2. If 6=1, then m= 2mo = 2 mod 8, q=e mod 8 for some < € {+1}, and 
a _ m gq 
~) = (ayes |E"| 14]. 
ae all cl Eel 


PROOF. Weset A= mU and B = T. Then T?—mU? = —C?, A? = m(B?+C7), 
and (A, B) = (B,C) = (C,A) =1. Now Theorem 7.5.4 implies 

mU+TJ/m\ — (2\T rq 

nr el 


qd q m 


if m=1 mod4, 


and 
(mee vn) = (-1)-=)/8 | if m=2 mods. 
qd mo J4 

Since m, N(a) and N(,/m) = —m are quadratic residues modulo q, we obtain 

ae eae oleae lak 

q q q q q q 44 

If m= 1 mod 4, then T? + C? = mU?, and (T,C) = 1 implies U = 1 mod 2, hence 
T=C+1 mod 2, and 


(5) = ( EL- GF LEL. 
If m = 2 mod 8, then 


(2) =< (EE) = cairn (YI, 


q qd qd q mo 


Corollary 7.5.7 (Schénemann, Scholz). Let p and q be distinct primes satis- 
fying p=q=1 mod 4. Then 


Aas ae 
qd q 14 Lp 44 Pp q 
If q=1mod8 andc,d€N are such that q = c? + 2d’, then 


(2) = 422) — ayterne 2] aye 


q qd q 
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Proor. By Theorem 5.2.3.1 we have ¢% € Z[,/p], and Theorem 5.7.1 implies 
N (e3) = N(ép) = —1. Using Theorem 7.5.6 with m =p, a = ¢3 and C = 1, we 


etal 
=@) Fl 
q q qa lp Ja’ 
By symmetry, we may interchange p and q. 


Assume now that q = c? + 2d? = 1 mod 8. Then 2|d, and we apply Theorem 
7.5.6 with a =¢2 =1+¥2. By Theorem 7.5.1.2(b), we obtain 


(2) = (-1)-48 Al = (—1)9-D/8+0/4 = (14/2, 


Exercise 7.5.8. Suppose that m= p,-...:pr, where r € N and pj,...,p, are 
distinct primes such that p; #3 mod 4 for alli € [1,r]. Let g=1 mod 4 bea prime 
such that 


a) =1 forall «e[1,7\, 


and assume that N(é,,) = —1. Prove that 
a) — (=) (see [31]). 


For primes m and n, the following result, essentially due to Dirichlet, is referred 
to as Lehmer’s reciprocity law [66]. 


Theorem 7.5.9 (Dirichlet, Lehmer). Let m = a? +b? be odd and squarefree, 
where a, bE N and 2|b. Let n > 2 be an odd integer, (n,m) =1, and suppose that 


() =1 for all primes p dividing m and all primes q dividing n. 
q 
Then m is a quadratic residue modulo n, n* = ie) is a quadratic residue 


modulo m, and 
* 


mr 7 mm 


[“),=1 yy 70; and Bee if qla. 


m q 


PROOF. Suppose that n = q1-...-qz, where k € N and q1,...,qz are odd primes. 
Then n* = qj -...-@;, where q7 = (—1)@-)/? for all i € [1,k]. Since p = 1 mod 4 
for all primes p dividing m, it follows that 


() — (2) = 1 for all primes p dividing m and all primes q dividing n. 
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Hence n* is a quadratic residue modulo m, and m is a quadratic residue modulo n. 
Since V(m+b,/m) = m? —b?m = ma?, the quadratic symbol in question is defined, 
and we obtain 

k 


k * * 
Ge ee ee eee 
n ae di mia So lmJa 
Therefore it suffices to prove the theorem when n = q is an odd prime. 
Since m is squarefree, we obtain (a,b) = (a,m) = (b,m) = 1, and Theorem 

7.5.4, applied with A=m, B=b and C =a, shows that 

b * 

(mtevn) [©], and therefore [£] = (™) =1 it io. 

q mia mia q 

If qg|a, then m = b? mod gq, and 


(4) _ —— 7 es _ Ee 7 e 
mda q q q gq? 

Immediately from Lehmer’s reciprocity law, we obtain the following criteria for 
biquadratic residues which are due to Dirichlet. 


Theorem 7.5.10 (Criteria for biquadratic residues 1). Let p and q be distinct 
odd primes, p = a2 +b*, where a, bE N, 2|b, and let q be a quadratic residue modulo 
p. Then q* is a biquadratic residue modulo p if and only if one of the following 
conditions is satisfied: 


e q\|b; 


e gia and q=+1 mod 8; 
e qt{ab, and there exist A, uw € [1,q—1] such that 
MA+1 
a=pbmodq, p?+1=* modq and (A) =, 


ProoFr. By Theorem 7.5.9, 
* * 9) 
[=| =1 if q|b, and [4] = (=) if qla. 
p 44 p 44 qd 
Thus we may assume that q { ab. Then there exists a unique pz € [{1,q — 1] such that 
a = pb mod gq, and we obtain 


= (2) = 2) -(**)-(). 


If X € [1,q—1] is such that 4? = 1+ p? mod q, then p = a? + b? = b*)? mod gq, and 
by Theorem 7.5.9 we obtain 
& - (ae 2 a _ (eau _ eae) 
pia qd qd qd qd 


Examples 7.5.11. Let p = a? + b? be a prime, where a, b € N and 2|b. Then 
e —3 is a biquadratic residue modulo p if and only if 3|b; 
e 5 is a biquadratic residue modulo p if and only if 5|b; 
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e —7 isa biquadratic residue modulo p if and only if 7| ab; 


e —11 is a biquadratic residue modulo p if and only if 


either 11|b or a=+2b mod 11; 


e 13 isa biquadratic residue modulo p if and only if 


either 13|b or a=+3b mod 13; 


We give details for q = 7 and q = 13. 


q = 7: If 7| ab, then 7|a or 7|6, and in both cases —7 is a biquadratic residue 
modulo p by Theorem 7.5.10. Thus assume that 7 { ab. Then it suffices to prove 
that there are no X, pz € [1,6] such that A? = 1+p? mod 7 and \(\+1) is a quadratic 
residue modulo 7. 

Indeed, if ps € [1,6], then up? + 1 = 2, 3 or 5 mod 7, and if \? = 1+ p? mod 7, 
then X = +3 mod 7, and consequently A(A + 1) = 5 or 6 mod 7. But 5 and 6 are 
not quadratic residues modulo 7. 


q= 13: If 13], then 13 is a biquadratic residue modulo p, and if 13| a, then 13 is 
not a biquadratic residue modulo p (by Theorem 7.5.10). Note that 


11, 3,.4,-9, 10; 12} = {ec € [1,12] | c is a quadratic residue modulo ee . 


If A, uw € [1,12] are such that A? = w?+1 mod 13, then \? = 4 or 10 mod 13, and 
thus \ = +2 or +6 mod 13. If X = +2 mod 13, then A(A+ 1) = 6 or 2 mod 13, and 
if X = +6 mod 13, then A(A + 1) = 3 or 4mod 13. Since \ = +6 mod 13 implies 
pL = +3 mod 18, the assertion follows. 


We close this section with a further biquadratic reciprocity law, due to E. Lehmer 
[66] and E. Brown [11], which connects biquadratic reciprocity with class numbers 
and once more with the quadratic character of quadratic units. 


Theorem 7.5.12 (Lehmer, Brown). Let p and q be distinct odd primes such 
that p=q=1 mod 4 and 
(2) =1. 
qd 


1. If s*-p=c?4+ qd? for some odd s €N such that (s,q) =1, then 
ea oie 
Pp q/ \q/- 
2. Suppose that q = 5mod 8. Then h_4qg = 2mod 4, there exist c, d,1 € N 


such that 2+1 and p! = c? + qd?. Whenever positive integers c, d, | have 
these properties, then 
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PROOF. 1. From 
q) jd qd? =e —1l} /c 2c q 2cd 
lee le eel) ee 
pi4X\p Pp 44 p i4 Pp 44X\p Pp pi4 Pp 


and from 
2 


2 
@ Fle 7: ah ~ ls ~ © meee Fl. 7 @ : 
Now we apply Corollary 7.5.7 and obtain 
2cd 
()-CDQ), 
CASE 1: c = 1 mod 2. Then 2|d, and we set d = 2°d*, where 6, d* € N and 
2+d*. Since p= 1+ qd? mod 8, it follows that p= 1 mod 8 if 6 > 2, and we obtain 


OGG es@) 
CEC ga at 
OG Oo | 


CASE 2: c= 0 mod 2. Then 2 { d, and we set c = 27c*, where 7, c* € N and 
24c*. Since s*pq = d?q+¢7d?, it follows that pq = 1 mod 8 if 7 > 2, and we obtain 


Moreover, 


II 
a 
S10 
Sy 


and therefore 


* 


2° 2-2 eG 
Gatco 
GGG 


2. We use genus theory for the fundamental discriminant A = —4q. There are 
two basic genus characters € and yx associated with this discriminant, given by 


e(C) = ayer if mE Z\2Z, and C represents m, 


Moreover, 


and therefore 


and 
x(C'}) = iG) if meEZ\pZ, and C represents m. 


The class F = [2,2,(p+1)/2] € ¥a is ambiguous, and as 


F is not a square. Since |¥a/$A| = 2¢4)-1 = 2, it follows that |Fa| = 21 for 
some odd 1 € N. Since —4q is a quadratic residue modulo p, it follows that p is 
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represented by some class C € ¥,, and (by definition) «(C) = y(C) = 1. Hence 
it follows that C € FA and C' = Hy = [1,0,q]. Therefore H, represents p!, and 
there exist c, d € N such that p! = c? + qd’. 
For any positive integers c, d, 1 such that 2 {1 and p! = c? + qd’, we apply 1. 
with s = p’-))/? and obtain (with the aid of Corollary 7.5.7) 
bij72 


LLL = = GE) =o 


7.6. A biquadratic class group character and applications 


The results of this section are based on the work of Z.-H. Sun [101], [102]. We use 
biquadratic Jacobi symbols to construct certain class group characters x: Fa —- C”* 
of order 4 in an explicit way. We confess that this construction is highly non-trans- 
parent. The result however, is clear, and it yields explicit criteria for biquadratic 
residues of rational numbers (Theorem 7.6.4 and Example 7.6.5) and quadratic 
residues of certain quadratic units (Corollary 7.6.7 and Example 7.6.8). Although ex- 
istence and uniqueness of these characters follow from class field theory, the general 
theory gives no hint for an explicit construction. 

We start with a highly technical result concerning the values of relevant bi- 
quadratic Jacobi symbols. Only in the following Theorem 7.6.2 does the usefulness 
of these calculations become understandable. 


Theorem 7.6.1. Let a, b,c, d, k, u,v, x, y€ Z be such that 2\kd, (u,v) = 1, 
b? -—ac=—k*d, dv(u? — dv?) £0, (a(ax? + 2bxy + cy”), 2ky(u? — dv?)) =1, and 
set u? — du” = (—1)"2°W, where r € {0,1}, s€No, WE Zand W =1 mod 4. 
Let w be the product of all primes dividing W, and suppose that w|ku. 


1. Suppose that 
2 


ku ksu ku [s ked k 
| ea) | eal and So te eG 
Then ((ax + by)v + kuyi, ax? + 2bry + cy”) = (bv — kui,a) =1, S € Z, and 
(cael = (-1)91(2 OE) | 
ax? + 2bry + cy? /4 a 4 
2. Assume that the following conditions are fulfilled: 
(a) If 24s, then vo(k) > ve(v) + max{3 — vo(u), O}. 
(b) If 2|s and 24u, then vo(k) > 1+vo(v). 
(c) If 2|s, 2tu and 4{2r+s, then vo(k) > 2+ vo(v). 
(d) ff 2|s, w=2 mod4 and d+2r+s#2 mod 4, then 2|k. 
Then ((ax + by)u + kuyi, ax? + 2bry + cy”) = (bu — kui,a) =1, and 
(aaa = (Soe) 
ax? + 2bry + cy? /4 a 4 


7.6. A BIQUADRATIC CLASS GROUP CHARACTER AND APPLICATIONS 307 


PROOF. We freely use the properties of quadratic and biquadratic Jacobi sym- 
bols. 


1. Observe that 


— 


First we assert : 


Ay {¢,ky)= ko G>) , and 2{(axr+by) 


Proof of A. Obviously, 


(8,0) (Gye) = (0: (kode) = (0. ky, 09) = (ry). 


If 2|ax + by, then 2| (ax + by)? + k?dy? = a(ax? + 2bry + cy”), and if 


(k,v) | 


Vv ku v 
gS take G1 WAN, ears 
ea) en ED a) u, hence 2| (u,v) 
Thus in both cases we arrive at a contradiction. [A.] 
Now we set 
v ky 
v0 ew (ax + by)vo =F an ou 


Then it follows that (vp,ko) =1, kyvo = kov, (ax + by)u + kuyi = (A+ Bi)(v, ky), 
and we assert: 
B. (A+ Bi, a(ax? + 2bxry + cy?)vp) =1, 24 A, 2|B, and 


k 
B=By=—% mod 4. 


(k,v) 
Proof of B. Assume to the contrary that (A + Bi, a(ax? + 2bry + cy”)uo) # 1. 
Then there is some prime ¢ such that t| A?+ B? and t|a(ax? + 2bxy + cy)up. Since 
a(ax? + 2bry + cy”)? = [(ax + by)vo]” + k*dy*ue = A? + B? — (u?—dv*)k2, 


it follows that t|(u? — dv?)ko|ky(u? — dv?), hence t { a(ax? + 2bry + cy”), and 
therefore t| vg |v. Since (v9, ko) = 1, we obtain t + kg, hence ¢| u? — dv? and t| (u,v), 
a contradiction. Since 


v v 
A= ax + by) —— | ax + by , A implies 2/A. 
Coe FOES ayy | Me + OTE ! 
By assumption and, again using A, we have 
ku v kuy ku y kuy 

2), 2{ —,y) and B= — =a = mod 4. 

(k,v) (a (v, ky) (k,v) (aay) (k,v) 
In particular, 2| B, and therefore 

2 k 
By = muy =“ = B mod 4 [B.] 


308 7. CUBIC AND BIQUADRATIC RESIDUES 
Since (ax + by)u + kuyi = (A+ Bi)(v, ky), (A+ Bi, a(ax? + 2bry + cy”)vp) = 1 
and ((v, ky), ax? + 2bry + cy”) = 1, we obtain 


= Cale = ( A+ Bi ) ( (v, ky) ) 
~~ Nav? + 2bry + cy? Ja \ ax? + 2bay + cy? /4\ ax? + 2bay + cy? /4 


= ( A+ Bi ) = ( A+ Bi ) (44) " 

~ \aa? + 2bry + cy?/4— \a(ax? + 2bay + cy?)ve/4\ ave /4 
2 2) 12 _ Pp _ Bi 

Se ee 


where e € {+1} is such that ¢ = a(ax? + 2bry + cy”)v2 mod 4. 
Since 2 { (ax + by)vg by A and 2|kd, it follows that k?dy? = k?dy mod 4, 


’ 


a(ax® + 2bry + cy”)uz = [(aax + by)? + k?dy*]u2 = 14 k*dy = ( 1)**4y/2 mod 4, 
and therefore ¢ = (—1)F?4y/2 Since 
a(ax* + 2bry + cy”)uz = A* + B? — (u?—dv?)ke = —(u?—dv?)k2 ~mod A+ Bi 
and u2 — dv? = (—1)"2°W, we get 


= 7 r s - = = 
te (gm Gem). 


Now we obtain 


(asm), =i (=). ~ (=), ~ (=), = 


: ee ky) = (ax + by)v — ukyi = (bv — uki)ymoda, (a,(v,ky)) = 1, and 
( — = _ (SZ — Bite hy) _ (& — my = (~ — my 


a a a a 


Putting all together, we find 


Pie (—1)(#?dy/24+r+1)B/2 (Fwk ) (7 oy 


We set t = vo(y), hence 2|ty, and 


n=w(7*_) = vo( hk) ~ va(v) + va( = ) =v.(4) by A. 


(k,v) (k, v) 
Using A once more, we get 
ky k y v 
Cg] = C8 a Se) 
(v,ky) (kv) (ayy) (Ew) 


hence vo(ko) = n+ t, and we set kg = 2”**M, where M € Z and 2{ M. By B we 
obtain k?dyB = k?dB mod 8, and therefore 


J= (—1)(#?ay/2+r+1)B/2 (= - =) M*W ie = 2) 


- i ae a | M?Ww ) (~ _ ut 
i/4 4 
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Since M?W = 1 mod 4 and M|B, we get 
( M2Ww ), _ (Ate _ (Aten (Arey 


a), (GP), 


A+ Bi M2W M /4 W 
_(A+Biy _ 77 (AFBI ve) 
= ( W ), Hi p ), 

P 


Let p be a prime such that p|W. Then u? = dv? + (—1)"2°W = dv? mod p, since 
(u,v) = 1 we obtain p{ v, and since p| w| ku, it follows that 


ku | kuy =P. and (427) = (4) =1. 


P| ay | Gare) p p 
Hence 
( M*wW ) = 
A+ Bi/4 : 
and we must prove that 
ee A+B)B 
(r+14+ 5") B~ (642424 GES = 2Sy mod 4. 
Since g ‘ : 
v uy uy 
== = ar) = y) 
(aa) rae ane (sce ay) Te ca 
we obtain 
(A+ B)B _ kuy[(ax + by)u + kuy] _ kuy[(ax + by)v + kuy] 
a) nn ae 7 an ne enn)! a) ne 
2 2(k, v)?( gay) 2(k, v) 
kuvy(ax + by) kuy \? kuy v 
= — = b 2 d4. 
12 ed (ste ay) OK, v) (ax + by) 7 i 
Now we observe that 
kus v 
2| ty, Ok, v) 0 mod 2 and Seay mod 2, 
and thus we find 
(A+ B)B kuy kuy 
— 2 2 
one ame DE, 5 [lax + by) a [Ri "50k, 6) 
kuy v kuy 
= 2 2n — = 2 d4 
ae ay 22 n star + by) | eae mo 
Putting all together, we obtain 
kd (A+ B)B kuy kd kuy 
oa eae = — 2 
(r+1+ 5 \B (s + 2n + 2t) 5 ey rti+ 5 ) tag rt) 
_ ku [s kd ky] _ 
=Woeglat tits +™(;) =2Sy mod 4. 
2. We want to apply 1., and to do so we must prove: 
ku ksu 
. ——. 4 | ——; B. = 2. 
A 2 ay om | Tha S =0 mod 
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Proof of A. If 24s, then (a) implies 
ksu 
(k,v) | 


If 2| s, then it suffices to prove the first assertion. If 2| uw, there is nothing to do. 
If 2{u, then (b) implies 


(75) > vo(k) + vo(u) —ve(v) >3, andthus 8 | a | 


V2 (5) > vo(k) + ve(u) —ve(v) >1+ve(u)>1, andthus 2 | ea 


Proof of B. We distinguish three cases. 
CASE 1: 2{ s. Then va(k) > ve(v) + 3 — ve(u) by (a), hence 8(k,v) | 8v | ku, 
and therefore 


2 


k k k*d 
su u [r +1 + =" + valk) — va(w)| =0 mod 2. 


CASE 2: 2|s and 2{u. Then vo(k) > 1+ ve(v), hence 2(k,v)|2v|k, 4| kd, 
and r 
Urs 
=" [5 = 2. 
S Te aylg tr title) va(v) | mod 
If va(k) > 24+ ve(v), then 4(k,v)|4v|k, and therefore S = 0 mod 2. Thus 
assume that vo(k) = 1+ vo(v). Then (c), implies 4|2r +s, hence 
_ 2a+s 


5 tr +1+va(k) —va(v) = = +20 mod 2, 


and therefore again S = 0 mod 2. 
CASE 3: 2|s and 2|u. Clearly, 4|u implies S = 0 mod 2. Thus assume that 
u = 2 mod 4. Then 2{v, hence 2 { (k,v), and 


2 
s=k|? +r+14 wo + v(k) mod 2. 


If 2|k, then S = 0 mod 2. If 2+k, then d+ 2r+s = 2 mod 4 by (d), and thus 
again 


s+2r+24+d 
2 


W 
Ii 


=0 mod 2. 


Theorem 7.6.2. Let d,k, u,v € Z be such that 2|kd, dvu(u? — dv?) 4 0, 
(u,v) =1, and set u? — dv? = (—1)"25W, where r € {0,1}, sE€No, W EZ and 
W =1 mod 4. Let w be the product of all primes dividing W, suppose that w| ku, 
and assume that the conditions (a), (b), (c), (d) of Theorem 7.6.1.2 are fulfilled. 


1. There is a unique character x: §—ap2q 2 C* such that 


x)= ( 

whenever F = |[a,2b,c] € F_4,2g, wherea EN, b,c EZ, b? —ac = —k?d 
and (a, 2b,c) = (a, 2kd(u? — dv)) =1 [then (bv — kui,a) = 1]. 

2. x4 =1, and if u2—dv? and —d(u?—dv?) are not squares, then ord(x) = 4. 


bu — kui 
) 
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3. Let p be a prime, pt 2kd(u? — dv?), ¢ € {41} such that p=e mod 4 and 
t €Z such that t? = —d mod p. Then 
u+ vti 
=u ot Pl 
and p is represented by some class F € §_4,2q which satisfies 
ut uti \(p-e)/4 u+ uti \ (p-e)/4 
AS Gomer aa 
In particular, p is represented by some class in Ker(x) if and only if 
u+ uti \(p-e)/4 
= + a 


mod p or X(F)= ( mod p 


=1modp. 


ProoF. 1. If F = [a, 2b, c] € F_4,2g, wherea EN, b,c € Z, b* —ac = —k*d 
and (a, 2b,c) = (a, 2kd(u? — dv”)) = 1, then 

N (bu — kui) = b?v? + k?u? = (ac — k?d)u? + k?u? = k?(u? — dv?) mod a, 
and therefore (a,bv — kui) = 1. Since every class F € §_4;2q is of this form, the 
uniqueness of y is obvious. 

To prove existence, we show first that the definition suggested by the assertion 
of the theorem is independent from the chosen representatives. To be precise, we 
announce the following statement : 


I. Assume that a, b, c, a1, 61, c: € Z are such that 6?—ac = b?-—ayq, = —k?d, 
(a, 2b, c) = (a1, 2b1,c1) =1 and (aay, 2kd(u? — dv?)) =1. Then 
. . byu — kui bu — kui 
[a, 2b, c] = [a1,2b1,c1] implies | = (——),. 
Proof of I. Suppose that [a, 2b, c] ~ [a1, 2b1,c1], say 
(aa, 205) = (° 5) [a,2b,c], where (° 4 € SLo(Z). 


Then a; = aa?+2ba8+c6?, by = aay+b(ad+By)+cB6 and cy = ay? +2byb+c6". 
It follows that (a, ()|a,, and 
b18 = aaBy + 6877 + baBd + 5(a, — aa? — 2baB) 
= aa(by — ad) + b8(By — ad) = —aa — 68 mod ay. 


We define 
B * a * ay * 
L=Aa, y= rr, @=—, a= —— and C=(4,/)c. 
(a5) @.B)? > TaB) eile 
Then b*?—a*c* = b?-—ac = —k?d, ata? +2baytcty* = at, by = —a*x—by mod af, 
(a*,y) = (x,y) = 1, and we assert that (aj, y) = 1. Indeed, 
* ay B (a1, 8) | aa? * 2 
a1,UN)=-\Tp7F Dp] =a , 
ea (COCO COREE 
hence (a%,y) | (a*x?, y) = (a*, y) = 1. It follows that (a*at,y) = 1, and therefore 


(a*(a*x? + 2bry + c*y”), 2ky(u? — dv?)) | (a* ai, 2ky(u? — dv’) | (aay, 2kd(u? — dv*)) , 
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which implies 
(a*(a*x? + 2bxy + c*y?), Aky(u? — dv?)) =1. 
Also, MN (bu — kui) = bv? + k?u? = (a*c* — k?d)u? + k?u? = k?(u? — dv”) mod a*, 
and therefore (bv — kui,a*) = 1. By Theorem 7.6.1.2, it follows that 
( (a*x + by)uv + su) _ (= — fut) 
a*x? + Qbry + cty?/4 a* 4° 


In the following calculations we use the congruences —b;y = a*x + by mod a™ and 
bj = bad = b(1 + By) = b mod (a, B). So we obtain 


(t= (ae) = Cat. 
= (Rea I, = (aa a) CH) 


(a, B) 
bu — kui bu — kui bu — kui 
~ ( ar ),( (a, 8) ); ~ ( a )y 


which completes the proof of I. 


By I. there exists a map y: §_4,2qg — C* as asserted, and we must prove 
that y is a homomorphism. Suppose that Fi, Fo € ¥_4;2g. By Theorem 6.4.5 there 
exist a1, a2 € N and b,c € Z such that (a,,a2) = (a,a9,2kd(u? — dv”)) = 1, 
F, = [a1, 2b, ac], Fo = |a2, 2b, aic] and F, * Fy = (a1a2, 2b,c). Hence we obtain 


X(F, * Fo) = (——), a (—) (—), = x(Fi)x(F2)- 


2. By definition, y+ = 1. Hence suppose that u? — dv? and —d(u? — dv?) are not 
squares. We must prove that y(F')? = —1 for some class F = [p, 2kx, k?y] € F_a,2¢- 
By the subsequent Lemma 7.6.3 there exists a prime p such that p + 2kd(u? — dv?) 
and 

2 2 Hi = ay =f 

(oH “) — (Ae) =-1, and therefore (—) =. 

Pp Pp Pp 
Let 2, y € Z be such that x? = —d+ py. Then p { 2, hence (p,2ka,k?y) = 1, 
(2px)? — 4pk?y? = —4k?d, and F = [p, 2ka, ky] € $_ax2q- By Theorem 7.3.9.1, we 

obtain 
9 _ pkav—kuiy — k?a?u? + ku?) pu? —dv?) _ 
x7 (F) = ( ———_). = | ———_} = | ———] = - 1. 
Pp 2 Pp Pp 

3. Since u? + v7t? = u? — v?d # Omod », it follows (observing Theorem and 


Definition A.8.5) that 
utvti — —(u+vti)? 


—ut+vti uu? + vt? lel - 


By definition, we have 


Q-aea(o) = (E4) = (=) =1, 
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and, by Theorem 6.4.13.2, p is represented by some class F' = [p,2b,c] € F_ax2a, 
where b, c€ Z, (p,2b,c) =1, b? — pc = —k*d, and 


bu — kui 
xi) = (2) 
Dp 4 
CASE 1: p|u. In this case, the assertion follows since 
bu ut vti 
F)=(=), =1 and 2=— =1 mod p. 
x(F) pla a Lab uti me 


CASE 2: pt u. Since b? = —k?d = k?t? mod p, there exists some 6 € {+1} such 
that b = 6kt mod p. Let w € Z be such that uw = v mod p. Then we obtain 


bu — kui = dktuw — kui = —ku(—dkw +i) mod p, 


u(—dtw + ei) = —dut + uci = ci(tu + edvti) mod p, 
and by Theorem 7.3.9.2 we get 


bu — kui —ku\ ¢—dtw +i —dtw + ei\ (p-e)/4 
x(F) = ( D ), ~ owt D y, 7 (<a — 5) 
= ( u+ eduti oe ae. 
—u + edvti 
Now the assertion follows immediately if ¢6 = 1, and if e¢d = —1, it follows since 
u—vi | ututi. 
u—vti —utvti’ 


Lemma 7.6.3. Let u,v € Z be not squares. Then there exist infinitely many 


primes p such that 
pt{2uv and (=) = (=) =-1. 
Pp 
ProoF. It suffices to prove that there exists some x € Z such that 


u v 
(2,200) =1 and (=) = (=) =-1. 
x a 
Indeed, once this is done, then (by Dirichlet’s prime number theorem) there exist 
infinitely many primes p = x mod 4uv, and these have the desired properties. We 


prove first : 
A. If d€Z is not a square and k €N, then there exists some x € N such that 


(2, 2dk) = 1 and (<) =-1. 


Proof of A. By Theorem 3.5.5.1, Qyg is a quadratic character, and thus there 
exists some y € Z such that (y, 2d) = 1 and Qug(y) = —1. Ifa EN, «= y mod 4d 
and (z,k) = 1, then (z, 2kd) = 1 and 


() = () = (=) iGuih=Aa. [A] 


t on y 
By A, we may assume that u and v are distinct and squarefree, say 


u = (—-1)%2' dp, -...-p,p and v= (1)? 2 dai eee re 
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where a, 6, y, 0 € {0,1}, r,s € No, r > 8s, d € N is odd and squarefree, and 
Di,+++>Prs Q1;+++5Qs are distinct odd primes not dividing d. 


CASE 1: d>1. If xz € N is such that 


x=1 mod 8p-...-prqi-.--ds and (=) =—1, 


—1)°98 : : 
(2) = (EE) CEB)= (= (G)= amate (= 
CASE 2: d=1 and r>0. By A, there exists some y € N such that 


(y,2uv) =1 and G ee 


If z € N is such that 
c=y mod 8up;-...-Pr-1,  Pr{e and (=F =), 
r 


then (z,2uv) =1, z=y mod 4p7!uv, 
1 


Ce a el re a ea 


= (& “\(-**s* (=) _ ral ne | 


and 


CASE 3: d=1 and r=0. If 
3 if {u,v} ={-1,2}, 
u 
x=7 if {u,v} ={-1,-2}, then (=) 
5 if {u,v} = {2,-2}, 


I 
oS 
ale 
jd 

I 

| 

— 


Theorem 7.6.4. Suppose that m= 2%mo, where a € No and mo € Z\ 2Z. Let 
my, be the product of all primes dividing mo and 
8m, if 2a, 
k=¢{ 4m, if mo—a=3 mod4, 
2m, if mo—a=1 mod 4. 
Then there is a unique character py: §_4,2 > C*% such that 
(m+ 1)b — (m— 1I)ki 
py = (4D tm Dy 
o(F) 5 , 
whenever F = [a,2b,c] € _4,2, wherea € N, b,c € Z, (a,2b,c) = (a,m) = 1 
and b* —ac=—k? [then ((m+1)b—(m-—1)ki,a) =1]. It satisfies pt =1, and 
ord(y) = 4 if |m| is not a square. 


If p = 1mod 4 is a prime such that p { m, then m is a biquadratic residue 
modulo p if and only if m is represented by some class F' € Ker(y). 
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Proor. Let p = 1 mod 4 be a prime such that p{ m. Then p{ k, by Theorem 
6.4.13.2 p is represented by some class F € §_4,2, and then F and F~' are the only 
classes which represent p. Since every class F' € §_4,2 is of the form F = |a, 26, c], 


wherea € N, b,c € Z, (a,2b,c) = 1 and b* — ac = —k’, the uniqueness of y 
follows. 
We apply Theorem 7.6.2 with d=1, ¢ = —i and k as defined above. 


CASE 1: m=0 mod 2. We set u= m—1 and v =m-+1. Then (u,v) = 1, and 
u? —v? = —4m = (-1)2°W, where s=2+a, r=0 if m=3mod4, r=1 if 
m=1 mod 4, W =(-1)"t!mp =1 mod 4 and w= my. 

We check the conditions (a), (b), (c), (d) of Theorem 7.6.1.2. Since 2 { uv 
and 2|k, (b) and (d) hold. If 2 { s, then 2 { a and 8|k, hence (a) holds since 
vo(k) > 3 = ve(v) + max{3 — vo(u),0}. It remains to consider the case where 2| s 
and 4 { 2r +s. In this case, 2r + s = 2r+a+ 2, and therefore 2r + a = 0 mod 4. If 
mo = 1 mod 4, thenr =1, 4{ a, and consequently mp — a = 3 mod 4 and 4| k. If 
mo = 3 mod 4, then r = 0, 4|a, and thus again mp — a = 3 mod 4 and 4|k. 

By Theorem 7.6.2 there exists a unique character x: §_4,2 > C*% such that 


x(F) = ( 


for every class F = [a, 2b, c] € F_4,2 as above, and we set y = x. Then y* = 1, and 
if |m| is not a square, then ord(y) = 4. If F' represents p, then y(F’) = 1 if and 
only if 


_) _ aa (m— DRY 


a a 


UtD\e-D4  7- ma—1lt(msel) ye _ _ @ajjen 
a) “eae eee 


Hence m is a biquadratic residue modulo p if and only if p is represented by some 
class F € Ker(y) (indeed, if some class F € $_4,2 represents p, then F and F~! 
are the only classes in §_4,2 which represent p ). 

CASE 2: ¢ € {+1} and m =e mod 4. Suppose that m—e = 2u and m+e = 2u, 
where u,v € Z, 4|u, 2¢v and (u,v) = 1. We set u? — v? = —em = (—1)"2°W, 
where s=0, r=1, W=em=1mod4 and w=™myj. Since 2|k, the conditions 
(a), (b), (c), (d) of Theorem 7.6.1 are obviously satisfied. 

By Theorem 7.6.2 there exists a unique character y: ¥_4,2 > C* such that 


(ry = (oR) = (eBay (2) _ (mre ono) 


a a a a 


for every class F = [a, 2b, c] € F_4,2 as above. Since 


w+ vti _ Ure 
—u+vti —u+tv 


=em and em=em, 


it follows that F represents p if and only if y(F) = (em)®-)/4 mod p. 

If ¢ = 1 and m = 1mod 4, then we set y = y and proceed as in CASE 1. 
Thus suppose that ¢ = —1, m= 3 mod 4, and consequently —4k? = 0 mod 32. Let 
0: §_4p2 4 {+1} be the basic genus character defined by 


2 
oF) = (-) if F = [a, 2b, c] € F_4x2 is as above, and set y = dy. 
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Since 6? = 1, it follows that y* = 1, and ord(y) = 4 if |m| is not a square. If 

F € §_4,2 as above represents p, then p= 1 mod 4, hence 6(F') = (jen, and 
oF) = 6(F)x(F) = (1)°-PA(—m) ODA = mOD/* mod p, 


Therefore m is a biquadratic residue modulo p if and only if p is represented by 
some class F’ € Ker(y). 


Example 7.6.5. For m € Z with 1 < |m| < 10 we present a list of quadratic 
forms |a, b,c] with the following property : 

m is a biquadratic residue modulo a prime p = 1 mod 4 with p { m if and only 
if p is represented by some form in the list. 


m=a22: {1,0,64]; 
m=3:  [1,0,144], [13,10, 13]: 
m=-3: [1,0,36]; 


m=5:  {1,0, 100}; 
m=-—5:  [1,0,400], [16, 16, 29] ; 
m=6+ |1,0,576), (25,14,25), [5.424 116]; 


m=—6: [1,0,576], [25,14,25], [20,+4, 29); 
m=7: [1,0,784], [16,0,49], [29, +24, 32]; 
m=-7:  [1,0,196], [4,0, 49]; 
m=10:  [1,0,1600], [41,18,41], [37,+36, 52]; 
m=-10: [1,0,1600], [41,18,41], [13,+10, 125). 


We give the details for m = 6. In this case, a = 1, mp = my = 3, k = 24 and 
—4k? = —2304. There exist 16 reduced forms of discriminant —2304: 


[1, 0, 576] , (9, 0, 64] , [4,4, 145] , [5, +4, 116] , [20, +4, 29] , [9, +6, 65] , [13, +6, 45], 
[16, +8, 37] , (17, £12, 36] , [25, 14, 25] 
(see http://www.numbertheory.org/php/classnoneg.php). 
The class group is given by §_2304 = (A,C), where A = [5,4,116], C = [9,6, 65] 
and ord(A) = ord(C) = 4. Since 


ot) = (=), = (F),=2 


it follows that A € Ker(y), and since (2304: Ker(y)) = 4, we obtain 
Ker(y) = (A) = {A, A’, A?, A* = 1} = { [5, +4, 116], [25,14, 25], [1,0,576] }. 


Theorem 7.6.6. Let A be a quadratic discriminant, let m,n, q € Z be non- 
zero integers such that (m,n)|2, q=1 mod 4 and m?— An? = —4q. Let q be the 
product of all primes dividing q, 


mtn/A gq if A=4mod8, 
a = —— and k= 


2 2q, otherwise. 
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Then there is a unique character y: § 4,24 4 C* such that 
bn — kmi 
x(F) = (=>—"*) 
a 4 
whenever F = |a,2b,c] € F_,2A, whereaeN, b,c e€Z, (a,2b,c) = (a,2Aq) =1 
and b* — ac = —Ak? [then (bv — kmi,a) = 1]. It satisfies y4 =1, ord(x) = 4 if 
—q and Ag are not squares, and it has the following properties: 
1. If F = [a,2b,c] € F_a,2, is as above and F € Ker(x), then 


(—*) =e 
a 
2. Let p = 1mod 4 be a prime such that p { Aq, and —q and A are both 


quadratic residues modulo p. Then 
(=) = =), if and only if p is represented by some class F € Ker/(y). 
Pp 


PRoor. We apply Theorem 7.6.2 with k as above, 


d=A, u= m sd ea 


(m,n) (m,n) 
Then 2|kA, (u,v) = 1, and Avu(u? — Av?) 40. We set W=q, w=, r= 1, 
s=2 0 (m,n) =1, and s=0 if (m,n) = 2. Then 


—4 
ue — dv? = —_ (—1)"2°W,, 
(m,n)? 
and we check the conditions (a), (b), (c), (d) of Theorem 7.6.1. 
CASE 1: A = 0mod 8. Then m = 2mg and A = 8D, where mo, D € Z and 


2 { mo. It follows that m2 —2Dn? = —q = 3 mod 4, hence 2{n, (m,n) =1, 2|u, 
and (d) holds since 2|k. 

CASE 2: A=4 mod 8. Then m = 2mp and A = 8D + 4, where mo, D € Z. It 
follows that m2 —(2do+1)n? = —q¢ =3 mod 4, hence 2|mo, 4|m, 24{n, (m,n) =1 
and 4|u. In this case there is no further condition to be checked. 

CASE 3: A =1 mod 4. Then m? — n? = 0 mod 4, and thus m = n mod 2. If 
m=n=1mod 2, thnu=m, v=n, 2|k and 2r+s = 4. Hence the conditions 
(c) and (d) hold. If m =n =0 mod 2, then m = 2u, n=2v, u?-v?=-q=3 
mod 4, and therefore 2|u. Hence condition (d) holds since 2| k. 

By Theorem 7.6.2, there exists a unique character x: §_4,24 — C* such that 

bu — kui 
x( [a, 2b, J) = (——) 
whenever a EN, b,c € Z, (a,2b,c) = (a, 2kA(u?—Av?)) = 1 and b? — ac = —k?A 
[then (bv — kui,a) = 1]. It satisfies y* = 1 and ord(y) = 4 if u? — Av? and 
—A(u? — Av?) are not squares. Now the existence and uniqueness of x as asserted 
follows, since (a, 2kq(u2—Av?)) = 1 holds if and only if (a, 2Aq) = 1, (bv—kui,a) = 1 
implies (bn — kmi,a) = 1 (as 24a), and 


(—~, ~ (—) ), ~ (ee 
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1. If F = |a, 2b, c] € Ker(y), then Theorem 7.3.9.1 implies 


i= — _ a= _ a) 


a 4 a a 


(ac — k?d)n? + k?m? k?(m? — dn?) —q 
7 ( a ) a ( a ) a ( a ) ‘ 

2. Since both A and V(a) = —q are quadratic residues modulo p, the generalized 
quadratic symbol is defined, and since p= 1 mod 4, it follows that q is a quadratic 
residue modulo p, too. Let o, 0 € Z be such that o? = q mod p and J? =d mod p. 
By Theorem 6.4.13.2, p is represented by some class F' = [a, 2b, c] € F_4,2a, where 
aéN, b,c e€Z, (a,2b,c) = 1, b? — ac = —k?A and (a,2Ak) = 1. We apply 
Theorem 7.6.2 with ¢ = —i0 and obtain 


u+ vd \(p-1)/4 
F)=1 if lyif Y=(———) =1 mod p. 
x(F) if and only i Sea mod p 
Since F and F~! are the only classes in §_4,2, which represent p, it follows that 
p is represented by some class F' € Ker(x) if and only if Y = 1 mod p. Now we 
calculate 


_ f utvd \@-D/4  ¢ mtnd \@-D/4 __ ¢(m+nv)?\@-1)/4 
“ee ae) ae 


ra) —m+nd 4q 
= (CY ie (2) (2) mote 


and we obtain 


Y =1 mod p_ if and only if (5) = AR 


Corollary 7.6.7. Let A be a quadratic discriminant and m,n € Z such that 
m? — dn? = —4, 


7 9 


—mt+tnV& ae ee 1 if A=4 mod8, 
: 2 otherwise. 


Then there is a unique character y: § 4,24 —- C™* such that 


ory (ma) 


a 
whenever F = [a,2b,c], wherea EC N, b,c € Z, (a,2b,c) = (a,2A) = 1 and 
b? — ac = —k?. It satisfies ord(y) = 4, and if some class [a,2b,c] as above lies in 


Ker(x), then a =1 mod 4. 
If p=1 mod 4 is a prime such that Qa(p) = 1, then 
(=) =1 <¢f and only if p is represented by some class F € Ker(). 
Pp 


PRooF. By Theorem 7.6.6, applied with gq = 1. 
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Example 7.6.8. For some fundamental discriminants A € N with V(eq) = —1 
we present a list of quadratic forms f such that ¢,q is a quadratic residue modulo a 
prime p = 1 mod 4 with Qa(p) = 1 if and only if p is represented by some form in 


the list. 
14+ 75 
A=5, 65 = a 1,0, 20] ; 
A=8, c¢,=14+v2: [1,0,32]: 
344/13 
A=13, c13=— 1, 0,52); 
A=17, €17=4+V17:  [1,0,68], [4,0, 17]; 
5 + 1/29 
A =29, €09 = i :  [1,0,116], [5,+4, 24]; 
A = 87, 637 =6+V37: [1,0,148]; 
A=40, es4 =3+V10: [1,0,160], [13,6, 13]. 


We give the details for A = 17. Here —4k7A = —272, m = 8 and n = 2. There exist 
eight reduced forms of discriminant —272: 


[1,0,68], [4,0,17], [3,+2,23], [8,+4,9], [7,+6, 11] 
(see http://www.numbertheory.org/php/classnoneg.php). 
The class group is given by §_272 = (A,B), where A = [3,2,23], B= [4,0,17], 
ord(A) =4 and ord(B) = 2. Since B= [17,0,4], we obtain 


08) = (F7),= (Gah 


hence B € Ker(y), and since (§_272:Ker(y)) = 4, we obtain 
Ker(y) = (B) = {B, B? = T} = {14,0,17], 1,0, 68] }. 


Remarks 7.6.9 (For readers who are familiar with class field theory). 
1. If m € Z, then Theorem 7.6.4 gives an explicit formula for the defining 
character of the cyclic field extension Q(i, Ym)/Q(i). 
2. If A € N is a fundamental discriminant such that N(eq) = —1, then 
Corollary 7.6.7 gives an explicit formula for the defining character of the 


cyclic field extension Q(/é ,i)/Q(V—A). 
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CHAPTER 8 


Class groups 


Let A be a quadratic discriminant. In Chapter 1 we introduced the class number 
ha and the narrow class number hy in terms of equivalent quadratic irrationals, and 
in Chapter 5 we interpreted these numbers as ideal class numbers of quadratic orders, 
namely 


ha=|Cx| ond ty = (Gil. 
There we proved: 
e If A <0, then Ca =O. 
e If A >0O, then there is a natural epimorphism Cr — Ca, and 


nt = 2ha _ ha it Nica) =-1, 
A (OR;O%") 2x a Aiea) = 1. 


where OXT = {e € OX | N(e) = 1} is the group of norm-positive units. 


In Chapter 6, we established an isomorphism 
ta > Ch 


between the narrow ideal class group Gx and Gauss’ composition class group ¥, of 
binary quadratic forms. 


Consequently, equivalence classes of quadratic irrationals, ideal class groups of 
quadratic orders and composition class groups of binary forms constitute equivalent 
theories, and it is a matter of taste and convenience to describe the theory in terms 
of quadratic irrationals, ideals or forms. 


In this final chapter, we first deal with the analytic theory of quadratic orders. 
In Section 8.1, we prove Dirichlet’s analytic class number formula and draw some 
of its consequences. In Section 8.2 we introduce L-functions of quadratic orders, 
reconsider the analytic class number formula and prove the quadratic analog of 
Dirichlet’s prime number theorem. In these two sections we tacitly use the results 
of Chapter 4. 

The remaining two sections are devoted to the 2-component of the class group 
of a quadratic order, called its 2-class group. We translate the theory of ambiguous 
ideals into the language of forms, and then we concentrate on cyclic 2-class groups. 
We provide criteria for a cyclic 2-class group to be of an order divisible by 4, 8 
or 16. 
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8.1. The analytic class number formula 


The main idea for the proof of Dirichlet’s class number formula is an asymptotic 
formula for the average number of ideals with a given norm. We do this for arbitrary 
quadratic orders, and we provide estimates of the remainder term which will be 
useful in the subsequent section when we investigate the L-functions of quadratic 
orders. 


For a quadratic discriminant A with conductor fa, we denote by JA the set of 
all non-zero ideals a of O, such that (Nta(a), fa) = 1, and for n € N we denote by 
Ra(n) the number of ideals a € JA such that Na(a) =n. 


Theorem 8.1.1. Let A be a quadratic discriminant with conductor fa. 
1. The function Ra: N+ No is multiplicative, 


Ra(n) = S°Qa(d) for all neN, 
d|n 


and if p is a prime ande €N, then 
e+1 if Qa(p)=1, 
Ra(p°) = 0 if Qa(p) =—1 and e=1 mod 2, 
1 otherwise. 
2. We have a 
. 1 
lim — S~*Ra(n) = ae ener 
=1 


N-oo N 
n= 


ProoF. 1. Let p{ fa be a prime and p, a prime ideal of O, containing p. Then 
Theorem 5.8.8 implies 
ppp, if Qa(p)=1, 
POA=% Pp if Qa(p)=—1, 
p, if Qa(p)=0, 
where pp, P,, are prime ideals in J,. By Theorem 5.8.1.4 every ideal a € J) has a 
unique factorization 


a= [[l eee [] a [ 


peP peP peP, pifa 
Qa(p)=1 Qa (p)=-1 Qa (p)=0 


with exponents ap, a, Bp, Yp € No, and then 


Na (a) = II pete II p?hp II pe, 


€P peP peP, ptfa 
Qa (p)=1 Qa (p)=-1 Qa (p)=0 


Consequently, ifn € N and v,(n) =0 mod 2 for all primes p such that Qa(p) = —1, 
then 
Ra(n)= J] [vp(n) +1], 
peP 
Qa(p)=1 
and Ra(n) = 0 otherwise. Hence Ra is a multiplicative function. 
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For a prime p and e EN, we obtain 


‘ e+1 if Qa(p)=1, 
Ra(p°) = S- Qa(p”) = 0 if Qa(p)=—-land e=1 mod 2, 
v=0 1 otherwise. 


Since Qa is a multiplicative function, the same is true for its summatory function 
Q’, defined by 


Qa(n) = S> Qa(d) forall nEN. 
1l<d|n 
Since Q’ (p°) = Ra(p*) for all primes p and e € No, it follows that Ra = Q’. 
2. Observe that Qa(n) = Ra(n) = O if (n, fa) £1. If N EN, then 


N N ee) 
SoRa(r) = 4) YS Qa@ = YS) Qald) = 51 4+S2, 
n=1 n=1l1<d|n d,k=1 
dk<N, (k,fa)=1 
where 
S= S> Qad) J) 1 and = SO Qa(d) 
1<d</N 1<k<4 1<k<VN J/N<d<% 
(k,fa)=1 (k,fa)=1 
Now we obtain 
N N d 
o= > Qa (a) Ps) =. + pa| = (fa) Qa( ) + Ry, 
fa d fa d 
1<d</N 1<d<JV/N 


where pg € [0, fa] by Lemma A.6.2.4, and 
Rv= >> pa €(0,favN). 
l<d</N 
Since Qa is a character modulo A, Theorem 4.3.1.3 implies 
Isls D> | YO Qa@) sian. 
1<k<VN V/N<d<¥ 


Putting all together, it follows that 


N 
by Rae) — y oo, 


and therefore 


N foe) 


N-0oo 
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In the sequel we need a geometric reasoning. Although the following Lemma is 
obvious from an elementary point of view, we give a formal proof of it. We denote by 
|| -|| the Euclidean norm of R?. A subset C C R? is called a Lipschitz-bounded curve 
if there exist a function vy: [0,1] + R? and some L € Ryo such that C Cc ¢([0,1)) 
and Ile (t1) _ p(t2)|| < Lt, _ to| for all t1, to € (0, ih 


Lemma 8.1.2. Let 2 C R? be a set such that its boundary OQ is a Lipschitz- 
bounded curve. Let f € N be a positive integer and a, b € Z such that (a, f) = 1. For 
Te Ryo, let 


Ar(f,2) = |{(z,y) € TAN Z? | (ax + by, f) = YI 


be the number of non-zero lattice points in the expanded domain TQ. satisfying the 
side condition (ax + by, f) =1. Then there exists some M € Ryo such that 

Ar i Q ~ f M 

Ane) = (0) 2 < r forall TeERs1, 
where (Q) denotes the (Jordan) content of Q. 


Proor. Let L € Ryo and yg: [0,1] — R? be such that 092 C y([0,1]) and 
|e(t1) — v(t2)|| < Lt1 — tel for all t1, te € [0,1]. By an integral square we mean a 
set of the form a+ [0,1)? C R? for some a € Z?. We fix some T € Ryo, and we 
consider first the case f = 1. Let br(Q) be the number of integral squares contained 
in TQ, Br(Q) the number of integral squares meeting TQ and Ar(Q) = |TQANZ?|. 
Then we obviously have br(Q) < Ar(Q) < Br(Q), and the difference Bp(Q) —br(Q) 
is the number of integral squares meeting the boundary 0(TQ) = TAQ = Ty((0, 1). 
Let sj. denote the inner and p* the outer Jordan measure of R?. Then it follows that 
fix(TQ) = T?p.(Q), p(T) = T?p*(Q), and 


1 : i 
aa br (2) < a(O) < w°(O) < Zp Br(M), 
We set 
eye ij j 
k= Bal , and we consider an interval I; = lz, | for some j € [0,k — 1]. 


Suppose that to € J; and Ty(to) € (20, yo) + [0, 1)? for some (xo, yo) € Z?. Then 
the square Q = (#9 — 1, yo — 1) + [0,3)? is the union of nine integral squares, and 
{z€R?| |lz —Ty(to)|| < V2}. CQ. Ift € Jj, then 


1 TL 
|t — to| < zh hence ||Ty(t) — Ty(to)|| < > < V2, and therefore Ty(t)€Q. 


Hence 0(T{Q) is contained in the union of at most 9k integral squares, and we obtain 


1 9k OL 9 
*(Q) — px (Q) < =5| Br(Q) — br (Q) | < =< — eta. 
w() — nO) < Fel Br) - br] < HS Tet 
For T — on, it follows that y.(Q) = w*(Q), hence Q is Jordan measurable. Moreover, 
there exists some M, € Rso such that 


Ar(Q) 1 M, 
p(Q) — 72 as 7 [Br(Q) —br(Q)] < - for all ZT € Rsj. 
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If Q is an integral square, then we call the expanded square fQ an f-square, we 
obviously have |fQM Z?| = f?, and we assert that 


(x) (x,y) € FQN Z? | (ax + by, f) =1}| = fe(f). 
Assume that (*) holds. Since br(Q) is the number of f-squares contained in T fQ 
and Br(Q) is the number of f-squares meeting TfQ, (*) implies that 


fPbr(Q) < Ar,(Q) < f?Br(Q) and fe(f)br(Q) < Ars(f,2) < fy(f)Br(Q). 
Combining these two inequalities, it follows that 


f) Ars(Q) | Arg (Ff, 2 olf 7) 
a ar “|< < aa [Br(Q) — br(Q)] < a for all T € R31. 
We replace Tf by T and obtain, now for all T' > f, 
olf) An(®) _ Ar(F.9)) < o/h 
2 —_— 

Hence it follows that 

Ar(f,2 f f)|Ar(Q f) Ar(Q Ar(f,2 M 
yy ADA ADA 


for some constant M € Ryo and all T' € Rs}. 
Proof of (*). If Q is any integral square, then 
L(y) € fQNZ? | (av + by, f) = 1}| =[{(e.y) € (0, F—I? | (ax + by, f) = 1}. 
For every y € [0, f—1], we consider the map yy: [0,f—1] ~ Z/fZ, defined by 
py (x) = ax+by+ fZ. Since (a, f) = 1, Yy is bijective, and if (x,y) € [0, f—1]*, then 
(ax + by, f) = 1 if and only if az + by + fZ € (Z/fZ)*. Hence it follows that 


[{(x, y) € [0, f—1)? | (aa + by, f) =1}] = fel(f). 


Theorem 8.1.3. Let A be a quadratic discriminant with conductor fa. 
e If A <0, we set 


6 if A=-3, 
oa where wA=|OZX|=4 4 if A=—4 
— : = Al a 
way lol 2 if A<-4. 
e If A>0, we set 
log ex 
AA =>; 
VA 


where aN denotes the norm-positive fundamental unit of discriminant A. 


Let C €CX be a narrow ideal class. For N €N, let R&(N) be the number of ideals 
ac I lying inC such that Na(a) < N. Then there exists some B € Ryo such that 


— ce forall NEN, 


1 ok 
W Ro(N) — Aa 


and consequently 
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Proor. We fix an O,g-regular ideal a; € C~! such that (Ita(a1), fa) = 1 (see 
Theorem 5.5.7.2(b) ). For N € N, we assert that 
(x) RGN) = |{eOa |a ea, Wa), fa) = 1, 0< Na) < NOa(a1) }I. 


Indeed, if NEN, a€ a, (N(a), fa) =1 and 0 < N(a) < NIa(a1), then aaj" 
is a non-zero ideal of O, lying in C, and since Na(aa,')Na(ar) = (a), it follows 


that rr 
ae ey. 
Va (a1) 
Conversely, if a € J4 is an ideal in C such that Ita(a) < N, then aay = aO, for 
some a € ay satisfying 0 < N(a) = Na(a)Na(ar) < NNa(ai) and (V(a), fa) = 1. 
Since the principal ideal aO, is uniquely determined by a, this proves (x). 
By Theorem 5.4.2.1, the ideal a, is of the form 
b+VA 
9 ’ 
If a € ay, then there exist x7, y € Z such that 
b+VA 
2 


(Ma(aay'), fa) =1 and MNa(aaz") 


a,=Za+Z where a=Xa(a1), b,c€Z and A=0? — 4ac. 


a=ar+ 


Y, 


and then 
2 2 

N(a) = (ax ~ —) a= (ax? + bry + cy”) Nta(a1). 
Now we analyze the condition (N(a), fa) = 1. If A = Omod 4, we set b = 20* 
and a = a*. If A = 1 mod 4, we set 6* = b and a* = 2a. Then it is obvious that 
a*, b* EZ, (a*, fa) = 1, and if (x,y) € Z’, then (ax? + bry + cy”, fa) = 1 holds if 
and only if (a*x + b*y, fa) =1. 

CASE 1: A <0. If a, ay € Of, then aOq = a1 Oa if and only if ay = ae for 
some € € OX, and therefore 

waRa(N) = |{a € a1 | (V(a), fa) = 1, 0< N(a) < NIta(ar) }| 

=l{(2,y) € Z? | (ata + b*y, fa) =1, 0 < ax* + bay + cy’? < N}| 


=|{(@@,y) € 2 VNE | (a*a + bry, fa) =1, (2,9) F (0,0)}1, 


where 
il b \2 |A 
E ={(a,y) € R? | ax? +bry+cy? < 1} = { (z,y) € R? | -(av+5y) aly a i} 
is an ellipse having the semi-axes 
1 2Ja Qn 
— and ——, andtherefore p(€) = =wara. 
va VIA VIA| 


Now we apply Lemma 8.1.2 and take care of the condition (x,y) 4 (0,0). Since 
waRG(N) = A yw(f,€) — e, where e € {0,1}, there exists some constant By € Rso 
such that 

waRo(N) 


8M) _ HE) y(fa) 


REN) ofa)|- Bi 
NA |S ea 


and therefore | 


eS 
fa JN 
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CASE 2: A > 0. For N € N, Theorem 5.2.5.3 implies that RG(N) is the 
number of elements a € a, satisfying the conditions 


/ 
a>0, (N(a),fa)=1, 0<N(a)<N%Ma(a) and te et 


We set 


p_otvA 
a 


Then every a € a; has a unique representation in the form a = a(x + Oy) for 
some x, y € Z. If a is given in this way, then N(a) = a?(x + O0y)(a4 + 6’y) and 
(N (a), fa) =1 if and only if (a*x + b*y, fa) = 1. Hence we obtain 


REN) = |{(,y) € ZN VNH | (a*e + by, fa) =1, (x,y) #(0,0)}], 


where 


6g! 
H = {(2,y) ER? | «+ Oy > 0, 0<a(x+ by)(x+ Oy) <1, 1< SOE < ei}. 


We apply Lemma 8.1.2 and take care of the condition (x,y) 4 (0,0). We obtain 
Ro(N) = Ayr (f,H) — e, where e € {0,1}, and therefore there exists some constant 
B € Ryo such that 
elfa))- _B 

fa | VN 


In order to calculate u(H.), we make the substitution 


E=(ex+Oy)Va, n=(x+6'y)Va 


|Ret®) — (2) 


N 


with the Jacobian 
OG OE 
det (§ a = det (v2 ae = (6 -d)a=-VA, 
dz 8 a 


and we obtain 


, where H* = {(é,n) €R?|€>0, O< eps, E<n<eh}. 
If (€,n) € H*, then 0<n< efre x ef?nt, hence 0 <7 < a and we obtain 


Ht = {(6n) ER’ |0<n<ek, a <€<min(=,n) } 


= {(&n) eR? |0<9<1, HE <6 Sn} 


1 
w {(6n) ER? |i<nsek, b<es-t}. 
Ek n 
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Now it is easy to calculate the volume: 


1/n 
=f anf d& + ye ‘an f d& 
nlex? nfek? 
+ 


” 1) es ” 
a dn + | ( an 
i, (n-Fa)an + f° G- a 
i i ver 4 
=5(1 qq) t+ logek - (+ - 5) = log ex . 
Thus we finally obtain u(H.) = Aq, and the assertion follows. 
Theorem 8.1.4. Let A be a quadratic discriminant. 
e If A <0, then 
6 ff A=-3, 
/|A 
ha = wavll 14,Qs), where wA=|OX|= 44 if A=—4, 
T 
2 if A<-—4, 


e If A>0, then 


NE. VA 
ht = 1 d ha = ——L(l1 ; 
A= iogek L(1,Qa) and ha Tipe (1, Qa) 


ProoF. Let fa be the conductor of A and Aa as in Theorem 8.1.3. By the 
Theorems 8.1.1 and 8.1.3 we obtain 


o(fa) = ie <i : a a) 
Sa EO) MOY X ReN) = Aa 


Cec 


and therefore 
ICx| = — L(1, Qa). 


If A < 0, then ha = |Ca| = |CiI. If < 0, then hk = |CA|, and the connection of 
ha and ine was given in Theorem 5.5.4. If V(eq) = 1, then eq = EA and hy = 2ha. 
If V(eq) = —1, then eX =eX and hk = ha. In both cases, we obtain the asserted 
formula for ha. 


Exercise 8.1.5. Let A = Agf% be a quadratic discriminant with fundamental 
discriminant Ag and conductor fa. Prove that 


11, Qa) = L(1, Qa, T] (1-24). 


Use Theorem 8.1.4 to deduce the formula 

ha fa Qa(p) 
= [](1- =). 

hao (A, OA P| fa e 


(In Theorem, 5.9.7.4 we gave a structural algebraic proof of this formula.) 
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Now we restrict to the case of a fundamental discriminant A. Then the quadratic 
character Qa is primitive by Theorem 3.5.6, and we know the value of the Gauss 
sums T(Qqa) by Theorem 3.5.8. 


Theorem 8.1.6. Let A be a fundamental discriminant. 
1. Suppose that A <0. Then 


wr ME} 6 if A=-3, 

A a : 

= — h, — = = 

ha IN > Qa(j)j, where wa 4 i A 4, 
j=l 2 iff A<-4, 


a= 2 
as 1<j< 
2. Jf A> 0, then 
ha = = ~ Qa(j) lo Reel id eee Il (sin 2) M0"" 
a Togéa . A\J) 108 SIN > A= ; - 
soe 1<j<F 


PRooF. 1. We have Qa(—1) = —1 by Theorem 3.5.5.1, T(Qa) = VA =i,/JA 


and 
|A|—1 |A|—1 


ae r(Qa) = Qa = Ta 2 ealas 
- 


by Theorem 4.4.2. Thus we obtain a Theorem 8.1.4) 


|A|—1 
wa/|Al —WA _ 
ha = —>, EU, QA) = WAy d, Qa(j)i - 


Assume now that A < —4. Then wa = 2, and 
|A|-1 


ha =— ry De O80) 


CASE 1: A = 0mod 4. The Qa(2) = 0, we set |A] = 2m, and observe that 
Qa(a+m) = —Qa(a) for alla € Z (see Theorem 3.5.5.2(b) ). Hence 


|A|-1 m—-1 


m—-1 
Y= Qa(A)i = SF Qal)i + SS Qalm + j)(m + J) 
j=l j=l 


j=l 
m-1 m1 m1 |A| 
Qa lj Qals)(m+j)=—-m)) Qal)=-F DL Qal) 
j=l j=l j=l 1<j< 4 


and the assertion follows. 
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CASE 2: A=1 mod 4. We set |A| = 2m+ 1 and obtain 
|A|-1 


2060 = Laat = Leal w+ LA [A] — 7) (JAI - 3) 


= 23° @ali)i - AL > Qa(s) 
j=l j=l 


On the other hand, 


2m 
S> Qali)i Gx 23) (23) +57 Qal [A] — 29)(JA] — 23) 
g=1 j=l j=l 


= 2Qa(2) ¥7 Qa(3)j — |AIQa(2) } Qa(s) + 2Qa(2 2) >a 


j=l j=l j=l 
= 4Qa(2) }) Qa(4)i — |AIQa(2) $5 Qa(s) 
j=l j=l 


Combining these two expressions, we find 


(2— Qa(2 y Last = AL eat WAY eal 


Ay Qa(i)i +14  GaG) = —|A| > 7 Qa(j), 
j=l j=l j=l 


and therefore 
2m — 
SON 5  Qals 
j=l ) geal JAl 
which implies our assertion. 
2. Suppose that A > 0. Then 7(Qa) = VA, hence 
A-1 


Diex= = S> Qa(j) log sin 


j=l 
by Theorem 4.4.2, and by Theorem 8.1.4 we obtain 


VA =| A-1 


Ti 
= )l ad 
ha 2log ea LL Qa) = 2log ea 2, Pal) oar 
Since 
A-1 
S> Qa(s) logsin “2 = S> Qali )og sin 32 + S- Qa(A — 7) log sin 


j=l 1<j<4 1<j<4 


=2 > Qalj )log sin 


1<j<4 


( 


A 


m(A — 9) 
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we obtain 


Qa (J) 
=n s Qaly (j)logsin = ~ rE 8 II (sin) 


1<j<4 1<j<4 


gla = II (sin 2)“ ae 


1<j<4 


and finally 


Exercise 8.1.7. Use Theorem 8.1.6 to calculate h_3, h—23, hg and hyjg. 


Exercise 8.1.8. Let A > 0 be a quadratic discriminant. Prove that 


A-1 A-1 
Qh j j 
exe TT -cl= JT] -l. 
j=l j=l 
Qa(j)=1 Qa(j)=—-1 


Theorem 8.1.9. Let p= 3 mod 4 be a prime, p #3. Let R denote the number 
of quadratic residues and N the number of quadratic non-residues modulo p in the 
interval (0, (p —1)/2]. Then 


il I 4 =7 d8 
h»=-(R-WN), where q= if - ne 
q 3 if p=3 mod&. 
Proor. By Theorem 8.1.6 we obtain (using Theorem 3.5.4) 
(p—1)/2 (p—1)/2 


1 x 1 
hp = Q_,(j) = —_ 1 
70-4 (4) X => (2) y y 
(Ja (aa 
= =(R-N) 


Let p= 3 mod 4 be a prime. We know that 
—-1 
(-—): =+1 mod p 


(see Theorem A.6.3.5). Now we are able to determine the sign. 


Corollary 8.1.10. Let p= 3 mod 4 be a prime. Then 
—1 
(FA): =1modp ifand only if h_»=—1 mod4. 
ProoF. Let R denote the number of quadratic residues and N the number of 


quadratic non-residues modulo p in the interval [0,(p — 1)/2]. Let e, € {+1} be 
such that 


=| _ 
(-—): =€, mod p, _ and observe that (-—): = (-1)" mod 4. 
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It follows that e, = (1, By Theorem 8.1.9 we have 
1 lp—-1 e pe 
hp = -(R- N) =-(2- aw), where g= ! : p=7 mod 8, 
q q\ 2 3 if p=3 mod8. 


In both cases, it follows that h_, = 3 — 2N mod 4, and thus N = 0 mod 2 if and 
only if h_» = —1 mod 4. 


8.2. L-functions of quadratic orders 


In this section, we introduce the L-functions of a quadratic order attached with 
characters of its narrow ideal class group. By the way, we obtain a fresh interpretation 
of the analytic class number formula and a generalization of Dirichlet’s prime number 
theorem to quadratic orders. In particular, we shall prove that every primitive form 
represents infinitely many primes. 

For a quadratic discriminant A with conductor fa, let (as before) J be the set 
of all non-zero ideals a of Og such that (Sta(a), fa) = 1 and Pa the set of all prime 
ideals in Ji. 

We consider the character group €,4 = CX = Hom(Cx,C%). Its elements are 
called ideal class characters of Oa. We denote by 1 € €,q the unit character. For 
e€€, andae Ih, we set o(a) = d([a]*), and for n € N, we set 


e(n)= So ofa). 
acs 
Na (a)=n 


In particular, 6*(n) = 0 if (n, fa) #1, and 
1*(n) = Ra(n) = |{a € JQ | Mala) =n}| forall neN. 


Lemma 8.2.1. Let A be a quadratic discriminant and @ € Eq an ideal class 
character. Then ¢(ab) = $(a)¢(b) for alla, b € Ix, and ¢*:N > C is a multi- 


plicative function. 
PRooF. Ifa, 6 € JK, then 
(ab) = o([ab]}*) = d([a]*[b]*) = d([a]*)o([6]") = o(a)d(6). 
If m , m2 € N and (m1, m2) = 1, then 
{ae Th | Nala) = mimo} = {a1a2| a, ET, Sta(a;) = m, for i € {1,2} }, 


since every a € JX has a unique factorization into prime ideal powers. Hence 
A 


S(mm)= SO o@= YO d> (oraz) 


acs aes, ageI~ 
Na (a)=m1mM2 Na (a1 )=m1 Na (a2)=me 
= >> om) S>  d(a2) = 4*(mi)¢*(me), 
aes, aged 
Ma (a1 )=m1 Ma (a2)=me 


and therefore ¢* is a multiplicative function. 
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In the following Theorem 8.2.2 we introduce and investigate the Dirichlet series 
responsible for the analytic theory of quadratic orders. 


Theorem 8.2.2. Let A be a quadratic discriminant with conductor fa and 
bo € Eq an ideal class character. 
1. The Dirichlet series 


— o*(n A 
Lals.d) = Se = an Aas 1- > Loner - 
a pe 


j=1 


converge for all s © Hy and define holomorphic functions 


La(-,¢):Hi7C and Ag(-,¢):H1 >C. 


2. For s € Hi, we have 


ba(s.é) = [] (1- PP) = exptals.o)), 


ee Na(p)* 
a(s) = Lalo) = > ea = Cl0)E(6, Qa) TT (1-5) 
Est Tay pry 
a P| fa 
and if s € Ryj, then 
I] Las.) 21 
wea 


Proor. Let p be a prime, ¢ € Ca, s € H, and o = R(s). We observe that 
|p*| = p’, and we calculate the sums 


| o*(p") 
>| pis | 
j=0 

e If p| fa, then ¢*(p’) =0 for all 7 € No. 


e If p|A and pt fa, then pO, = p? for some p € Pa, Ma(p) = p, and 
¢*(p!) = o(p’) for all 7 € No. Hence we obtain 


ee ey 


(oe) 


and 


~ ¢*(p!) __ op om) 
> pis y Ma (p)Is ( Tay) 
e If Qa(p) = —1, then p= pO, € Pa, Na(p) =p”, and if j € No, then 


o(p’) if jf =2v, 


ev=| 0 if j is odd. 
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Hence we obtain 


<P (p!) ole”) = ol)”, op) 
Se = Line Sime = C-mgp) 
e If Qa(p) = 1, then pO, = pp’, where p, p’ € Pa, Na(p) = Nalp’) =p, 


= 00 (p-”) 


1*(p) =7 +1 and ad | <j+1 for all 7 € No. Hence it follows that 
o*(p oO 412 2 
ee ee 
j=0 . 


with saudi if d= » a 


j=0 j=0 v=0 v j=0 j=0 
_ (, _ op) _)7 o(p’) \-! 
7 (1 Tay) (1 Nalp)ey | 


Consequently, we have proved that, for all s € H; with o = R(s), 


leit) tee) ie 


pl A, ptfa Qa(p)=-1 Qa(p)=1 
1\- 1\-1 1 
=) TT G+5) Il G-x) ILG-3) 
peP per peP 
Qa(p)=-1 Qa (p)=1 p\ fa 
= ¢(a)L(a, Qa) II (1 a =) E€Rso, with equality if ¢ = 1. 
pEeP 
P| fa 


Now we apply Theorem 4.2.4.1. First, for s € H1 we have 
* (pj 
aoe! Hs y |e) < 
n 
j=0 


and therefore (by Lemma B.2.2) the nee series defining La(s, x) and Aa(s, x) 
converge for s € H, and define holomorphic functions La(-,¢): Hi — C and 
Aa(-,@): Hi > C. Next, it follows that, for all s € Hy, 


I G-se)” -1(.*) - eo (3,4), 


pePK peEP j=0 


o] 
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cals) =La(s.t) =T] {2} = c(s)r06,@a) TT (1-5). 


peP \j=0 pe iw 
PIJA 
and 
ee, | ee gee ae 2200s a 
ptda(s.d)) = TT FOF) Tt Tar) 7 Lals9)- 


Finally, if s € Rx1, then 


[] talon) =n 5 d, ve’) maar} 


peta pePa j=1 \ve€a 


since, for every p € Pa and j € N we have 


>. Wp?) = S> w([p ‘ *) € {0, ten |} by Theorem A.7.7. 


wEeta ON 


Definition 8.2.3. Let A be a quadratic discriminant and ¢@ € €, an ideal class 
character. The function 


(a) o(p) \-} 
L(-,¢):HiC, defined by L/(s,¢ =D 1c 
as cies ia =z Maloy gn TF) 


is called the Dedekind-Landau L-function of the order O, associated with the ideal 
class character ¢. The function 


Ga = La(-,1):H1 9 C, given by Car(s ~ 2. aay TAG s= II Cc 
pera 


is called the Dedekind zeta function of the order on. If K is a quadratic number 
field, then Cx = Ga, is called the Dedekind zeta function of K. 


For a (narrow) ideal class C € CX, we define the class zeta function 
1 
' C b = ——-. 
Ca Hi > ry Ca(s) oe Ma (a)s 
acs 
[a]*=C 
Since 


> ae <oo forall o € Ry), 


acd 


it follows by Lemma B.2.2 that ¢¢: H, > C is a holomorphic function. By the 
very definition, we obtain 


j= . Gc(s) and La(s = o(C 


Cect Ceck 
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Theorem 8.2.4. Let A be a quadratic discriminant and C € GC a narrow ideal 
class. Then there exists a differentiable function Go: Hp > C such that 


Cals) = jy Sfa) : : 7 +sGo(s) foralls€H,, 
Q = 
where 


21 log ek 
Se A, and = AA = 
wav/|A| VA 


In particular: 


if A>O. 


© Gc has an extension to a holomorphic function Ca: Ho \{1} > C satisfying 


rela, 


lim(s — 1)¢c(s) = Ta 


e We have 


lim(s — 1)¢a(s) = hXAa -— 


e If b€ Ey \ {1}, then La(-,¢) has an extension to a holomorphic function 
La(-,¢): Ho > C. 


ProoF. By definition, 


oe) 


Cols) = 2 [la eH | [a4 =C, Mala) =n}, 
n=1 
and for N € N we set 
N 
N) = J |{a €I4| [al* = C, Nala) = n}| = |{a | TA | [a] =C, Nala) < N}I. 


By Theorem 8.1.3, there exists some B € Ryo such that 


RS(N) — ay Pula) NI <BVN forall NEN, 
A 


and Theorem B.2.5 implies the existence of a holomorphic function Go with the 
desired properties. In particular, ¢¢ has an extension to a holomorphic function 
Ca: Ho \ {1} > C satisfying 


lim (s — 1)¢¢(s) = rn 24) | 
sl fa 
and 
lim (s — 1) Ca(s =o} lim ( s—1)c(s ) = ng rsP 


cect” 
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If  € Ca \ {1}, then (by Theorem A.7.7) 
8) = YS o(y¢ols) = 222 AY (@) + Y (C)sGols 
Cech * Gece Cech 


a o(C)sGo(s) for all s € Hy. 
Cech 


Theorem 8.2.5. If A be a quadratic discriminant and ¢ € €, \ {1} is an ideal 
class character, the La(1,¢) £0. 


Proor. Assume to the contrary that L(1,~) = 0 for some ideal class character 
pe €a\ {1}. 

CASE 1: ~ 4 ¥. Suppose that s € Rs;, and observe that w € €, \ {1}. Since 
La(s,v) = La(s,w) and La(-,w) is differentiable in 1, there exists a continuous 
function G: Ryo > C such that La(s,w) = (s—1)G(s) and L(s,®) = (s—1)G(s). 
By Theorem 8.2.2.2, it follows that 

1< [[ Lals,d) = Ca(s)La(s, 6)La(s,b)F(s) = Ca(s)(s — 1)7|G(s)/?F(s), 

eECa 
where 
F(s)= [J Lats, 4). 
b€€a\{1,4,0} 
Since F’': Ryo > C is a differentiable function, we obtain 
‘ 2 ; 
lim (s —1)|G(s)|"F(s)=0, and as lim, (s — 1)a(s) € Rso, 


we arrive at a contradiction. 


CASE 2: w =¥W. The function WV: Rj /2 — C, defined by 
Ca(s)La(s, 4) 


U(s) = Ca(28) , is holomorphic, ae U(s) =o, 
and by Theorem 4.2.4 we obtain for all s © Hy 
1—®a(p)-** 1+ Ma(p)7* 
U(s) = el 11 — Ma (b)—2)(1 — dlp) Nt (b)—8) II 1 — dip) Ma (p)—* 

pepa (L— Malp)-*)C — G(p)Malp)~*) seg 1 — o(p) Ma (p) 
1+Ma)* _ 7 ( ae f(r) 

vera 1 ~ Maly) Pa — Na(p) — 1 

o(p)=1 o(p)=1 


where f: N-> R is the multiplicative function defined for prime powers p* > 1 by 
f(p®) =2\{p € Pa | Nap”) = p* for some n€N}I. 
The Taylor expansion of V with center s = 2 shows that 


S(t) ~  f(n) (log n)* 
U(s) = 2 (s—2)* a for all s € (1/2, 2], 


k=0 


and that W: (1/2,2] + R is monotonically decreasing, a contradiction. 
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We apply our investigations of the Dedekind-Landau L-functions to prove a 
quadratic analog to Dirichlet’s prime number theorem. Our procedure is similar to 
that in Section 4.4. 


Theorem 8.2.6. Let A be a quadratic discriminant and ¢ € Ea an ideal class 
character. For real s € Rs tending to 1, the functions Aa(s,@) behaves as follows: 


lim A,a(s,¢) exists in C if 641, and lim Aa(s,1) =0o0. 
s—1+ s—1+ 


PROOF. Theorem 8.2.4 implies 


: _ _— pt (fa) : _ 
im, (s 1)¢a(s) = h_Aa——.,, _ hence im, Cals) = 00. 


fa 
Since Aa(s,1) € R and La(s,1) = exp Aa(s,1) for all s € Ry1, it follows that also 


im, Aa(s,1) =o. 
Assume now that ¢ 4 1. Then La(1,¢) #4 0 by Theorem 8.2.5, hence there 
exists some b € C such that La(1,¢) =e’, and we define 
h:Rs173C by A(s) =1—e°La(s,¢). 


Since La(-,¢): Ryo > C is continuous, there exist ¢, 9 € (0,1) such that |h(s)| < 0 
for all s € (1—e,1+ 6), h is continuous, and we define H: (1—¢,1+¢) >C by 


H(s)=)- 
j=l 


This series is uniformly convergent, hence ® is continuous, and if s € (1,1+¢), then 
b 
H(s)__ tb  _ eb Aa (s.6) 
1—h(s)  La(s,¢) 


The function K: (1,1+¢) > C, defined by K = H(s)—b+Aa(s, ¢), is continuous, 
and as e(s) = 1, it follows that L(s) € 2miZ or all s € (1,1 +). Hence K is 
constant, say K(s) =c € C for all s € (1,1 +), and 


im, Aa(s, 9) = jim [K(s) — H(s) +5] =c—HA(1)+beEC. 


€ 


Theorem 8.2.7. Let A be a quadratic discriminant. Then every (narrow) ideal 
class C € Cy contains infinitely many prime ideals p such that Na(p) is a prime. 


Proor. Now let Pk be the set of all p € Pa such that Na(p) is a prime, and 
let C € CX be a narrow ideal class. We must prove that the set P MC (consisting 
of all non-zero prime ideals p € PA such that (Ma(p), fa) = 1 and [p]t = C) is 
infinite. For s € Rs1, we set 


ro()= > gaa Hels) = Yo HO)Aals.9), 


pela 
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and we obtain 


=> Yio + ry yao 


pePa oE€Ca pEePan j=2 GEC, 
_9(p)) 
hinc(s +S G(s), where = 5240) Tap) 
pela pePa j=2 
If ¢€ €, ands >> 4, then 


1 


IGs(s)| < 5 — = ea 
acc a pePar a 1—Ma(p)~? 
1 
Be = < OOo. 
=7_9-0 7. (n20 
1-—2- =a Na (p) 


Hence the series defining the functions Gg are absolutely and uniformly convergent 
in Rs», and therefore the functions Gg are continuous in 1. For s € R31, we obtain 


[Aa(s,1)+H(s)], where H(s)= S> G(C)Aa(s,¢)+ D> Go(s) 


bea \{1} pECa 


mo(s) = = 


By Theorem 8.2.6, 


lim H(s) existsin C and lim A(s,1)=o0, hence lim mo(s) =o. 
s1+ s—1+ s—1+ 


If pe Pa \ Px, then Na(p) =p? for some prime p, and therefore 


1 1 
25. py = 2a 


pePa\Ph peP 
Since 
Tos) = s = io s a and >. : < 00 
© = Malp)? Stal) Sale) 
pePANC pe(Pa\Ph NC pEe(Pa\Ph) 
it follows that 
pein 2 GF ee 


pePA AC 
which implies that the set P al o is infinite. 


We close this section with an application to binary quadratic forms which we 
already announced several times. 


Theorem 8.2.8. Let A be a quadratic discriminant and f a not negative definite 
primitive form. Then f represents infinitely many primes. 


Proor. Let F = [f] € ¥a be the class of f and consider the bijective map 
®a: Fa cr given by Theorem 6.4.2. By Theorem 6.4.13.1, F (and thus f) 
represents a prime p if and only if p= MNta(p) for some prime ideal p € ®,y(F’). But 
by Theorem 8.2.7, the set of prime ideal p € ®a(F’) such that Na (p) is a prime is 
infinite. 
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8.3. Ambiguous classes and classes of order divisibility by 4 


Let A be a quadratic discriminant. We consider the isomorphism 
®a: Fa > Ch, 
given by Theorem and Definition 6.4.2 as follows: If f = [a,b,c] is a not negative 
definite primitive form of discriminant A, then 
[ap]* if a>O, 
Pa([f]) = a 
[asVA]+ if a<0O, 
®, induces an isomorphism (®,)2: (F¥a)2 > (Ci)2 of the 2-components, which we 
call the 2-class groups. In this and the following sections we investigate discriminants 
with a cyclic 2-class group and we shall give explicit criteria for the divisibility by 
4, 8 and 16. We call by Aq = Fal[2] ={F € Fa | F? = Ha} the ambiguous form 
class group (recall that we denote by Ha € ¥a the principal class). A form f and 
also its class [f] are called ambiguous if [f] € %a. ®a induces isomorphisms 
Ga/5a > Ch/Ch? and Aq 3 AK =CH[QI. 


By Theorem 5.6.11 we obtain || = |A| = 2"4)-!, and ro(Fa) = wa —1 is the 
2-rank of Fa. 


where af = E COa 


baew/A 
2 


Next we observe that for the study of the 2-class group it suffices to consider 
even discriminants. Indeed, let A = 1 mod 4 be an odd discriminant. By Theorem 
6.4.14 there is an epimorphism ©: $4, — a such that |Ker(O)| € {1,3}, and, 
by Theorem A.5.6, © induces an isomorphism @2: (F4a)2 + (Fa)2 of the 2-class 
groups. 


Already in Theorem 5.6.13 we gave criteria for (CX) (and thus for (¥,)2) to 
be trivial. The previous observations allow us to characterize discriminants with a 
non-trivial cyclic 2-class group. 


Theorem 8.3.1. Let A = 4D be an even quadratic discriminant. Then the 
following assertions are equivalent: 


(a) The 2-class group (Fa)2 is non-trivial and cyclic. 
(b) [Ma] = 2. 
(c) w(A) = 
(d) One ms the uae assertions hold: 
e D=1mod4 and D=+p'q for odd primes p#q andr, s EN. 
e D=3mod4 and D=+p" for an odd prime p andr EN. 
D=2 mod 4 and D=+2p" for an odd prime p andr EN. 
D=4mod 8 and D=+4p" for an odd prime p andr EN. 
e D=+2" for some r > 3. 


PROOF. Obvious by the previous remarks and the definition of ju(A). 
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We want to describe ambiguous classes by means of ambiguous forms, and for 
this purpose we must introduce distinguished ambiguous forms. 


Definition 8.3.2. Let A = 4D be an even quadratic discriminant. 
A form f of discriminant A is called simple ambiguous if it is not negative 
definite and of one of the following two types. 


Type (A): f =[a,0,c], where a,c € Z, (a,c) =1, D=-—ac and |a| < |c|. 
Type (B): f = [2a,2|a|,c], where a,c € Z, (2a,c) = 1, D = a(a-— 2c) and 
la] < |a — 2c]. 
Let f be a simple ambiguous form of discriminant A. 
e If f = [a,0,c] is of type (A), then af = [a,/D] is an ambiguous ideal of 
type (I) according to Theorem 5.6.4, and we set 
ay = [c, VD] = a tV/Day,. 
If A > 0, then f~ = [—a,0,—c] is also a simple ambiguous form of discrim- 
inant A, and af = a,-. 
e If f = [2a, 2\a|,c] is of type (B), then ar = [2a,a + VD] is an ambiguous 
ideal of type (II) according to Theorem 5.6.4, and we set 
ay = [2(a — 2c),a — 2c+VD]=a1VDay,. 
If A > 0, then f~ = [—2a,2|a|,—c] is also a simple ambiguous form of 
discriminant A, and ay = a,-. 


In each case, we call a form f = [a,2b,c] quasipositive if a > 0. 


Our next aim is to connect simple ambiguous forms with ambiguous pairs of 
ideals as introduced in Theorem 5.6.7. 


Theorem 8.3.3. Let A =4D be an even quadratic discriminant, A 4 —4. 
1. If f is a simple ambiguous form of discriminant A, then [f] € %a is an 
ambiguous class, and (af,ay) ts an ambiguous pair in Oa. Conversely, if 
(a,a*) is an ambiguous pair in Oxy, then there exists a simple ambiguous 
form f such that (a,a*) = (af, a). In fact, there is exactly one such form 
if A <0, and there are exactly two such forms if A >0, namely f and f-. 
2. Let F € AA be an ambiguous class of forms. If A < 0, then F contains 
exactly one simple ambiguous form. If A > 0, then F' contains exactly two 
simple ambiguous forms f and f', where f’ = f~ if N(ea) = —1, and 
fA if Nea) =1 
ProoF. 1. If f is a simple ambiguous form of discriminant A, then (ar, a’) is 
an ambiguous pair in O, by definition, and ®,([f]) € {[ay]*, [ayWA]* }. Hence 
®,({f]) and thus also |[f] itself is an ambiguous class. 
Assume now that (a,a*) is an ambiguous pair in O,, and apply Theorem 5.6.7. 
CASE 1: a is of type (I). Then D = edd*, where ¢ = sgn(A), d,d* € N, 
d<d*, (d,d*)=1, a=[d,/D] and a* = [d*,/D]. Then f = [d,0,—ed*] is a 
simple ambiguous form of discriminant A = 4D, and (a,a*) = (af, a’). If f’ is any 
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simple ambiguous form of discriminant A such that (a,a") = (afr, a), then f’ is of 
type (A), say f’ = [a,0,c]. Since |a| < |c|, it follows that |a| = |d| and |c| = |d*|. If 
A <0, then a>0, c>0, and therefore f’ = f. If A > 0, then it follows that either 
7 = f or f' = [—d, 0, ed*] a ia 

CASE 2: a is of type (II). Then A = edd*, where « = sgn(A), d,d* € N, 
d<d*, d—ed* = 4c for some c € Z such that (c,d) = 1, 


= yg atvé d*+JA 
a= |d,—> a 

Since A = 0 mod 4 and d = d* mod 2, we obtain d = 2a for some a € N, hence 
d* = 2e(a — 2c), a = [2a,a+J/D] and a* = [2(a — 2c),a — 2c + VD]. The 
form f = [2a,2|a|,c] is a simple ambiguous form of discriminant A = 4D, and 
(a,a*) = (af, a). If f’ is any simple ambiguous form of discriminant A such that 
(a,a*) = (afr, a%,), then f’ is of type (B), say f’ = [2a’, 2|a’|, c’]. Since |a’| < |a’—2c’|, 
it follows that |a’| = |a| and |c| = |c|. If A < 0, then a > 0, c > 0, and therefore 
f' =f. If A <0, then it follows that either f’ = f or f’ = [—2a, 2|a|,—c] = f-. 

2. We consider the narrow ambiguous ideal class C = ®,(F'). A simple ambigu- 
ous form f belongs to F if and only if either f is quasipositive and C = [ay]*, or f 


and a= |a", 


is not quasipositive and C = [ayVA]*. In the sequel. we apply Theorem 5.6.11. 

CASE 1: A <0, or A > 0 and N(eq) = —1. In this case, [a]t+ = [aVA]+ 
for every Oa-regular ambiguous ideal a, and C’ contains exactly one ambiguous 
pair (a,a*). If f is a quasipositive simple ambiguous form such that a = ay, then 
C = [ays|*, and thus f € F. Let f’ € F be any simple ambiguous form. Since 
[ap] = [ap VA]*, it follows that (ay, a,) is an ambiguous pair in C, and therefore 
ay = ay. By 1. we obtain f’ = f if A<0, and f’e{f,f-}ifA>0. 

CASE 2: A > 0 and N(eq) = 1. In this case we have C 4 C = C[VAOa]*, 
CWC € Ag, and CWC contains exactly two ambiguous pairs, say (a1, a7) and 
(a2, a3). After renumbering (if necessary) we are in one of the following three cases : 

a. {a1,a2} CC; b. {aj,a5} CC; Ce Te, 05) CC. 
If f is any simple ambiguous form, then [f] # [f~] by Corollary 6.1.5. For 
i € {1,2}, let f; be a quasipositive simple ambiguous form such that a; = ay,. 
Ifa; € C, then f, € F. Ifa € C, then Oa([f;]) = [az,VA]* = [a5,]* = [af]* =C, 
and f; © F. Hence we obtain {f1, fo} C F in case a, {f; , fg } C F in case b, and 
{fi, fy } C F in case c. If f’ € F is any simple ambiguous form, then (ay, a) is 
an ambiguous pair in CW C, hence (ay,ay-) = (ai,a;) for some i € {1,2}, which 
implies f’ € {f;, f; }. Hence in each case there are no other simple ambiguous forms 
in F. 


Corollary 8.3.4. Let A = 4D be an even quadratic discriminant such that the 
2-class group (®a)2 1s non-trivial and cyclic (see Theorem 8.3.1). Suppose that 
g = [1,0,—D] is the principal form, H = |g] € Sa is the principal class and 
A€ a is the unique non-principal ambiguous class. 
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1. If A > 0, then there exist exactly three non-principal simple ambiguous 
forms of discriminant A, one lies in H, and the two others lie in A. 


2. If A <0, then there exists exactly one non-principal simple ambiguous form 
f of discriminant A, and [f] =A. 


PROOF. By Theorem 8.3.3.2. 


Now we make Corollary 8.3.4 explicit. We consider even quadratic discriminants 
A = 4D with a non-trivial cyclic 2-class group. From now on however, we restrict 
to the cases where D is squarefree. In these cases either D = 1 mod 4 is a funda- 
mental discriminant (and then |(CX)2| = |(Cp)2|), or D = 2 or 3 mod 4 and Aisa 
fundamental discriminant. By Theorem 8.3.1, we must consider the following three 
cases : 


e D=epq, where p#q are odd primes, ¢ € {+1}, and epg =1 mod 4. 


e D=ep, where p is an odd prime, ¢ € {+1}, and ep =3 mod 4. 


e D= 2p, where p is an odd prime and ¢ € {+l}. 


In each of these cases, there are 2 basic genus characters o, 0’, and one of them, 
say a, is given by 


af )= i) , if the class F' € ¥,q represents m € Z \ pZ. 


By Theorem 6.5.12.1, we have o(F')o’(F’) = 1 for every class F € ¥a. Hence a class 
F € §a lies in the principal genus if and only if o(F) = 1. In particular, 4| AX if 
and only if A lies in the principal genus, and this holds if and only if o(f) = 1 for 
every non-principal simple ambiguous form of discriminant A. 

CASE 1: D = —pq=1 mod 4, where p and gq are distinct odd primes. The only 
non-principal simple ambiguous form of discriminant —4pq is 


ane if p<q, 


q P eee 
. =(7)=(2) (by quadrat ty). 
pen) See, and o(f) ( ) @ (by quadratic reciprocity) 


Pp 


Hence we obtain 
A|h_pq if and only if (4) =. 
Pp 


CASE 2: D=-—p for some prime p=1 mod 4. The only non-principal simple 
ambiguous form of discriminant —4p is 


1 2 
j= 2,2, , aid o(f)= ic) 
Hence we obtain 
A|h_4, if and only if p=1 mod 8. 
CASE 3: D = —2p for some odd prime p. The only non-principal simple am- 
biguous form of discriminant —8p is 


f =[2,0,p], and o(f) = (=). 
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Hence we obtain 


A|h_g, if and only if p=+1 mod 8. 
CASE 4: D=pq=1 mod 4, where p and gq are distinct odd primes. The three 
non-principal simple ambiguous forms of discriminant 4pq are 
[+q,0,Fp] if q<p, 
[+p,0,Fq] if p<q, 


g=[-1,0,pq] and f*= 


and it follows that 


o(g) = ee and o(f*)= (=) or or , according as q<porp<4q. 


Hence we obtain 


A\hapq if and only if p=q=1mod4 and (7) =(Z) =1. 


Pp 
CASE 5: D =p for some prime p = 3 mod 4. Then g = [-1,0,p] is a simple 
non-principal ambiguous form of discriminant 4p, and since o1(g) = —1, we obtain 
4{ hj,. 


CASE 6: D = 2p for some odd prime p. The three non-principal simple am- 
biguous forms of discriminant 8p are 


-2,0,¥p'), (9) = (—) and o(f) = (=). 


Q= [—1, 0, 2p] and ‘ie _ 


i 


Hence we obtain 


A hg 


gp ifand only if p=1 mod 8. 


For the convenience of the reader and also for later reference, we summarize our 


results in the subsequent theorem. 


Theorem 8.3.5. Let A = 4D be an even quadratic discriminant such that D 
is squarefree and the 2-class group (®a)2 is non-trivial and cyclic. Then one of the 
following cases occurs: 


e D=~—pq=1 mod 4, where p and q are distinct odd primes. In this case, 
A|h ing if and only if (4) =1. 
Pp 


e D=~—p for some prime p=1 mod 4. In this case, 


A|h_ap if and only if p=1 mod 8. 


D=-—2p for some odd prime p. In this case, 
A|h_gp if and only if p=+1 mod 8. 


e D=pq=1 mod 4, where p and q are distinct odd primes. In this case, 


A|hapq if and only if p=q=1mod4 and (F) = (3) =1. 


D=p for some prime p=3 mod 4. In this case, 4 ¢ ae 
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e D=2p for some odd prime p. In this case, 
4| hg, if and only if p=1 mod 8. 


Exercise 8.3.6. Extend Theorem 8.3.5 to arbitrary (not necessarily fundamen- 
tal) quadratic discriminants. 


8.4. Discriminants with cyclic 2-class group: Divisibility by 8 and 16 


Let A = 4D be an even quadratic discriminant, where D is squarefree, and 
assume that the 2-class group (¥a)2 is non-trivial and cyclic. In a series of papers, 
several authors investigated the divisibility of a by 8 and 16. Among them we 
mention [110], [52], [54], [53], [69], [41], [57], [68], [59], [114], [55]. In this section 
we use a unified approach (based on the results of the previous section) to prove the 
main criteria for divisibility by 8 and 16. 

By Theorem 8.3.5, there is an odd prime p dividing D, and associated with this 
prime p there is a basic genus character o such that, for every class F' € ¥a, 


ae) = i) if m € Z\ pZ is represented by F, 


and F € $4 holds if and only if o(F) = 1. 

Without further reference, we make extensive use of the results of Chapter 6 and 
of the elementary properties of the rational biquadratic residue symbol (see Section 
7.3). Moreover, we use Corollary A.5.3 for p = 2 again and again. 


We start with a preliminary technical result for discriminants with two odd prime 
divisors (Theorem 8.4.1). Once this is proved, the case of negative discriminants 
follows almost immediately (Theorem 8.4.2), while the case of positive discriminants 
needs more effort (Theorem 8.4.3). 


Theorem 8.4.1. Let p and q be distinct primes, 6 € {+1}, p=6q=1 mod 4, 
A = 4dpq and P = [p,0,—dq] € Sa. Then (Fa)2 is non-trivial and cyclic, and we 
denote by P the unique non-principal ambiguous class of §a. Then 


Pe e if and only if (4) 9 
Pp 
Suppose that P € §. Then there exist integers w € N and x, y € Z such that 
1 
(w,2pq) = (2,y)=1, w?=px?—dqy* and r= a mod 4. 


Whenever integers x, y, w have these properties, then 


a 


and we have the following criteria: 


Pex, = (F)=1, and then Pegi <> Blea. 
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Proor. As we have seen above, (%a)2 is non-trivial and cyclic, P is the only 

non-principal ambiguous class, and 
Pe, if and only if o(P)= (4) = lL, 
Pp 

where o is the basic genus character associated with p. 

Suppose that P € Loe say P = W?, where W € $, and W = [w, *, x] for some 
w €N such that (w,2pq) = 1. Then P = [w?,x,*] properly represents w?, and 
therefore there exist x, y € Z such that (x,y) = 1 and w? = px? — dqy?. Since 
w? = 2? —y? = 1 mod 4, we obtain 2} x, and as we may replace « by —2, we may 
assume that 


1 
rah mod 4. 


From now on let w € N and z, y € Z be any integers such that 
1 
(w,2pq) =(2,y)=1, w*=pa*—dqy? and r= — mod 4. 


Then P properly represents w?, hence P = W? for some W = [w, *,*] € Fa, and 
we assert that 


w oq 
(2) =, 

Pp p i4 
Since w? = px? — dqy? = 1mod 8, it follows that y = 2*y,, where y; € Z \ 22Z, 
k EN, and k = 1 if and only if p=5 mod 8. Since px? = w? mod |y1|, we obtain 


gs) eal ol rr ial ales 
2 _ 2 = 
& ~ a ~ ~ |, =|, (2) > oa) 
Hence («) holds, and we proceed with the criteria for P € §\ and P € $4. 
Obviously, P € §4 if and only if W € F4, and this holds if and only if 
o(W) = (=) =1. 


To obtain the criterion for P € BA, we determine explicitly a class W = [w, x, *] 
satisfying W? = P. Let \, w € Z be such that Ax — py = 1. Since we can replace 
(A, mu) by (A+y,u+2), we may assume that 2| and 2+». Now we calculate 


and 


iC \) [p, 0, dq] = [w?,2b,c], where b=pap—dqyd and c= pp? — dqd*, 


hence P = [w?, 2b,c] = [w, 2b, cw]?, and we assume that W = [w, 2b, cw]. 
Suppose now that W € oe say W = R?, where R = [r,*,*] for some r ¢ N 
such that (r,2wcepq) = 1. Since R* = P, it follows that 


8: : _ ff _ 
Pea if and only if o(R) = (5) 1; 


and therefore it suffices to prove that 


On 
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Since W = R? properly represents r, there exist u, v € Z such that 
(u,v) =1 and r? = wu? + 2buv + cwr?. 
Replacing (u,v) by (—u,—v) if necessary, we may assume that k = yu+ Avw > 0, 


and we set 1 = xu+ puw. Then it follows that 


pl? — dgk? = wu? + 2buwy + cw?v? = wr?. 


Now (r,w) = 1 implies (u, w) = 1, hence (u, vw) = 1, and since 


(i,k) = (wow) & and sA—yuw=1,we obtain (1,k)=1. 
Finally, wr? = pl? — dqk? implies (1,qwr) = (k,pwr) = 1. 

Now we use the three congruences wr? = —dqk? mod p, 2buv = r? mod w and 
by? = —pry + w?Ay = —pry mod w in order to obtain 


@)-()-)-@-1 


1 (2a = (Ba) = (aH) at (8) = (BY) = (22). 


ae ca ales (lees macy 


r wy (2k . . 2k 2x 
(=) = =| (=) , and it remains to prove that (=) = (=) : 
Pp pi4\ p Pp Ww 
This is done by a calculation of Jacobi symbols in various cases. 

CASE 1: w = 1mod 4. Since wr? = pl? — dqk? = 1 mod 4, we obtain 2 ¢ 1, 
2|k, and k = 2 mod 4 if and only if p# w mod 8. Since 2|y and 27¢ Aw, it follows 
that 2|v, and as 2{ uAw, we get k = yut+rAwv = y+v mod 4. We set k = 27k, and 
v = 2”v,, where ky, 7,w EN, v1, € Zand 2¢ k1v,. Finally, we use the congruences 
pl? = wr? mod ky, k = yu mod w and wu? = r? mod |v;| to perform the following 
calculations of Jacobi symbols. 


hence 


eo o> G4 ao G 
a a aaa Gla 
=“). GG) G-g | a! 
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e If p=w=1 mod 8, then 
2k x 2x 
ae 
e If p=1mod8 and w=5 mod 8, then k = 2 mod 4, y = 0 mod 4, and 
therefore v = 2 mod 4. Hence tT = w = 1, and 


2k 2\/2 2x 
ew Ga 
If p=5 mod 8 and w=1 mod 8, then k = 2 mod 4, hence 7 = 1, and 
2k x 2x 
Go a 
e If p=w=5 mod 8, then k=0 mod 4, y= 2 mod 4, hence v = 2 mod 4, 
w = 1, and we obtain 


oe er 
p w w w/ \w w 

CASE 2: w = 3mod 4. Since wr? = pl? — dqk? = 3mod 4, we obtain 2], 
2k, and 2|y implies 2 { v. Since 1 = zu+ pow = cu = 0 mod 2, we obtain 
2|u, hence 4|uy, and therefore k = \Xwv = —Av mod 4. Since 4| jy, it follows that 
Ac = 1+ py = 1mod 4 and kv = —d\v? = —rX = —x mod 4. Finally, using the 
congruences pl? = wr? mod k, k= yu mod w and wu? =r? mod |u|, we get 


(-)) = (pe = (-1)°-D/2 


W 


-)(Bevee--Q@Qavem 


W 


Theorem 8.4.2. Let p and q be primes such that 
p=-q=1mod4 and (2) = 15 
Pp 
Then 
Ww —q : F = 
ie eee (=) =|—],. d 8|h_ d onl —*) <1. 
| tpg al an |h—apq if and only if mle 

Suppose that 8|h_apq. Then there exist w © N and x, y € Z such that 


1 
(w,2pq) = (2,y)=1, w?=pr?+qy? and poh mod 4. 
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Whenever integers x, y, w have these properties, then 


16|hapq if and only if [=),(=) =1. 


ProoF. Apart from the principal form, there is only one simple ambiguous form 
of discriminant —4pq, namely [p,0,q] if p <q, and [q,0,p] if q < p. Therefore the 
class P = [p,0,q] = [¢,0,p] € F—4pq has order 2, and for any n € N, we obtain 
2"*1|h_ayq if and only if P € Oe tag: Hence the result follows by Theorem 8.4.1, 
applied with 6 = —1. 


Theorem 8.4.3. Let p and q be distinct primes such that 
p=q=1mod4, p=a?+*, q=C+d’ and () = li. 
qd 
where a, b,c, dE N, and 2¢ ac. Then 4| Ring: 
1. There exists exactly one o € {—1,p,q} such that the Diophantine equation 
x? — pqy? =o is solvable. If H = [1,0,—pq] € Sapq denotes the principal 
class, then 
e a =-1 [hence N(€4pq) = —1] if and only if H = [-1,0,pq] , 
eo =p if and only if H = [p,0,-d], 
eo =q if and only if H = |[¢,0,—-p]. 
2. Let o € {—-1,p,q} be such that the Diophantine equation x? — pqy? =o is 
solvable. 
(a) If o=-—1, then 
A = | _ (—1)P4pa/4 ana (ce) =i. 
4 pl4 Pp 
(b) o=p if and only if there exist u,v €N such that pu? — qv? = 1. In 
this case, it follows that 
2) 24 aan B ” (ce) = (—1) Moo! 
qi4 pia Pp 
(c) o=¢q if and only if there exist u,v €N such that pu? — qv? =—1. In 
this case, it follows that 


fh <1 ont (Bh = (SSH) = aie 


3. We have 
N (E4pq) = —1_ if and only if EP = =], =-l 


and 
8 | Ring if and only af Br = Br = 
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4. Suppose that 8| Higgs Then there exist w,w, © N and x, y, 21, y1 € Z such 

that (2,y) = (@1,y1) = (ww1,2pq) = 1, w? = pa? —qy?, wi = aj — py? 

1 
(=) =(F)=1, ot! mod 4 and pre sual mod 4. 
qd 2 2 
Whenever integers x, y, £1, y1 and w, wy have these properties, then 
. . Ww 22 W1 221 
16|hijy  ifand only if [5] (5) = [FI], (r) = 

ProoF. Note that 4| oe follows by Theorem 8.3.5. 

1. There are three non-principal simple ambiguous forms of discriminant 4pq, 
namely g = [—1,0,pq], and f* = [+p,0,+q] or f* = [49,0,+p], depending on 
whether p < q or q < p. We set 


M= [—1, 0, pq] ’ P= [p, 0, —q] = [—4, 0, p] and Q = [q, 0, —p] = [—p, 0, q] ’ 
and we denote by A € F4pq the non-principal ambiguous class. Then it follows that 
{H, A} = {M, P,Q} = { [9], [| f*]}, and precisely one of the classes M, P, Q equals 
H. Therefore H represents 

e-1 if M=H and P=QFH; 
ep if P=H and M=QF4H; 
eq if Q=HA and M=PFH. 


2. We maintain the notation from 1. Since pq = (ac + bd)? + (ad — bc)? and 
(ac + bd, 2(ad — bc)) = 1, get J = [ac + bd, 2(ad — bc), —(ac + bd)] € Fapg, and 
J? = [(ac + bd)”, 2(ad — bc), -1] = M. By Theorem 8.4.1 it follows that 


Pe ‘ome if and only if BR =1, and Qe Sipq if and only if Br = De 
Now we can finish the proof. Since the assertions are symmetric in p and q, we may 
assume that either M = H or P= H. 


CASE 1: M=H.Then o=-1, P=Q#H, JE F4p., and P=Q € Fp, if 
and only if 8|h?. Hence it follows that 


El [gl =catiet ona (SH) a 


CASE 2: P=H.Then 27=M=Q#H, Pe F4,,, and J?=Q € $4, if 


4pq° 


and only if 8| Higa: Hence 
(2) cant at (E =. 


3. Obvious by 2. 


4. Note that either P = H and Q 4 H, or Q=H and P# H. Hence 16| Tiga th i 


and only if both P and Q are eighth powers, and the assertion follows by Theorem 
8.4.1. 
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Exercise 8.4.4. Let p and q be distinct primes such that p = q = 1 mod 4, 
D<4, 
(£) =1, N (E4pq) =1, and let 2k be the period length of \/pq. 
q 


Prove that the Diophantine equation 2? — pqy? = (—1)*p is solvable. Hint: Use 
Exercise 5.7.10. 


Exercise 8.4.5. Deduce Burde’s reciprocity law (Theorem 7.5.3 for primes) 
from Theorem 8.4.3. 


Theorem 8.4.6. Let p 
that 4|b and p= a? +0? 
A| h_ap. 


1. 8|h—ap if and only if one of the following equivalent conditions is fulfilled: 


1 mod 8 be a prime, and let a, b, s,t € N be such 
2s” — t? (see Theorem 6.2.6.3). Then 2 + st and 


Ss 


(a) a+b=+1 mod 8; (b) (5) =15 (c) s=1 mod 4. 


2. Suppose that 8| hap. Then 


16|h_4, if and only if EF = (=) : 


ProoF. Note that 2 st since p= 1 mod 8, and 4|h_4, by Theorem 8.3.5. 
1. The equivalence of (a), (b) and (c) follows, since 


a) = Gras 
by Theorem 6.2.6.4(a). 


The form f = [2,2,(p+1)/2] is the only non-principal simple ambiguous form 
of discriminant —4p. Therefore A = [f] is the only non-principal ambiguous class 
and represents 2. Since J = [s,2t,2s] € F_4, and J? = [s?, 2t,2] represents 2, it 
follows by Theorem 6.4.13.2 that J? = A. Consequently, ord(J) = 4, and 8| h_4p 
if and only if J is a square, which is equivalent to 


o(J) = G) =o 


2. Since 8|h_4p, it follows that J = R? for some class R € F_4py, and we may 
assume that R = [r,*,*] for some r € N such that (r,2ps) =1. Then 16|h_a, if 
and only if R is a square, that is, if and only if 


r r 8) (2t 
o(R) = (=) =1, and we must prove that (=) = =| (—) ; 
Pp Pp play s 
Since J properly represents r?, there exist u,v € Z such that (u,v) = 1 and 
r? = su? + 2tuv + 2sv?. Replacing (u,v) by (—u, —v) if necessary, we may assume 
that k = tu + 2sv > 0, and we obtain 


Qsr? = k* + pu’. 
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We assert that (k,2p) = (u,r) = (u,s) = (u,k) = (k,s) = 1. Indeed, since 
24 u, it follows that 2 {k, and therefore (p,2rs) = 1 implies (k,2p) = 1. Next, as 
(u,r)|2sv? and (r,2s) = (u,v) = 1, it follows that (u,r) = 1, and consequently also 
(u,s) = 1. Since (u,k)|2rs and u,2s) = (u,r) = 1, we obtain (u,k) = 1. Finally, 
(k, 8) | pu? implies (k, s) = 1. 

From the congruence k? — 1 = 2sr? — (2s? —#?)u? —-1 = 2s —24+t?u?—1 mod 16 
we obtain 


hk? —1 s—1, fut-1 re 4 C) aes ( 2 ) 
= m n —})=(-)(——) =(—— }. 
8 4 8 7 k s/ \tlu| st|u| 
Next, observe that k? = 2sr? mod p|u|, pu? = 2sl? mod k, k = tu mod s, and 
2 


2 
S| = (opera fo 
|, (-1) (=) (by the Theorems 7.5.1.2(a) and 6.2.6.4). 


Then we obtain 


Aaa eae 
(5) = FG) G), nave must prow that (5)(7) = (F). 


By repeated application of the quadratic reciprocity, we finally get 
CG caller) Glace 

oles Cr lal mou ali ae, 

Theorem 8.4.7. Let p= +1 mod 8 be a prime and let e, f € N be such that 


e=1 mod 4 and p=ec?—2f? (see Theorem 6.2.6). Then 4| h_gp. 
A. Suppose that p=1 mod 8 and p=a? +b’, where a,b €N and 4\b. 


hence 


1. 8|h_gp if and only if one of the following equivalent conditions is fulfilled: 
(a) (=) =1; (b) e=1 mod 8; (c) b=0 mod 8. 
Pp 


2. Suppose that 8|h_gy. Then 
16|h_gp if and only if <| =i. 
pia 


B. Suppose that p=-—1 mod 8. 


1. 8|h_gp if and only if one of the following equivalent conditions is fulfilled: 


(a) (5) =15 (b) e=1 mod 8; (c) p=-—1 mod 16. 


2. Suppose that 8|h gy. Then 


16|h_gp if and only if epee) =1. 
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PrRooF. Note that f =0 mod 2ifp=1 mod 8, f =1 mod 2ifp=-—1 mod 8, 
and 4|h_g, by Theorem 8.3.5. We prove A and B by concurrent arguments. 


1. In both cases, the equivalence of (a) and (b) follows since 


cate = (2) =(2) (6) =m 


observing that e = 1 mod 4. The equivalence of (a) and (c) in A follows since 


& = (—1)'/4 by Theorem 6.2.6.4(a) , 


and the equivalence of (b) and (c) in B follows since p = —1 mod 8 implies 2 { f 
and therefore p = e? — 2 mod 16. 

The form [2,0,p] is the only non-principal simple ambiguous form of discrim- 
inant —8p. Therefore A = [2,0,p] is the only non-principal ambiguous class and 
represents 2. Since J = fe,4f,2e] € Fs) and J? = [e?,4f,2] represents 2, it 
follows by Theorem 6.4.13.2 that J? = A. Consequently, ord(J) = 4, and 8|h_g, 
if and only if J is a square, which is equivalent to 


o(J) = (5) =1. 


2. Suppose that 8|h_g, and the conditions (a), (b) and (c) hold. Then J = R? 
for some class R € §_gp, and we may assume that R= [r,*,*], where r € N and 
(r,2pe) = 1. Hence it follows that 16|h_4, if and only if R is a square, that is, if 


and only if 
- 
a(R) = (=) aie 
(R) ; 
Since J properly represents r?, there exist u,v € Z such that (u,v) = 1 and 
r? = eu? + 4fuv + 2ev?. We set k = ev + fu and obtain 
er? = 2k? + pu? =1 mod 8. 
CASE A. p=1 mod 8. We must prove that 


Since 2k? + pu? = 1 mod 8, it follows that k = 27k,, where tT € N, ky € Z\ 22Z, 
and k =u+v=0 mod 2 implies 2{ uv. 
For the following calculation of Jacobi symbols, we observe that e = 1 mod 8, 


2 
A = (-1)4 =1, 
pda 
pu” =er” mod |ki|, k=fumode, 4fuv=r? mode, eu? =r? mod |u| 


and (er,p) = (k,p) = (e,k) = (e,u) = (e,v) = 1. Then we obtain 

ey yr er? p e 

Fa bea raglan) els es) oso 
=(Z)=(2)=()= GG) at anteonseanenty [F], = (5): 
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CASE B. p= -—1 mod 8. We must prove that 


(=) =(-pe) (4) , and we observe that (=) 
Pp € Pp 
by Theorem 6.5.12. 

Since 2k? + pu? = 1 mod 8, it follows that 2 +k, and therefore 


I 
cS 
a) 
aed 
I 
a 
ra 
wa 
— 
3 
iS) 
bs 
i 
a 
ioe) 


er? = 1 = 2 + (2-2 fw? = 1S 2 +e? —2-1 Seu? —1 mod 16. 


We observe the congruences 


e=1mod8, 2k? =er? mod |u|, 4fuv=r? mode and eu? =r? mod |u| 
and obtain 
2 2 2 
aye DA f-4j@Cr 0s = (yer = fajler 08 =] (ja 2 lf 
a Cv Cv Gr ee or) 


-(2)-(6)-©-()-O¢)- 2. 


Hence the assertion follows. 


Theorem 8.4.8. Let p=1 mod 8 be a prime. Then 4| hig 
1. There exists exactly one o € {—1,2,—2} such that the Diophantine equation 
x? — 2py? = o is solvable. If H = [1,0, -2p] € Ssp denotes the principal 
class, then 
e ao =-1 [hence N(€op) = —1] if and only if H = [-1,0, 2p]. 
eo=22 7 and only 7 H = (2,0, +9]. 
If N(€ap) =1 and 2k is the period length of \/2p, then o = 2(—1)*. 
2. Let a, b, c, d,s, t EN such that 


p=a?+0?=c? 4+ 2d? =2s?-t? and 4|b (see Theorem 6.2.6). 


Then 8| hg if and only if one of the following equivalent conditions is ful- 
filled: 


© @-O-s 
» )=@)=» 


(c) a=+1 mod 8 and b=0 mod 8; 


(d) p=1mod16 and Fl, = 


(e) t=+1 mod 8 and (5) = 15 


(f) d=0 mod4 and (5) =1. 
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3. Suppose that 8| Higp: Then there exist c,d, s,t © N such that 
é 
t=1 mod 8, (<) =1 and p= 42d = 25? -—?. 
Pp 


Whenever integers c, d, s, t have these properties, then 


16| ht, if and only if BF = (-yV/8 (2) a 


ProoF. Note that 4| hsp by Theorem 8.3.5. 
1. There are three non-principal simple ambiguous forms of discriminant 8p, 
namely g = [—1,0,2p] and f* = [+2,0, +p]. We set 
M= [—-1,0, 2p] ’ P= [p, 0, —2] = [-2, 0, pl and Q = [2, 0, —p] = [-2;0, 2] ’ 
and we denote by A € §g, the non-principal ambiguous class. then it follows that 
{H, A} = {M, P,Q} = { [9], Lf*]}, precisely one of the classes M, P, Q equals H, 
and the other two equal A. Therefore H represents 
e-1 if M=4H and P=QF4; 
ep if P=H and M=QF4H; 
e2 if Q=H and M=PFH. 
Moreover, if n € N, then 2”*" | hg, if and only if P and Q are both 2”-th powers. 
If N(€2p) = 1 and 2k is the period length of \/2p, then the Diophantine equation 
2x7 — py? = (—1)* is solvable by Theorem 5.7.7. However, this holds if and only 
if the Diophantine equation x? — 2py? = 2(—1)* is solvable, that is, if and only if 
o =(-1)*. 
2. We prove first the equivalence of the conditions (a) to (e) using the Theorems 
6.2.6.4 and 7.5.1.2(b). 
(a) = (b) Since p = c? + 2d? = 2s? — #?, it follows that 


G-O=@ = G=G)=t) 


(b) = (c) This holds, since 


@)=(@) mt Gen" 


(c) = (d) Obviously, (b) implies p = 1 mod 16, and 


2 =a 
pla 

(d) > (e) Clearly, 2+ st, hence 2s? = 2 mod 16 and t? = 2s —p=1 mod 16. 
Therefore we obtain t = +1 mod 8, and 


ae ees 
(ec) > (f) Ass=1 mod 2 and t= +1 mod 8, we get p = 2s? #7 =1 mod 16, 


t= (2) = ()-9 = C4 = Ce Dae = aye, 


and therefore d = 0 mod 4. 
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1 (<) (=) (-1)/4, we get b=0 mod8 and c=+1 mod 8, 


hence p= c? + 2d? = 2s? — t? = 1 mod 16, and therefore t = +1 mod 8. 
Since 4| higps the classes P and @ are squares and we determine appropriate 
square roots. We observe that (c, 2d) = (t, 2s) = 1, and we consider the classes 


P= Ic, —Ad, —2c] = B8p and Q,= [t, —As, 2t] ‘= 8p : 


Since P? = [c?,—4d,—2] represents —2 and Q? = [t?,—4s,2] represents 2, it 
follows by Theorem 6.4.13 that P? = P and Q? = Q. For n € N, we obtain 
ree | hsp if and only if both P, and Q, are 2"-th powers. In particular, 8| hg, if 
and only if P, and Q, are squares, which is equivalent to 


Hf) = (5) =1 and o(Qi)= (=) =h; 


This is just condition (a) of our criterion. 
3. We continue to use the notations introduced hitherto and suppose that 8 | hop: 
Then P,, Qi € Bip: and there exist c, d, s,t € N such that 


t=+1 mod 8, (=) =1 and p=c?+2d? =2s7-??. 
Pp 


We assert that we can even achieve t = 1 mod 8. Indeed, if ¢ = —1 mod 8, then 
3t+4s EN, 3t+4s = 1 mod 8, and since p = 2(2t + 3s)? — (3t + 4s)”, we may 
replace (s,t) by (2¢ + 3s, 3t + 4s). 

We have already proved that 16| hsp if and only if the classes P; and Q, are 
both 4-th powers, and therefore it suffices to show: 

A. Pes, <= BR =1 B.Q6% — (ere (=) =i, 

Proof of A. Suppose that P,; = R?, where R = [r,*,*] for some r € N such 
that (r,2pc) = 1. Then Py € Bp if and only if R is a square, that is, if and only if 


. r é 

o(R) = (=) =1, and thus we must prove that (=) = =| : 
Pp Pp 4 

Since R? = P, properly represents r?, there exist u, v € Z such that 


2 


(u,v) =1 and r? =cu? — 4duv — 2cv?. 


As we may replace (u,v) by (—u, —v), we may assume that k = du+cv > 0. Then it 
follows that cr? = pu? —2k?, c=1 mod 8 implies 2|k, and c= —1 mod 8 implies 
21k. Since (k, 2pc) = 1, we obtain 

2 


ee) a a 


and therefore we must prove that 


8.4. DISCRIMINANTS WITH CYCLIC 2-CLASS GROUP: DIVISIBILITY BY 8 AND 16 357 


CASE 1: c=1 mod 8. Since k = d=0 mod 2, it follows that v = 0 mod 2. We 
set k = 27k; and v = 2%v,, where ky, 7,w EN, vy € Z and 2¢ k,v. Finally, we 
observe the congruences 

pu? =cr? mod ki, k=du modc, —4duv =r? modc, 


and that (k,p) = (k,¢) = (du,c) = (v,c) = 1. Then we obtain 
6)-@)-@-@)-@-O-O-2 
== Cae 


CASE 2: c=—1 mod 8. Since 2{k and 4|d, it follows that 2 { v and therefore 
kv = duv + cv? = —1 mod 4. As in CASE 1, we obtain 


Cis (2 esl el RGA ee ae ro de aC) 


—(-1eDP+e-DP (£) = —(-1)*-D/?2 = 1, [A.] 
U 


cu? = r? mod |v; 


Proof of B. Suppose that Q, = R?, where R = [r,*,*] for some r € N such 
that (r,2pc) = 1. It follows that Q, € Bip if and only if R is a square, that is, if and 
only if 


oh) = (5) =1, and thus we must prove that (5) = (-1)-/8 (=) 2 


By Theorem 6.5.12 we obtain 


@)=(@)=ca™ 


Since R? properly represents r?, there exist u, v € Z such that 
(u,v) =1 and r? = tu? — 4suv — 2tv?. 


As we may replace (u,v) by (—u,—v), we may assume that k = su —tv > 0. Then 
it follows that 

tr? = 2k? — pu? =1 mod 8, 
hence 2+ ku and tr? =2—u? =u? mod 16. From this, we get 


(pe eee = (nee = ee = (=) ; 
u 
Now we observe the congruences 
2k? = tr? mod |u|, —4suv=r? modt and r?=tu? mod |v}. 
We obtain 


Cr (ee al ee ge Cay a 


and thus finally 
PD yee (2 
(-1) -yena(2). 
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APPENDIX A 


Review of elementary algebra and number theory 


This appendix contains an overview of the preliminaries in elementary algebra 
and number theory as far as they are used in this volume. Most of the material 
presented here should be familiar to a reader with a solid undergraduate training in 
algebra, and it will be sufficient to skim through the section headings. In many places 
of the main text, there are references to the required results from this appendix. 

Besides standard material, the reader may find here a few rather special and 
generally less familiar algebraic and number-theoretical results (which however are 
presented with full proofs and referred to in the main text). In particular, I want to 
point out the following topics: 


e Theorem A.3.7 on certain linear Diophantine equations, 
e Sections A.4, A.5 and A.7 on finitely generated and finite abelian groups, 
e Section A.6 on the structure of the prime residue class groups, and 


e the elementary theory of algebraic integers as it is presented in Section A.9. 


A.1. Fundamentals of group theory 


By a semigroup S we mean a non-empty set together with an associative law 
of composition. If the composition is written additively [multiplicatively |, we call 
S an additive | multiplicative] semigroup. A monoid is a semigroup possessing a 
neutral element (called its unit element and is usually denoted by 1 or e in the 
multiplicative case, and called its zero element and usually denoted by 0 in the 
additive case). An element u of a (multiplicative) monoid S with unit element e is 
called invertible if uv = e for some (uniquely determined) element v € S, and we 
call v = u7! the inverse of u. A group is a semigroup in which every element is 
invertible. The invertible elements of a monoid S form a group, denoted by S* and 
called the unit group of S. Submonoids are assumed to contain the unit element, 
and monoid homomorphisms are assumed to respect the unit element. Commutative 
semigroups are called abelian. 

We assume that the reader is familiar with the notions of subgroups and (group) 
homomorphisms and recall some further basis facts. Unless specified otherwise, we 
assume that all groups are multiplicative. Note that a homomorphism is called 

© a monomorphism if it is injective; 
e an epimorphism if it is surjective; 
e an isomorphism if it is bijective. 
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We write f: G > G’ if f is an isomorphism, and if H C G, then we denote by 
HT —@ G the injection. 


Subgroups, normal subgroups and factor groups. Let G be a (multi- 
plicative) group with unit element e and H a subgroup of G. For a € G, we call 
aH = {ax |x € H} the (left) coset of H determined by a and by G/H the set of 
all left cosets of H in G. Distinct cosets are disjoint, and therefore 


G= LJ iL. 
LeEG/H 


We call (G:H) =|G/H| the index of H in G. Then |G| = (G:H)|H| (Theorem 
of Lagrange). More generally, if K C H CG, then (G:K) =(G:H)(H:K). 

A subgroup H of G is called normal if aH = Ha for all a € G [equivalently, 
caz—' € H holds for all z € G anda € H]. If (G: H) = 2, then H is a normal 
subgroup of G, and if G is abelian, then every subgroup of G is normal. 

Assume now that H is a normal subgroup of G. Then G/# is a group with the 
induced composition, defined by (aH)(bH) = abH for all a,b € G. The residue 
class map 7: G — G/H, defined by z(a) = aH for all a € G, is an epimorphism. 
The group G/H is called the factor group of G by H. In particular, G itself is a 
normal subgroup of G, and G/G is the trivial group. The trivial subgroup {e} of 
G is a normal subgroup, and the residue class homomorphism G — G/{e} is an 
isomorphism by means of which we identify these two groups: G/{e} = G. The 
assignment U +> U/H defines a bijective map from the set of all subgroups U of G 
which contain H onto the set of all subgroups of G/H, and the inverse map is given 
by W+3 77!(W) for all subgroups W of G/H. 

If y: G— G, is a homomorphism of (multiplicative) groups and e, is the unit 
element of G1, then we denote by Ker(y) = y-'(e1) = {1 € G| v(x) =a} CG 
its kernel and by Im(y) = y(G) C G its image. Ker(y) is a normal subgroup of 
G, Im(y) is a subgroup of Gj, and if y is a monomorphism, then the induced map 
yp: G— Im(y) is a isomorphism. 


Theorem A.1.1 (Main theorem on homomorphisms). Let y: G > Gi be a 
group homomorphism. 


1. Let H be a normal subgroup of G such that H C Ker(y). Then there exists 
a unique homomorphism v1: G/H > G1 such that yi(aH) = y(a) for all 
a €G. It satisfies Ker(y1) = Ker(y)/H, and Im(y1) = Im(y). In particu- 
lar, p induces a monomorphism —~,: G/Ker(y) 4 Gi and an isomorphism 
gi: G/Ker(y) > Im(y). 

2. Let Hy be a normal subgroup of Gy. Then y~!(Hy) is a normal subgroup 
of G, and induces a monomorphism y1: G/p7'(H1) 4 Gi/Hi, given by 
gi(ay-!(M1)) = v(a)Hy. If —p is an epimorphism, then y, is an isomor- 
phism. 


ProoF. 1. If a, 6 € G, then aH = bH implies y(a) = y(b), since H C Ker(y), 
and therefore there is a map yi: G/H — G such that yi(aH) = (a) for all 
a, b € H. Obviously, y1 is a group homomorphism which is uniquely determined by 
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y, and Im(yi1) = Im(v). If a € G, then aH © Ker(y,) if and only if a € Ker(y), 
and therefore Ker(y1) = Ker(y)/H. 

2. We consider the homomorphism yo: G — G1 /Hi1, defined by yo(a) = y(a) Mi 
for all a € G. The Ker(yo) = y~!(H1), hence y~!(H}) is a normal subgroup of G, 
and the assertion follows by 1. 


Theorem A.1.2 (Isomorphism theorems). Let G be a ( multiplicative) group. 
1. Let H be a subgroup and N a normal subgroup of G. Then 


HN={axr|acH, re N} 


is a subgroup of G, N is a normal subgroup of HN, HON is a normal 
subgroup of H, and there is an isomorphism 


6: H/HAN + HN/N, given by ®(a(HNN))=aN forall a€ H. 


2. Let H CN CG be normal subgroups. Then N/H is a normal subgroup of 
G/H, and there is an isomorphism 


~N 


W: (G/H)/(N/H) > G/N, given by W((aH)(N/H)) =aN 
for all aeG. 


PROOF. 1. We must show that u, u; © HN implies uu; © HN. Thus suppose 
that u = ax and uy = a x1, where a, a, € H and x, x; € N. Then it follows that 
uu; = aray'ay’ = aa,‘ (aeay'ay') € HN, and we are done. Obviously, N is 
a normal subgroup of HN, and we define ¢: H —~ HN/N by ¢(a) = aN for all 
a € H. Then ¢ is a homomorphism, and if a € H and x € N, then azN = aN. 
Hence ¢ is an epimorphism. Now Ker(y) = NM 4H is a normal subgroup of H, and 
¢ induces an isomorphism © as asserted by Theorem A.1.1.1. 

2. We define vw: G/H > G/N by w(aH) = aN. Then y is an epimorphism with 
kernel N/H, and the assertion follows by Theorem A.1.1.1. 


Next we recall the notion of an exact sequence. Let n > 2 be an integer. For 
i € [1,n— 1], let yj: G;  Gi41 be a homomorphism of (multiplicative) groups. 
Then 
1446434364 5...5' G91 
is called an exact sequence if vy, is a monomorphism, y,_1 is an epimorphism, and 
Ker(yi41) = Im(y;) for all 7 € [1,n — 1]. If n = 2, this merely says that y; is an 
isomorphism. If n = 3, then y)(G1) is a normal subgroup of G2, and y2 induces an 


isomorphism G2/~1(Gi) + G3. The following theorem shows how exact sequences 
can be used to calculate cardinalities. 


Theorem A.1.3. Let n> 2 be an integer and 


122 G, Se, 2 SS GS a 


an exact sequence of finite groups. Then 


n 


[pied =1. 


j=l 
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PROOF. By induction on n. 

n = 2: In this case, y; is an isomorphism, and |G| = |G9|. 

n>38,n-1—4n: If K = Ker(yp_-1) = Yn—2(Gn_2), then Yr_1 induces an 
isomorphism G,_1/K — Gp, and there is an exact sequence 


i Gi es OS SS A: 


Hence |G,-1| = |G,| ||, and by the induction hypothesis we obtain 


n=2 | n=2 | (prt on | 

eee aes 

1= [Tigi sie = Ta," (See) = Teo”. 
| 4 | | | 4 IGn| et 5 


Direct Products. If n € N and Gj,...,G, are (abelian) groups, then their 
cartesian product G = G,x...xG, is an (abelian) group under component-wise 
composition. If K; is a normal subgroup of G; for all 7 € [1,n], then K = K.x...xKy, 
is a normal subgroup of G, and there is a (group) isomorphism 


G/K > Gi/K1x...xGn/Kn, givenby (g1,.--,9n)K 4 (91K1,.--,9nKn)- 
By means of this isomorphism we identify these two groups. 
If G is an abelian group, n € N and ay,...,an, € G, then we denote by 


e [a1,..-,@n] = Za, +...+ Zan = {kyay +... + knan | k1,...,kn € Z} the 
subgroup of G generated by a1,...,@, if Gis an additive group (although we 
use brackets also to denote simple continued fractions and binary quadratic 
forms, there will be no danger of confusion); 


© (a1,--.,4) = fat! -...- ak» | ky,...,kn € Z} the subgroup of G generated 
by aj,.--,@, if G is an multiplicative group. 
In both cases we call {a1,...,@,}asystem of generators of G. If f, g: G— G are 


group homomorphisms, then f = g if and only if f(a;) = g(a;) for all i € [1, n]. 


A.2. Fundamentals of ring theory 


By a ring R we always mean an associative and commutative ring with a unit 
element 1 € R. Note that a ring is both an additive group and multiplicative monoid. 
A subset T of a ring R is called a subring if it is both an additive subgroup and a 
multiplicative submonoid. Explicitly, T is a subring of R if and only if 1 € T’ and 
{a — b,ab} CT for alla, DET. 

For a ring R, we denote by R® = R \ {0} the set of its non-zero elements and 
by R* the unit group of its multiplicative monoid (called the unit group of R). If 
R= {0} [equivalently, if 1 = 0], then we call Ra zero ring. If R is a zero ring, then 
Re =Yand h* =f, 

An element z of a ring R is called a zero divisor if zy = 0 for some y € R®. 
An integral domain is a ring in which 0 is the only zero divisor, and a field is a 
ring R for which R* = R®. If R is an integral domain, then 1 4 0, hence |R| > 2, 
and R possesses (up to isomorphisms) a unique quotient field denoted by q(R). 
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Recall that a field K is called a quotient field of R if R is a subring of K and 
K ={ab| bE R, ae RI. 

A ring R ¥ {0} is an integral domain [a field] if and only if for every a € R® 
the map fa: R — R, defined by fuq(x) = az, is injective [surjective ]. Consequently, 
every finite integral domain is a field. 


A map f: R > S of rings is a ring homomorphism if and only if it is both a 
homomorphism of multiplicative monoids and of additive groups. Explicitly, f is a 
ring homomorphism if and only if 


f)=1, f(ab)=f(a)f(b) and f(a+b) = f(a)+ f(b) for alla, bE R. 


If f: R > S is a ring homomorphism, then f|R*: R* —> S* is a group homo- 
morphism, and if f is an isomorphism, then f | R* is also an isomorphism. 

A subset a of a ring R is called an ideal if it is an additive subgroup of R, and 
Ra= {ra|r eR, a€a} Ca. For an ideal a of R, the (additive) factor group R/a 
is a ring with addition and multiplication defined by 


(c+a)+(yt+a)=(a+y)+a and (x+a)(y+a)=azy+a forall zr, yER. 


The residue class map 7: R — R/a, defined by z(a) = a+a for alla € R,isa 
ring epimorphism, and the assignment 6 +> 6/a defines a bijective map from the set 
of all ideals 6 of R containing a onto the set of all ideals of R/a. The inverse map 
is given by q+> a 1(q) for all ideals q of R/a. If a C 6 C R are ideals, then the 
isomorphism of additive groups (R/a)/(6/a)  R/b given by Theorem A.1.2 isa 
ring isomorphism. 

If f: R + S is a ring homomorphism, then its kernel a = f~'(0) is an ideal of 
R, f induces a ring monomorphism f;: R/f~'(0) > S satisfying fj(2 +a) = f(z) 
for all « € R, and Im(f,) =Im(f) (see Theorem A.1.1). 

{0} and R are ideals of R, and if a is any ideal of R, then a = R if and only if 
an R* #0. Obviously, R/R is a zero ring, and the residue class map R > R/{0} 
is an isomorphism. We identify: R/R = {0} and R/{0} = R. 

If a and b are ideals of a ring R, then their sum a+b6={a+b|a€a, bE b}, 
their product ab = {a,b +...+ dnb, |n EN, a4,...,Qn € a, 01,...,0n € 6} and 
their intersection aMb are ideals of R, and ab C aNb. Addition and multiplication of 
ideals are associative and commutative composition laws satisfying the distributive 
law (a+ 6)c = ac + be for all ideals a, b,c of R. If n € N and qy,...,q, are 
ideals of R, then aj +...+ ad, is the smallest ideal of R containing aj U...U ay. 
In particular, if aj,...,@, € R, then ayR+...+ a, is the smallest ideal of R 
containing {a1,...,@,}. We call ajR+...+a,R the ideal generated by a1,...,@n.- 


An ideal a of a ring R is called a principal ideal if a = aR for some a € R. A 
principal ideal domain is an integral domain in which every ideal is a principal ideal. 


An ideal a of a ring R is called 


ea prime ideal if R/a is an integral domain [equivalently, a 4 R, and if 
a,b€ R\a, then abe R\ al; 


ea maximal ideal if a # R, and there is no ideal b such thata CbCR 
[equivalently, R/a is a field]. 
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Every maximal ideal is a prime ideal. If p is a prime ideal of R, n € N and ay,..., dy 
are any ideals of R, then a,-...-a, Cp implies a; C p for some i € [1,n]. 

We assume that the reader is familiar with the basic notions of polynomials. 
Polynomial rings over a ring R are denoted by R[X], RIX, Y], R[X1,..., Xp] ete. 
without any further specification. 

Suppose that f € R[X]. Then f has a unique representation 


f= S> ay,X"” where a,€R and a, =O0 for almost all n> 0, 
n>0 
and we call deg(f) = sup{n > 0 | an 40} € Nsp U{—oo} its degree (in particular, 
deg(0) = —co ). For a € R, we set 


fQ= ae ER, 
n>0 
and a is called a zero of f if f(a) = 0 [equivalently, f = (X — a)g for some 
polynomial g € R[X]]. 
We recall without proof the main properties of polynomials over integral do- 
mains. 
Polynomials over integral domains. Let R be an integral domain. Then 
e deg(fg) = deg(f) + deg(g) for all polynomials f, g € R[X]. 
e R{X] is an integral domain, and R[X]* = R*. 
e If f © R[X] and deg(f) =n > 0, then f has at most n zeros in R[X]. 


For aring R and m, n € N, we denote by Mmn(R) the set of all (m,n)-matrices 
A = (4j,)je(1,m),ie[1,n] With entries aj; € R, and for A € Mmn(R), we denote by 
At € Ma m(R) its transpose. Then M,,(R) = Mn(R) is a ring with unit group 


GLi(R) = Mn(R)* = {A € M,(R) | det(A) € R*}, 


and we set SL,(R) = {A € M,,(R) | det(A) = 1}. As det: GL,(R) > R* is a group 
homomorphism with kernel SL,,(), it follows that SL,(R) is a normal subgroup 
of GL,(R), and (GL,(R):SL,(R)) = |R*|. For (di,...,dn) € R”, we denote by 
diag(di,...,dn) € M,(R) the diagonal matrix with entries d,,...,d,. In particular, 
I, = diag(1,...,1) denotes the unit matrix. 


Direct Products. If R,,...,R, are rings, then R = R,x...x Ry is a ring 
under component-wise addition and multiplication, and R* = Rf x...x RX. If a; 
is an ideal of R; for all i € [1,n], then a = a ,x...Xa, is an ideal of R, and there is 
a natural isomorphism R/a 7 R,/a,x...xRn/dy by means of which we identify 
these two rings. 


Congruences. Let R be a ring and a an ideal of R. Two elements a, b € R are 
called congruent modulo a, and we write a = b moda if a—b€a [equivalently, 
at+a=b+ae R/a]. Ifa =dR for some d € R, then we write a= b mod d (in R) 
instead of a = b mod dR, and we say that a and 6 are congruent modulo d (in R). 

If a, b, a’, ) € R, a=bmodaanda’ =V' moda, then a+a’ =b+0' moda 
and aa’ = bb’ mod a. 
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The most important result on congruences is the Chinese remainder theorem. 
Although well known, we prove it here. 


Theorem A.2.1 (Chinese remainder theorem). Let R be a ring, r € N, and 
let a1,...,a, be ideals of R such that a; +a; = R for alli, j € [l,r] with i F j. 
Then a=a,-...:d, =a1N...Ma,, the map ®o: R—> R/a,x...xR/a,, defined by 
®o(x) = (a@+a1,...,2+4,) for allx € R, is a ring epimorphism, and Ker(®o) = a. 
®o induces a ring isomorphism 


©: R/a + R/a,x...xR/a, satisfying ®(a@+a) =(x+a1,...,2+4n) forallxe R 
and ®|(R/a)*: (R/a)* + (R/a,)* x...x(R/a,)* is a group isomorphism. 


Two ideals a and 6 of a ring R such that a+b = R are called coprime. More 
generally, ifn € N and a,,...,a, are ideals of R, then a,,...,a, are called 


e coprime ifa,+...+a, =R; 
e pairwise coprime if a; +a; = R for all 7, j € [1,n] such that i F 7. 


PROOF OF THEOREM A.2.1. By definition, ®g is a ring homomorphism, and 
Ker(®9) = a,M...Ma,. We prove by induction on r that a=a,M...Na,, and that 
for any (%1,...,2,) € R" there exists some x € R such that x = x; mod a, for all 

€ [1,r]. Then 9 is surjective, and the remaining assertions are obvious. For r = 1 
there is nothing to do. 

r = 2: Since a; + a9 = R, there exist a, € a; and a2 € ag such that ay + ag = 1. 
If c € a, May, then c = cay + cag € ajay. Hence ay M a2 C ajay, and the other 
inclusion is obvious. 

If (x1, 22) € R?, then x = a,2%2+a9%1 = 21 +41(2%2—21) = 42 +02(21—22) € R, 
x= 2, mod aq; and x = 22 mod a. 

r>3,r—-l—-r: For7€ [2,r], let a; € a; and 6; € a; be such that a; + b; = 1. 
Then 


Tr 


1 = | [(a: + 8:) =a+ba-...-b, forsome a€aj,, 
i=2 
and therefore aj + a9-:...- a, = R. By the induction hypothesis and the case r = 2 
iy follows that Gy 222° t= (ee cn Oe) = ee 1G, Sa a NG. 


If (a1,...,2,) € R”, then the induction hypothesis implies that there exists some 
y € Rsuch that y = x; mod a; for all i € [2,r], and (by the case r = 2) there exists 
some x € R such that x = 7, mod a, and x = y mod ag -...- a,. Hence it follows 
that z = y = z; mod gq; for all i € [2,7]. 


A.3. Elementary arithmetic in Z 


We recall some elementary and well-known facts (mostly without proofs). 


Division with remainder. Suppose that b € Z®, ce Z, a € R and either 
J =[c,c+|b|) or J = (c,c+|b|]. Then there exists a unique pair (q,r) € ZxR such 
that a=bq+r and reJ. 

In particular, ifa € Z and b EN, then there exist uniquely determined integers 
q€Zandr € [c,c+b—1] such that a = bq+r. 
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Ideals and divisibility. Z is a principal ideal domain. If a is a non-zero ideal 
of Z and a EN, then a = min(aNN) if and only if a = aZ. For a, b € Z, we call a a 
divisor of b and b a multiple of a if b = ac for some c € Z | equivalently, b € aZ 
or bZ C aZ]. In this case, we write a|b. 


Greatest common divisor. If n € N and aj,...,a, € Z, then there exists a 
unique integer d € No such that the following conditions are fulfilled : 
e dja; for alli € [1,nJ; 
e ifg€Z issuchthat g|a; for alli € [1,n], then g|d. 


If these conditions are fulfilled, then d is called the greatest common divisor of 
@1,---,@n. We write d= gcd(aj,...,a,) or simply d= (aj,...,a@,) if there is no 
danger of confusion. 

Ifd € No, then d= (aj,...,a@,) if and only if dZ = a1Z+...+a,Z | equivalently, 


d| a; for alli € [1,n], and there exist 71,...,2%, € Z such that d = a,21+...+@n2p J. 
In particular, (a1,...,@n,) = 1 if and only if there exist 71,...,%, € Z such that 
1X21, +...+4,%, = 1, and in this case the numbers aj,...,@, are called coprime. 
Note that aj,...,@, are coprime if and only if the ideals a1Z,...,a,Z are coprime. 


If a, b € N and d = (a,b), then there exist x, y € N such that d = ax — by. If 
g € Qand ga; € Z for all i € [1,n], then (ga1,..., gan) = |g| (a1,..-,@n). 


For all a, b, c € Z the following assertions hold (for more general statemens, see 
Theorem A.8.2): 


e If a|bc and (a,b) = 1, then a|c. 
olf (d,b) =(a,e) =, then. (a,6e) = 1, 
For a, b € N, the greatest common divisor (a,b) can be calculated by means 


of the Euclidean algorithm, which consists of a sequence of k + 1 divisions with 
remainder (for some k € No) as follows: 


r_y=a=uob +11, where uo €Z, ri € [1,q—-1], 
ro =b=uUr +12, where u, EN, ro € [1,71 -1], 
ry, = Ura +73, where u2E€N, rz € [1,ro—1], 


Peo = Upitke-1 tte; Where wei €N, re € [1,rg-1], 
Yk-1 = URE» where up EN, up > 2. 


Then it follows that r, = (a, 6). 


Least common multiple. Let n € N and aj,...,a, € Z. Then there is a 
unique integer e € Nog such that the following conditions are fulfilled : 
e a;|e for allz € [1,n]; 


e ifg€Z issuch that a;|g for alli € [1,n], then e|g. 
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If these conditions are fulfilled, then e is called the least common multiple of 

@1,-.-,@n, and we write e = Iem(ay,...,@,). If e € No, then e = lem(ay,..., ay) if 

and only if eZ =a,ZN...Na,Z, and |ab| = gced(a, b) lem(a, b) for all a, b € Z. 
Ifn EN and aj,...,an € Z, then 


(Oise ses) = (a paces als. Tet Ries cs3,) = lem (lai ncss alt 
and if n > 2, then 


(Bits ciel) = (tigers tat ia), emlaps...,t,) = lem lem ei, «1. Bama yg) « 
The following Theorem A.3.1 is used in Section 4.1. 


Theorem A.3.1. Suppose that a, r,mj,...,m- € N anda > 2. Then 
(a’™ = iL Pera Jar = 1) = grr) =]. 


ProorF. By induction on r. For r = 1 there is nothing to do. 

r=2: Let d=(mj1,mg) and x, £2 € N be such that d = m,x1 — m2x2. Then 
a? — 1 divides (a — 1,a’? — 1), and we must prove that every common divisor of 
a™ — 1 and a’? — 1 divides a4 — 1. Thus let k € N be a common divisor of a”! — 1 
and a™2 — 1. Since a™ — 1 divides a™*: — 1 for i € {1, 2}, it follows that k divides 
a™*1 —] and a™*2 — 1. Hence k divides 


MALL 


a Sg = ger a 


MI{LI—M2QxQ __ 1) = gin2t2 (at _ 1) 

and since (k,a) = 1, it follows that k divides a4 — 1. 
r>3, r—1-—-,r: By the induction hypothesis and the case r = 2, we obtain 
(a™ —1,...,a" —1) = ((a™ —-1,...,a"-1 —1),a™ -1) 


= q(@ie™Mr—-1) —_ Lae _ 1) = q (M1 --9Mr—1),Mr) ae | 


Reduced fractions. Every r € Q has a unique representation 


pee. where pE€Z, qgEN and (p,q) =1. 
qd 


We call p the reduced numerator and q the reduced denominator of r (for a more 
general statement see Theorem A.8.3.4 ). The following slightly more precise result 
is used in the proof of Theorem 1.1.2. 


Theorem A.3.2. If n EN, 14,...,T7r € Q and e € {+1}, then there exist 
uniquely determined integers a, b1,...,bn € Z such that 


bj 
sen(a)=e, (a, bi,..+.,b,)=1 ond a for all 1 € [1,n]. 


PROOF. Existence: Let d € N be a common denominator of r1,...,7,, and let 
Ci,.--,€n € Z be such that 


fe =5 for alli € [1,n]. 
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If g = (c1,.--,n,d), then there exist integers a, b1,...,b, € Z are such that ed = ag 
and ec; = big for all i € [1,n]. It follows that (b1,...,b6n,,a) =1, sgn(a) =e, and 


ia = a for all i € [1,n]. 
d cag a 


Uniqueness: Let a, a’, b1,...,6n, 64,..-, 6), € Z be such that sgn(a) = sgn(a’), 


b; Ut 
7 forall +e lig), amd (a, Disssas Bn) = (a a 0igoasyd,) = 1. 


Then it follows that abi = a’b; for all i € [1,n], and 


lo | = Oe @ bizsna 30 Dy) = (00, 00), 545900,) = 1a). 


Hence a = a’ and therefore b; = bj, for all i € [1,n]. 


Fundamental theorem of arithmetic. The set P of primes is infinite, and 
every a € N has a unique factorization a = p,-...-Dn, wheren € No, pi,...,Dn are 
primes, and pj <... < pn. 

More generally, every a € Q* has a unique representation as a (formally infinite) 


product 
Q@a=e II pyr (a) 
peP 


where ¢ € {+1}, v,(a) € Z and v,(a) = 0 for almost all primes p. 


For every prime p, the exponent v,(a) in the above representation of a € Q”* 
is called the p-adic value of a. We set v,(0) = oo and call v,: Q + ZU {oo} the 
p-adic valuation. If a, b € Q, then 


vp(ab) = V)(a) + vp(b) and v,(a+ 6) > min{v,(a),vp,(b)} for all primes p. 


By definition, Z = {a € Q| v,(a) > 0 for all primes p}, and if a, b € Z, then a|b 
if and only if v,(a) < v,(b) for all primes p. 
If p is a prime, then every x € Q™ has a unique representation 


b 
c= pi, where n=v,(x), bE Z, a€N, ptab and (a,b) =1. 


The greatest common divisor and the least common multiple can be calculated 
by means of the p-adic values as follows. Ifn € N, aj,...,a, € Z and d,e € No, 
then 


d= (a1,...,d@n) <> vp(d) = min{v,(a1),...,Vp(@n)} for all primes p, 
and 
e=Icm(qq,...,dn) << > vp(d) = max{v,(a1),.-.,Vp(G@n)} for all primes p. 
Squares. A rational number r is called a square if r = q? for some q € Qso. If 
r € Q%, then r is a square if and only if r > 0 and 2|v,(r) for all primes p. If r € Z, 
then r is a square if and only if r = q? for some q € No. 


An integer d is called squarefree if there is no integer e > 2 such that e?|d 
[equivalently, v,(d) € {0,1} for all primes p]. 
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Theorem and Definition A.3.3 (Squarefree kernels). 
1. If dy, dz € Z are squarefree and dz = d\q? for some q € Qso, then g = 1. 


2. For every d € Q* there exists a unique squarefree integer do € Z such that 
d= doq? for some q € Qso. It is given by 


do = sgn(d) II P; and then q= [[ eo?” . 
peP peP 
2{vp(d) 


In particular, if d € Z, then it follows that q EN. 
do it is called the squarefree kernel of d. 
Proor. 1. Let di, d2 € Z be squarefree and gq € Qso such that dy = diq?. For 


every prime p we have 2v,(q) = Vp(d2) — vp(di), and since v,(d1), vp(d2) € {0,1}, 
we obtain vp(q) = 0, and consequently g = 1. 


2. Mt 
2 
dg = sgn(d) II p, then dj'd= II pvr(d-1 II pd) = [To] 
peP peP peP ‘per 
2{vp(d) 2{vp(d) 2| vp(d) 


do € Z is squarefree, and dj 1d =? for some g € Qyo. This proves the existence of 
a squarefree kernel, and its uniqueness follows by 1. 


Congruences. For a,b € Z and m € N, we write a = bmod m and call a 
and b congruent modulo m if a=b mod mZ |[equivalently, a+ mZ=b+mZ or 
m|b— a]. For every b € Z, we have Z/mZ = {j +mZ|j € [b+ 1,b6+ m}}. 

Ifa,b€ Zand me€EN, then 

e a=b mod m implies (a,m) = (b,m); 


e there is some x € Z such that az = b mod m if and only if (a,m) |b, and 


then 
ax=bmodm = fe y mod u 
(a,m) (a,m) 
IfreN, mjy,...,m, € N and m = lem(m,...,m,), then a = b mod m holds if 


and only if a= 6 mod m; for all i € [1,7]. 


The following simple lemma is often used throughout this volume. 


Lemma A.3.4. Suppose thatk, nEN, t1,...,tn € Z and t; =1 mod & for all 
€ [1,n]. Then 


n 


Gol . triste tad 
2 — =, — tho & 


PROOF. For i € [1,n], we set t; = ks; +1, where s; € Z, and then we obtain 


n 


[e=t= Tiesto 223m: = Sot - 1) mod k?. 
i=1 i=1 


i=l i=1 


Dividing by & implies the assertion. 
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Because of its importance, we reformulate the Chinese remainder theorem A.2.1 
for the integers and amend the assertions of the general case. 


Theorem A.3.5 (Chinese remainder theorem for Z). 
1. Suppose that r,m4,...,Mr EN, m=my,-...-m,r and (mj,m;) =1 for all 
1,9 € (1,r] such thati 4 j. Then there is a ring isomorphism 


6: Z/mZ > Z/mZx...xZ/m,p-Z 
such that ®(x + mZ) = (x#+mZ,...,24-+m,Z) for all x € Z, and 
@ | (Z/mZ)* : (Z/mZ)* > (Z/mZ)* x... x (Z/m,Z)* 


is a group isomorphism. 


2. If my, m2 EN, (mi,m2) = 1 and m= m4mz, then there is a bijective map 
U: Z/mZxZ/moZ => Z/mZ 


such that V(t, + mZ, to + meZ) = tyme + tom, + MZ for all t1, to € Z. It 
satisfies U((Z/m1Z)* x (Z/me2Z)*) = (Z/mZ)*. 


ProoF. 1. If (mj,m;) = 1, then m;Z+ m,Z = Z for all i, j € [1,7] such that 
i # ¥, and the assertions follow by Theorem A.2.1. 

2. For (ti, t2) € Z?, the residue class tym2+tgm1+mZ € Z/mZ only depends on 
the residue classes t] +m Z € Z/m,Z and t2+m2Z € Z/mz2Z. Hence there is a map 
W: Z/mZxZ/m2Z > Z/mZ such that V(t) +m4Z, tg +m2Z) = tyme +tem1+mZ 
for all t1, to € Z. 

Since |Z/mZxZ/mz2| = |Z/mZ| and |(Z/myZ)* x (Z/m2Z)*| = \(Z/mZ)*, 
it suffices to prove: 1) W is injective; 2) If (t,t2) € Z? and (t1,m1) = (t2,m2) = 1, 
then (tjm2 + tem,,m) = 1. 

1) If (t1,t2), (t,t) € Z? and tyme 4+ tem, + mZ = time + thm + mZ, then 
tym = tmz mod my, and tem, = thm; mod mg. Since (mi,m2) = 1, we obtain 
t; =t, mod m; for i € {1,2}, and thus (t1 +mZ, te +m2Z) = (1 +m1Z, to + meZ). 

2) Assume to the contrary that there exists some (t,,t2) € Z? such that 
(t1,m1) = (t2,m2) = 1, and yet there is some prime p dividing (tim + tem1,m). 
As p|m, we may assume that p|m ,. Then p{ ti, p{mg, but as p|timg, this is a 
contradiction. 


Theorem A.3.6 (Structure theorem for residue class rings). Let m be a positive 
integer. 
1. If a€ Z, then (a,m) =1 if and only if a+mZ «€ (Z/mZ)*. 
2. Z/mZ is a field if and only if m is a prime. 


ProorF. 1. If (a,m) = 1, then there exist x, y € Z such that az + my = 1, 
hence (a + mZ)(x + mZ) = 1+ mZ, and thus a+ mZ € (Z/mZ)”*. Conversely, if 
a+mZ € (Z/mZ)*, then there is some x € Z such that (a+mZ)(a#+mZ) = 14+mZ, 
and therefore az = 1+ my for some y € Z, which implies (a,m) = 1. 

2. Note that (Z/mZ)* = {a+ mZ | a € [1,m— 1]}. If m is a prime, then 
(a,m) = 1 for alla € [1,m—1], (Z/mZ)* = (Z/mZ)”* by 1., and thus Z/mZ is a 
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field. If m is not a prime, then there is some a € [2,m—1] such that a|m, and then 
a+mZ € (Z/mZ)° \ (Z/mZ)*. Hence Z/mZ is not a field. 


We close this section with a probably less known result concerning homogeneous 
linear Diophantine equations in three variables which is used in the proof of Theorem 
5.4.6. 

Theorem A.3.7. Let a, b, c be non-zero integers and (x,y,z) € Z?. Then 

ax + by+cz=0 
holds if and only if there exists some (U,V,W) € Z® such that 


6 VW, y=—-U-— Vv and z= = 


(a, b) (a,c) (b,c) (a, b) (a,c) (b,c) 
ProoF. If (U,V,W) € Z°, then clearly 
b Cc Cc a a b _ 
(ia "Ga”) Vee ae ti a aa”) =i. 


To prove the converse, let x = (x,y, z)* € Z? be such that ax + by + cz = 0. We 
may assume that (a,b,c) = 1, and we set d = (a,b). Then (d,c) = 1, and there exist 
s,t, u,v € Z such that d= as + bt and 1 = du-+cv. We consider the matrix 


b/d s O 1 0 O b/d sc su 
A=|-a/d t 0 0 c ul=|{-a/d te tu 
0 OF 0 -d v 0 —d v 
Since 
bt as 
det(A) = (= + —) (du + ev) =; 


it follows that A € SL2(Z), and we obtain 
0 = ax + by+cz = (a,b,c) AA‘ = (0,0,1) Alex. 

Hence there exist A, w € Z such that 
x aN 


b 
| SC 
A-lx =|], andtherefore e=|y}) = Aluwl| =A ee a eae oe 
0 Zz 0 0 —d 
If U=(b,c)tu, V=A and W = —(a,c) sp, then 
b c b c a a 
— V -—~_W=-A = — U — —~V =tew—- -srX= 
Gi) Gq a PMN’ Bay wy Na 
and 
a a U = —asp — btu = —du =z. 


(a,c) (b,c) 
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A.4. Lattices 


This section is devoted to linear algebra over Z. We present the structure theory 
of finitely generated subgroups of a vector space over Q and prove the elementary 
divisor theorem. We do this in full generality, although in this volume only special 
cases (one- and two-dimensional lattices) occur. On the one hand, we feel that the 
general case gives more insight and is not much more complicated. On the other 
hand, we will use the elementary divisor theorem in the next section to prove the 
structure theorem for finite abelian groups. 


Let V be a vector space over Q. An (additive) subgroup M of V is called finitely 
generated if there exist some n € N and wj,...,Un € V such that 


M = [uy,..., Un] = Zuy+...+ Zuy, 


and then we denote by QM = Qu; +...+ Quy the vector space generated by M. 
A finitely generated subgroup M of V satisfying QM = V is called a lattice in V. 


An n-tuple u = (u1,...,Un) € V” is called linearly independent if it is linearly 
independent over Q [equivalently, if (c1,...,¢n) € Z” and cyuy +... + cCnUn = 0, 
then cj] =... = ¢C, = 0]. If (ui,..., un) is linearly independent and M = [uy,..., Un], 


then (u1,...,Un) is called a basis of M. Note that (u1,...,Un) is a basis of M if 
and only if the map 6: Z” > M, defined by 0(c1,...¢n) = citi +... + CnUn for 


all (c1,-.-,;€n,) € Z”", is an isomorphism [equivalently: Every x € M has a unique 
representation x = cju, +...+CnUn with coefficients c1,...,¢n € Z]. 
For m,n € N, an (n,m)-matrix A = (ay,y)vef1,nj pe[1zm] © Mn,m(Q) and an 
n-tuple u = (u1,...,Un) € V”, we define (in an obvious way) 
nm n 
uA= (> ee ee > suo] ev™. 
v=1 v=1 


It is easily seen that this extended matrix multiplication satisfies all reasonable 
associative and distributive laws. If u is linearly independent and A, B € Mn. m(Q), 
then uA = wB implies A = B. 


Lemma A.4.1. Let V be a vector space over Q, n,meEN, M a subgroup of 
V, w= (ur,...,Un) € M” a basis of M and v = (v1,..-,Um) € (QM)™. Then there 
exists a unique matrix A € Mn m(Q) such that v = uA, and the following assertions 
hold: 


1. {v,...,Um} C M if and only if A © Mam(Z); 
2. v is a basis of M if and only if m=n and A € GL,(Z). 


PROOF. Since wu is a Q-basis of QM, it follows that for every 4 € [1,mJ], there 
exists a unique n-tuple (ay,1,---,@yn) € Q” such that v, = uray, +... + Undn yp; 
and we obtain v = uA, where each column of A = (@y,y)ye{1,n}, ue[1ym) © Mn,m(Q) 
(and thus A itself) is uniquely determined. 

1. Obviously, A € Mnm(Z) implies {v1,...,Um} C M. On the other hand, if 
{v1,...,Um} C M, then there exists some matrix A’ € My m(Z) such that v = uA’, 
and by the linear independence of u we obtain A’ = A. 
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2. If v is a basis of M, then u and v are both Q-bases of QM. Hence we get 
m=n, u= vA’ for some A’ € M,,(Q), and by 1. it follows that A, A’ € M,(Z). 
Consequently, u = uwAA’, and therefore (again by the linear independence of w) 
AA’ =I, and A € GL,(Z). 

If m =n and A € GL,(Z), then A“! € M,,(Z), and since u = vA, it follows 
that M = [u1,...,Un] C [v1,..., Un] C M. Hence M = [v1,...,u,], and since u and 
v both generate the vector space QM, it follows that v is linearly independent. 


Theorem A.4.2 (Structure theorem for lattices). Let V be a finite-dimensional 
vector space over Q, dimg(V) =n and M a lattice in V. 


1. M has a basis consisting of n elements. 


2. If M' is a subgroup of M, then M' is also finitely generated. More precisely, 
the following holds: 


There exist a basis (u,,...,Un) of M, an integer m € [0,n] and positive 
integers dy,...,dm such that d,|d2|...|dm, and (dju,...,dmUm) is 
a basis of M’. 
3. For every finitely generated subgroup M' of V there exists some d€ N such 
that dM' cM. 


4. Let M’' be another lattice of V such that M' c M. Let u € M” be a basis 
of M, u’ © M" a basis of M’ and A € M,(Z) such that u! = uA. Then 
(M:M") = |det(A)|. 


PROOF. We start with the proof of 3. Then we prove 2. under the assumption 
that M has a basis, and after this we shall deduce 1. Throughout, we tacitly apply 
Lemma A.4.1. 


3. Let k, m € N be such that M = [u,...,uz] and M’ = [u1,..., Um]. For 
j € [l,m], we have vj € V = QM = Qu; +... + Qugz, and therefore there exist 
bi j,---,0k,7 € Q such that vj = 61,5341 +...+ dg jug. If d € N is such that db; ; € Z 
for all i € [1,k] and j € [1, mJ, then dv; € M for all j € [1, mJ, and thus dM’ c M. 


2. (assuming that MW has a basis consisting of n elements ). We may assume that 
M’ + {0}, and we proceed by induction on n. For n = 0 there is nothing to do. 

n>i1,n-1- n: Let dy € N be minimal such that there exist a basis 
(v1,-.-,Un) of M and co,...,c, € Z satisfying dv, + cave +... + Cnn € M’. 
For i € [1,n], suppose that c; = dig; + ri, where gq; € Z and r; € [0,d, — 1]. If 
Uy = 0, + gave +... +QnUn, then (ur, v2,...,Un) is a basis of M and 


dyuy t+ revo +... + TpUn = divi + cova t+... + enn € M’. 


By the minimal choice of d; it follows that r; = 0 for all 2 € [2,n], and consequently 
dyu, € M’. 

Now we set M, = [v2,...,Un] and Mj = M’N Mj. Then (v2,..., Un) is a basis 
of My, and by the induction hypothesis, there exist a basis (u2,...,Un) of M1, some 
m € [1,n] and do,...,dm € N such that d2|d3|... |dm, and (dgu2,...,dmUm) is a 
basis of Mj]. We assert that (u1,...,Un) is a basis of M. This is obvious if n = 1; 
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if n > 2, then (ug,...,Un) = (v2,---,Un)A’ for some matrix A’ € GL,_1(Z), 


1 O : 1 O 
(19st) = (1s t25-+ 8) (4 re and since € wr) €Gln(@), 


it follows that (u1,...,Un) is a basis of M. 

It remains to prove that M’ = [dju1, dou2,...,dmUm]| and d,|d2 if m > 2. 
Clearly, M’ D [dyu1, dgu2,...,dmUm]. Thus let x = bju, +... + bntun € M’, where 
bj,-.-,0n € Z, and set 6b; = qd; +r for some gq € Z and r € [0,d; — 1]. Then 
x — qdyuy = ru, + boug +... + bnun € M’, hence r = 0 by the minimal choice 
of dj, x — qdyuy € Mj = [dous,...,dmtm] and thus x € [dyuj, doug,...,dmUm]. 
Assume finally that m > 2 and dj = djq+,r for some g, r € No and r < d;. Then 
(uy + qua, U2,---,Un) is a basis of M and dyu, + dguz = di(uz + quz) + rug € M’. 
Again, the minimal choice of d; implies r = 0 and thus d; | do. 

1. Let (w1,...,tUn) € M” be a Q-basis of V, Mo = [uy,...,Un], & > n and 
Un+ti,---,Uk € M such that M = [u,...,u,]. Then M C V = QM, and by 
3. there exists some d € N such that dM C Mop. Hence M c d~!Mp, and since 
(d-'uz,...,d7!un) is a basis of d~'Mo, it follows from 2. that the subgroup M 
of d~!Mp contains a basis (v1,...,Um) for some m € [0,nJ], and finally we obtain 
m = dimg QM = n. 

4. By 2., there exist d,,...,d, € N and a basis v = (v),...,Un) of M such that 
v! = (d1v1,...,dnUn) is a basis of M’. Hence there is an isomorphism 


o: Z/d\Zx...xZ/dyZ —» M/M', 
given by (cy + diZ,...,Cn +dnZ) = cpu, +... + Cptn + M’, and consequently 
(M:M") = |M/M"| = |Z/diZx...xZ/dpZ = dy ot ae-icle -dn.- 
By Lemma A.4.1, there exist matrices S,T € GL,(Z) be such that wu = vS and 
v =u'T. If D = diag(d1,...,d,), then vD = v' = wAT = vSAT, hence D = SAT 
and therefore (MM: M‘) = det(D) = det(SAT) = | det(A)|, since (IM: M') > 0 and 
| det(S)| = | det(T)| = 1. 


Corollary A.4.3. Let V be a vector space over Q, dimg(V) =n € N and M 
a subgroup of V. Then the following assertions are equivalent: 

(a) M is a lattice inV. 

(b) M has a basis consisting of n elements. 


(c) M is finitely generated, and for every z € V there is some m € N such that 
mzeM. 


(d) M is finitely generated and contains a basis of V. 


PROOF. (a) => (b) By Theorem A.4.2.1. 
(b) = (c) Let (w1,...,Un) be a basis of M. Then M = [ui,...,un], and 
(u1,---;Un) is a basis of V. If z € V, then z = cyuy +...+CpUn for some 
C1,---;€n €Q, and if m € N is such that me; € Z for all 7 € [1,n], then mz € M. 
(c) = (d) Let (w,...,un,) be any Qbasis of V. For i € [1,n], and let m; € N 
be such that m;u; € M. Then (mju1,...,Mntn) € M” is a basis of V. 
(d) = (a) Obvious. 
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Corollary A.4.4. Let M # {0} be a finitely generated subgroup of Q. Then 
M =mZ, where m = min(MN Qso). 


PROOF. Since MQ = Q, Theorem A.4.2.1 implies M = dZ for some d € M, 
hence M = |d|Z, and |d| = min(MN Qs). 


A.5. Finite abelian groups 


The main results presented in this section are the structure theorems for finite 
abelian groups (Theorem A.5.4 in the multiplicative case and Theorem A.5.8 in 
the additive case). As a preparation for these main results, we collect some simple 
counting results and investigate finite cyclic groups in detail. Except in Theorem 
A.5.8, we use multiplicative notation. 


Let G be a (multiplicative) abelian group with unit element e and a € G. We 
denote by ord(a) = |(a)| € NU{oo} the order ofa (in G). If f: Z— G is defined by 
f(k) = a* for all k € Z, then f is a homomorphism, and f(Z) = (a). If ord(a) = 00, 
then f is a monomorphism. If ord(a) = d € N, then Ker(f) = dZ, and f induces an 
isomorphism Z/dZ > (a). In particular, if k € Z, then a* = e if and only if d| k, 
and d= min{k € N | a* = e}. By Lagrange’s theorem, |G| = (G:(a)) ord(a), hence 
ord(a) divides |G|, al!@l = e, and we call |G] € NU {oo} the order of G. 

Suppose that a € G, n € N and a” =e. If k € Z, then a* only depends on 
the residue class « = k + nZ, and we set a” = a*. With this definition, we obtain 
a®tA = a*a> and (a*)* = a™ for all «, X € Z/nZ. Moreover, if ord(a) = n and 
k, A € Z/nZ, then a* = a if and only if « = X. 


The following Theorem A.5.1 contains elementary properties of the orders of 
group elements. 


Theorem A.5.1. Let G be a finite (multiplicative) abelian group with unit ele- 
ment e anda, beEG. 
1. If (ord(a), ord(b)) =1, then ord(ab) = ord(a) ord(b). 
2. If ord(a) =dEN and k € Z, then 


d 
d(a*) = ——_. 
ord(a”) hd) 

3. Suppose that n = ning, where ni, ng € N and (ni,n2) = 1. Then a is an 
n-th power in G if and only if a is both an n,-th power and an n2-th power 
inG. 

4. If nEN and (ord(a),n) =1, then a is an n-th power in G. 


Proor. 1. Suppose that ord(a) = k, ord(b) = 1 and (k,l) = 1. Then (ab)* = e, 
and we must prove that (ab)’ = e implies kl| j for all 7 € Z. Let 7 € Z be such that 
(ab) = e. Then e = (ab)*) = b*) and hence 1| kj and therefore 1| j, say 7 = ml for 
some m € Z. It follows that e = (ab)™ =a™, hence k| ml, and therefore k|m and 
kl ml = 4, 
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2. If ord(a) =d andj €Z, then (a*)/ =a") =e if and only if d|kj, but 
d ke d : k d 
galea? ~ wal? lee Gaga) th 
3. If a is an n-th power, then clearly a is also an n-th power and an n-th power. 
Thus assume that a = x}! = x5? for some 21, Z2 € G, and let wu, ug € Z be such 
thet wy wane = 1. Then @ =a = (07 a ee = aya)” 
4. Suppose that ord(a) = d, and let u, v € Z be such that du + nv = 1. Then 


a= aq = (a®)” is an n-th power. 


ak > 


Recall that a group G is called cyclic if G = (g) for some g € G. In this case, it 
follows that G = Z if ord(g) = co, and G = Z/nZ if ord(g) =n EN. If G = (g) 
and |G] =n EN, then {(g"/¢) | d EN, d|n} is the set of all subgroups of G. If 
dé€Nandd|n, then |(g"/%)| = d, and (g"/¢) is the only subgroup of order d. 


Theorem A.5.2. Let G be a finite cyclic group of order n with unit element e, 
dé€N andaecG. 

1. a is a d-th power in G if and only if a”/® =e. 

2. If a is a d-th power in G, then |{x € G | x4 = a}| = (n,d). In particular, 
\{2 €G| 2 = e}| = (n,d). 

3. G has an element of order d if and only if d|n, and if a is an element of 
order d, then {a/ | 7 € [0,d—1], (j,d) =1} is the set of all elements of 
order d in G. 


4. Let s be the product of all elements of G. Then s = e if and only if n is odd, 
and s* =e if n is even. 
Proor. Assume that G = (4g). 


1. If a = x? for some x € G, then a”/(™-4) — (x”)4/(".4) — e, As to the converse, 


suppose that a = g*, where k € [0,n—1], and a®/(4) — e, Then g'"/(™-4) = e, hence 
k 
Les , and therefore (n,d)|k. 
(n,d) 


If u, v € Z are such that k = nu+ du, then a = g* = (g”)¢. 
2. Suppose that there is some xo € G such that oe =a. If x EG, then x? =a if 
and only if (xg 'x)4 = e, and therefore 
{ee G| 24 =a}| =|{z €G| 27 =e}| =|{k € [0,n—1] | g*? = e}| = (nd). 
Indeed, if k € [0,n — 1], then g*4 = e if and only if n| kd, and 
n d n 


<> k=—" for some 7 € [0, (n,d) — 1]. 


(n, d) 
3. G has an element of order d if and only if G has a subgroup of order d, and 
this holds if and only if d|n. If a is an element of order d, then 


{x € G | ord(x) = d} = {x € G| (x) = (a)} = {a’ |j € [0,d-1], Gd) = 1}. 
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4. We have 
n-1 n-1 n(n 1) 
i t . 
= = wh t= = —__.. 
8 I] 7 =o ere D i 5 


Now the assertion follows since n|2t, and n|t if and only if n is odd. 


Corollary A.5.3. Let p be a prime, k, 1, NEN, G a cyclic group of order p% 
with unit element e, a,b€ G\{e} anda= bP. Then b is a p*-th power in G if and 
only if a is a p*t!-th power in G. 


PROOF. Suppose that ord(b) = p™ for some m € [0, N]. Since a = wP Ze, it 
follows that m > 1, and ord(a) = p™~! by Theorem A.5.1.2. If b = c®” for some 
c€G, then a = bP’ = cP" Thus assume that a is a p*+"th power. Then N > k+l, 
by Theorem A.5.2.1 we obtain a e, hence N—k—1 > m-—l, and therefore 
m < N—k. Consequently, it follows that — e, and thus 0 is a p*-th power. 


Now we depart from the cyclic case and consider arbitrary finite abelian groups. 
The following structure theorem shows that every finite abelian group can be com- 
posed by its cyclic components. 

Let G be a multiplicative finite abelian group and r € N. For i € [1,7], let g; Ee G 
be such that ord(g;) = d; > 2, and consider the cyclic subgroup G; = (g;) of G. 
Then it is easily seen that the following assertions are equivalent : 


(a) Every a € G has a unique representation in the form a = gi 1...,-g*", where 
k, € [0,d; — 1] for alli € [1,r]. 
(b) The map G,x...xG, > G, defined by (aj,...,a;) > a1-...+@,, is an 
isomorphism. 
(c) There exists an isomorphism ©: Z/d,Zx...xZ/d,Z — G such that 
B(ky + dyZ,..., kp-+dpZ) = gh? -...- gh for alll (k1,...,kr) € Z". 
If these conditions are fulfilled, then |G| = d,-...-d,, and (g1,...,9,) is called a 


basis of G. For n = 0, we agree that the empty sequence is a basis of the trivial 
group G = {e}. 


Theorem A.5.4 (Structure theorem for finite abelian groups). Let G be a 
finite (multiplicative) abelian group with unit element e. Then there exist uniquely 
determined integers r € No and d,,...,d, € N such that 1 < dy|do|...|d, and 
G has a basis (g1,...,9r) satisfying ord(g;) = d; for alli € [1,r]. 


PROOF. We may assume that |G| > 1 (otherwise we set r = 0). 

Existence: Let r € N be minimal such that G is generated by r elements, say 
G = (hy,...,hr), and define ¢: Z” > G by $(n1,...,n7) =A -...-hpr. Then ¢ 
is an epimorphism and induces an isomorphism ¢*: Z"/Ker(¢) > G. By Theorem 
A.4.2.2 there exist a basis (u;,...,u,) of Z", an integer r’ € [0,r] and positive 
integers d,,...,d, such that d;|d2|...|d, and Ker(¢) = [djuy,...,d,u,’]. For 
i € [lr], let g; = O(u;). Then G = (g1,...,9,), ord(g;) = d; for all 7 € [1,r’], 
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and ord(g;) = co for all i € [r’ + 1,r]. By the minimal choice of r and since G is 
finite, it follows that r’ = r and d, > 1. Since every x € Z"/Ker(@) has a unique 
representation x = kju1+...+k,-u, + Ker(¢), where k; € [0, d; — 1] for all ¢ € [1,7], 
the assertion follows. 


Uniqueness: We proceed by induction on |G| and suppose that uniqueness holds 
for all groups G’ such that |G’| < |G. Let r,s, dj,...,d,, fi,.-.,fs € N and 


Jiy-++59r, Mi1,-.-,hs € G be such that 1 < d,|d2|... | Bess Le fil Fe | aes | fe 
ord(gi) = d; for all i € [1,r], ord(h;) = f; for all j € [1,s], and every a € G has 
unique representations a = ge. ae ge = = Wes. -...+hls, where k; € [0,d; —1] for all 
1 € [1,r], and J; € [0, f; — 1] for all 7 € [1, s]. Then |G| = dy -. hy = Fewest 


For every prime p, the set G? = {g? |gEGhisa subproup of G, and if geEG 
and ord(g) = d, then 


d 
ord(g’?) = ——_. 
= aD) 
If a € G, then a? = gr a gh = ni teat nls with uniquely determined exponents 
dj 1) 
ki € 0, ———-1| forall :€[1,r], and Ue 0. —1) for all 7 € [1,s]. 
(dj, p) (Fi,P) p) 


Hence it follows that 


|G?| = ie 


I= t 


ngilics 


caAL 


and 


ay =p’, where t= | {i € [1,7] | p| di} = {3 E [1,s] |p| f;}| < min{r, s}. 


In particular, for p|d, we obtain r < s, and for p| f; we obtain s < r. Hence it 
follows that r = s, and d; and f; are divisible by the same primes. 

Let p be a prime such that p|d. Let p, o € [0,r] be such that dj = f; = p for 
alli € [1,p] and j € [l,o], dj Ap for alli € [p+1,7r] and f; 4p for all j € [o +1, 5]. 
Then we obtain, for every a € G, 


aP = gf Ro gPBr = pPlot |. pple 
with uniquely determined exponents 
di 
ke jo, + - 1 for all i€[p+1,r], and Ice 0. fi for all 7 € [o + 1,7]. 
Pp Pp 
Since 1 < ord(gf,,)|--. |ord(gr) and 1 <ord(hZ,,)|.-. |ord(hr), the induction 
hypothesis ( applied for G? ) shows that p =o, and 


de =ordig )= ord he) = “ for alli € [p+ 1,r]. 
Pp 


Hence it follows that d; = f; for all i € [1,r]. 
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It is possible to refine the structure theorem for finite abelian groups by focusing 
on the various primes dividing the group order. To do this, let again G be a finite 
abelian multiplicative group and p a prime. Then we define 


Gp = {a € G| ord(a) is a p-power} and Glp]={aeG|a? =e} CG). 
G, and G[p| are subgroups of G' of p-power order, and if |G[p]| = p?@), then we 
call Gp the p-component and 1,)(G) the p-rank of G. If G = Gp, then G is called a 


p-group, and if G = G[p], then G is called an elementary p-group. Note that every 
elementary p-group is a vector space over F, = Z/pZ in a natural way. 


Corollary A.5.5. Let G be a finite (multiplicative) abelian group and p a prime. 
Let (g1,---,9r) be a basis of G, and suppose that ord(g;) = p'c;, where 5; € No, 
c, € N and p{ c; for alli € [1,r]. Let 1 € [0,r] be such that 6; >0 if 2 € [1,1] and 
6,=O0 if ie [l+1,r]. Then 

© (gf,---5 9) sGl41s+++5Gr) is a basis of GP, 

e (g1G?,...,qG?) is a basis of G/G?, 

e (gi',---9;') is a basis of Gp, and 

e Ge ag?) is a basis of G[p}. 
In particular, t)(G) = 1, |Gp| = p+-+% = pC), Gp] and G/G? are vector 
spaces over Fy, and dim, (G[p]) = dimp, (G/G?) = r,(G). 


PROOF. Obvious by Theorem A.5.4. 


The following theorem deals with the behavior of the p-component under group 
homomorphisms. 


Theorem A.5.6. Let 0: G— G" be an epimorphism of finite abelian groups, 
and let p be a prime. Then 6(Gp) = Gi, and if p{ |Ker(@)|, then 6|Gp: Gp > Gi, 


is an isomorphism. 


PrRooF. Let G and G’ be multiplicative groups with unit elements e € G and 
e’ € G’. If a € Gp, then a?” = e for some k € N, hence 6(a)” = O(a?) = e’, and 
therefore 6(a) € Gj,. Conversely, assume that u € Gi, a € G, O(a) =u, ord(u) = p* 
and ord(a) = p'm, where k, 1 € No, m € N and p{ m. Then there exist s, t € Z 
such that ms + p*t = 1, and we obtain (a’*)? = (a?'™)$ = e, hence a € Gp and 
O(a™) = us = yl Pt a ueE 0(Gp). 

If p{ |Ker(6)|, then Ker(@|G,) = Ker(9)N Gp = {e}, and 0|Gp: Gp > Gi, is 


an isomorphism. 


Theorem A.5.7. If K is a field, then every finite subgroup G of K™ is cyclic. 
In particular, if K is a finite field, then K* is cyclic. 


Proor. Let K be a field, and assume to the contrary that there is a finite 
subgroup G of K* which is not cyclic. By Theorem A.5.4, there exist integers r > 2 
and d,,...,d, € N satisfying 1 < d,|d2| ...|d,, and G has a basis (g1,...,g,) such 
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that ord(g;) = d; for all 7 € [{1,r]. If p is a prime such that p|d,, then we obtain 
(gh? gf?!) Cc {x € K | x? = 1}, and since (gt! g@2/”)| = p’, it follows that the 
polynomial X? — 1 has p? zeros in K, a contradiction. 


Because of its importance, we rephrase the essential statement of Theorem A.5.4 
for additive abelian groups. 


Theorem A.5.8 (Structure theorem for finite additive abelian groups). Let G 
be an additive finite abelian group. 
1. There exist uniquely determined integers r € No and dy,...,d, € N such that 
1 <d,|d2\|...|d, and there is an isomorphism G > Z/d\Zx...xZ/d,-Z. 
2. Form € Z, the multiplication Un: G—> G, given by [m(x) = ma for all 
x € G, is bijective if and only if (m,|G|) = 1. 


ProoFr. 1. By Theorem A.5.4. 


2. Assume first that (m,|G|) = 1, and let u, v € Z be such that mu + |Glv = 1. 
Ifa € G, then x = (mu+|G|v)a = m(uz). Hence fim is surjective and thus bijective. 
Conversely, suppose that there is some prime p such that p|(m,|G|). By 1., there 
exists some element g € G such that ord(g) = p, and then mg = 0. Hence pu», is not 
injective. 


A.6. Prime residue class groups 


In this section we apply our results on finite abelian groups to determine the 
structure of the prime residue class groups (Z/mZ)”*. 


If m,n € N and m|n, then nZ C mZ, and thus there is a natural ring epimor- 
phism tm: Z/nZ + Z/mZ, given by tm,m(a+nZ) = a+mZ for all a € Z. It 
is not at all obvious that this epimorphism induces an epimorphism on the prime 
residue class groups. 


Theorem A.6.1. If m,n¢€N andm|n, then trm((Z/nZ)*) = (Z/mZ)*. 


PROOF. Suppose that c+ mZ € (Z/mZ)*, where c € Z and (c,m) = 1. We 
must find some b € Z such that (b,n) = 1 and b = cmod m. We set n = mmjq, 
where m1, q € N, mj, is a product of primes dividing m, and (q,m) = 1. It follows 
that (mmz1,q) = 1, and by the Chinese remainder theorem there is some b € Z 
such that b = cmod mm, and b = 1mod gq. Then it follows that b = cmod m, 
(b, mm) = (c,mm}) = (b,g) = 1, and thus also (b,n) = 1. 


Next we recall Euler’s y function, defined by 
y(m) = |(Z/mZ)*| = |{k € [0,m — 1] | (k,m) = 1}| for all meEN. 
In particular, y(1) = 1. If p is a prime, then (Z/pZ)* = Fy is cyclic by Theorem 
A.5.7, and 
o(p) = |Fp|=p-1. 
An integer w such that (Z/pZ)* = (w + pZ) is called a primitive root modulo p. 
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Theorem A.6.2 (Euler’s y function). 
1. If m1, m2 EN and (m4,m2) = 1, then y(myme) = v(m) y(m2). 
2. Suppose that m = pi'-...-p&, wherer EN, pi,...,pr are distinct primes 
and e1,...,er EN. Then 


‘ 
= 1 
elm) = [] pf": - 1) =m J] (1-). 
i=1 peP P 
p|m 
3. (Euler’s theorem) If mé€N, x € Z and (x,m) =1, then 2? =1 mod m. 
4. If x € Ryo andmeEN, then 


{dE N|d<z, (djm) =1}|= A) +p, where p € [0,m]. 
Proor. 1. Assume that m1, m2 € N and (m1, mz) = 1. By the Chinese remain- 
der theorem, there is an isomorphism (Z/m im2Z)* — (Z/m4Z)* x (Z/m2Z)*, and 
therefore o(mym) = |(Z/mymgZ)*| = |(Z/mZ)*| |(Z/m2Z)*| = glans )o(ma). 
2. If m = p® > 1 isa prime power, then (Z/p°Z)* = {a+p°Z | a € [1,p°], pt a}, 
and thus y(p°) = p® — p®*! = p*1+(p — 1). In the general case, again the Chinese 
remainder theorem implies (Z/mZ)* & (Z/p}'Z)* x...x(Z/p&"Z)*, and 


em) = TJ e(vf') = [] pi - 2) =m J] (1 - =) . 
1=1 i=1 


per 
p|m 


3. Since |(Z/mZ)*| = y(m), it follows that €°") = 1+4mZ for all € € (Z/mZ)*, 
and consequently x? = 1 mod m for all x € Z such that (a,m) = 1. 


4. Suppose that x = gm +s, where g € No and s € [1,m] (division with 
remainder, see Section A.3). Then |{d € N|d< a, (d,m) = 1}| = gp(m) + 51, 
where s; = |{d € [gm +1,gm-+ |s]] | (d,m) = 1}| < s < m, and we obtain 


en) em) (1-2) <p AO 5m 


+s; [x4 ——+8 
m 


ge(m) + 81 = (#— 8) 


We proceed with the quotation of some classical congruences of elementary num- 
ber theory which follow by simple group-theoretical arguments. 


Theorem A.6.3 (Some classical congruences). Let p be an odd prime. 
. (Fermat’s little theorem) If x € Z\ pZ, then x?~! =1 mod p. 

_If c€Zandn€N, then 2?” =x mod p. 

If «© €Z\ pZ, then «?-)/? = +1 mod p. 

. (Wilson’s theorem) (p — 1)! = —1 mod p. 

. We have 


(Pot) = (ne? = —1 mod p ia p=1 mod4, 
2 1 modp if p=3 mod4. 


oF WwW NY Fe 


6. There is some x € Z such that 2? = —1 mod p if and only if p= 1 mod 4. 


382 A. REVIEW OF ELEMENTARY ALGEBRA AND NUMBER THEORY 


Proor. 1. By Theorem A.6.2.3, since y(p) = p— 1. 

2. Obvious by 1. and a simple induction on n. 

3. If € € Fp = Z/pZ and €2 = 14 pZ, the € = +14 pZ, since F,, is a field. If 
a €Z\ pZ, then (x-1)/2)2 = P-! =1 mod p, and therefore z®—))/2 = +1 mod p. 


4. (p—1)!+ pZ is the product of all elements of the cyclic group (Z/pZ)*, and 
since |(Z/pZ)*| = p — 1 is even, the assertion follows by Theorem A.5.2.4. 


5. Since 

ee (p-1)/2 (p-1)/2 (p-1)/2 

(F—)P= iT] @-) JT] Cos @- 0-0”? mod p, 
1=1 i=l i=1 


the assertion follows by 4. 


6. There is some x € Z such that 2? = —1 mod p if and only if —1+ pZ is a 
square in F*. Since F¥ is a cyclic group of order p — 1, the assertion follows by 
Theorem A.5.2.1 


Theorem A.6.4 (Structure of the prime residue class group). Let e be a positive 
integer. 


1. Let p be an odd prime and w € Z a primitive root modulo p. Then 
(Z/p°Z)* = (w+ p°Z, (1+ p) + p°Z) = (w? (1 +p) + p°Z). 


In particular, (Z/p°Z)* is cyclic, (1+p)+p°Z has order p®' in (Z/p°Z)™, 
"+ p® has order p—1 in (Z/p*Z)*, and 


(+p) +p°Z) = {a+ p°Z|a=1 mod p} C (Z/p®Z)” . 


wP 


If « € Z, then a? '=1 mod p® if and only if x =1 mod p. 
2. If e> 3, then (Z/2°Z)* = (-1+2°Z, 5+2°Z), 5+2°Z has order 2°? in 
(Z/2°Z)*, and (5+ 2°Z) = {a+ 2°Z|a=1 mod 4} c (Z/2°Z)*. 
PrRoor. 1. We prove first : 
A. (1+ p)? =1+p**! mod p*t? for all k € No. 


Proof of A. We use induction on k. For k = 0 there is nothing to do. 
k>0,k—+>k-+1: By the induction hypothesis, there is some u € Z such that 
(1+ p)P = 14 pt) + up*t+? = 14 p*t1(1 + pu). Hence it follows that 


P 
(1 +p)" _ S- ("\erna +puyi =14+p tO) (1 4+ pu) = 14 p*t? mod pit, 
j=0 


since v,(p?*+)) = n(k +1) > k +3, and 


vol (7 )o™) >142(kK+1)>k+3 forall j € [2,p—1]. 
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Hence A holds, and therefore the residue class (1+ p) + p°Z has order p®! in 
(Z/p°Z)*. The map 7: (Z/p°Z)* — (Z/pZ)*, defined by m(a+p*Z) =a+pZ for 
all a € Z\ pZ, is an epimorphism, and 

\(Z/p°Z)*| _ pe (p-1)_ ea e 
Ker(a)| = OS Sp | tpt pe). 
KKer(n)| = Tee = EP \ ) 
By definition, Ker(7) = {a+ p°Z | a € Z, a=1mod p} Dd (1+ p)+4+ p°Z), and 
therefore equality holds. If x € Z and x?” = 1 mod p®, then x = 2?” =1 mod p. 
Conversely, if ¢ = 1 mod p, then x + p°Z € Ker(z) and therefore a? '=1 mod p*. 

Since w? = w mod p, we obtain wr J = wi #1 mod p for all j € [1, p— 2], and 
as y(p°) = p*!(p — 1), it follows that w?° ‘+ p°Z has order p— 1 in (Z/p®Z)*. By 
Theorem A.5.1.1, w?” (1+p)+p°Z = (w?" +p°Z)((1+p)+p°Z) has order p*'(p—1), 
and therefore (Z/p®Z)* = (w?*' (1+ p) + p®Z) = (w?* ‘4+ p°Z, (1+ p) + p°Z). 

2. We prove first : 


B. 52° =1+42*+2 mod 2*+3 for all k € No. 

Proof of B. We use induction on k. For k = 0 there is nothing to do. 

k>0, k—+k+1: By the induction hypothesis, there is some u € Z such that 
5 = 14 2k+2 4 ok+3y, — 1 4 24+2(] 4 Qu), and therefore 


5a = 1+ 2'48 (1 + Ou) + 2744 (1 + Qu)? = 14 23 mod 2*t4, 
Hence B holds, and therefore the residue class 5+2°Z has order 2°~? in (Z/2°Z)*. 
The map 7: (Z/2°Z)* — (Z/4Z)*, defined by 7(a+2°Z) = a+4Z for alla € Z\2Z, 
is an epimorphism, and 
|(Z/2°Z)*| 
|(Z/4Z)*| 
By definition, Ker(7) = {a+ 2°Z |a € Z, a= 1mod 4} D (54 2°Z)|, and thus 


equality holds. Since the residue class —1 + 2°Z € (Z/2°Z)* \ Ker(z) has order 2, 
it follows that (Z/2°Z)* = (—-1+4 2°Z, 5+ 2°Z). 


|Ker(m)| = = 9-2 = 1/5 4. 2°7Z)|. 


Theorem A.6.5. Let m = 2°p{'-...-p&" be a positive integer, where r, e € No, 
P1,---,Ppr are distinct odd primes, e1,...,er © N, and 
r iff e<il, 
p=<‘r4+1 if e=2, 
r+2 if e=3. 


For i € [1,r], set dj = p%'(p; — 1), and let 7; € Z be such that 


a 


(mi, + pj'Z) = (Z/p;'Z)* and 7m =1 mod ma 
i 


If e> 2, set d,-41 = 2, and let m4, € Z be such that 


m 
Tr+1 = —1 mod 2° and m4; =1 mod Oe 
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If e> 3, set dpig = 2°-2 | and let Tr+2 €Z be such that 


Tr+2 =5 mod 2° and tr42=1 mod x : 


Then (m1 +mZ,...,a%)+mZ) is a basis of (Z/mZ)*, and d; = ord(a; + mZ) for 
alli € [1, p]. 


Proor. By Theorem A.6.4 it follows that d; = ord(a; + mZ) for all i € [1, p]. 


We must prove that, for every a € Z such that (a,m) = 1 there exist uniquely 
determined kj,...,k) € No such that a= ahs Disa he mod m and k; < d; for all 
i € [1, pl. 

Ifa € Zand (ki,...,kp) € N6, then a = ie ‘o5% me mod m holds if and only if 


a= modp* for all ¢€ [1,r], 
a=(-1)**+1 mod2° if e>2, and a=5'r+? mod 2° if e>3. 


However, Theorem A.6.4 implies that for every 7 € [1,] there exists a uniquely 
determined integer k; € [0,d; — 1] satisfying this condition. 


A.7. Roots of unity and characters of finite abelian groups 


In this section we prove some elementary properties of roots of unity and derive 
the character theory of finite abelian groups, which plays a prominent role in the 
Chapters 4, 6, 7 and 8 of this volume. 

We start with roots of unity. A complex number z is called a root of unity if 
z” = 1 for some n € N. The set W of all roots of unity is a subgroup of C*, and for 
a subring D of C we denote by W(D) = WN D the group of roots of unity in D. In 
particular, W(D) = {+1} if D CR. For n EN, we denote by 

Wr = {z €C* | 2" = 1} = {e*7*/" | hE [0, [n — 1] } = (77) CCX 
the cyclic group of all n-th roots of unity. A root of unity ¢ € W,, is called a primitive 
n-th root of unity if ord(¢) = n [| equivalently, W,, = (¢)]. We denote by W* the 
set of all primitive n-th roots of unity. 

If z € W,, and k € Z, then z* only depends on the residue class k = k+nZ, and 
(as in Section A.5) we set. z“ = z*. If €C € W* is a fixed primitive n-th root of unity, 
then the assignment «+> ¢* defines an isomorphism @: Z/nZ — W,, and since 


ord(¢*) = an for all kEZ, 


we get Wy, = {¢* | k € [0,.n—1], (n,k) = 1} = O((Z/nZ)*) and |W] = y(n). 
Moreover, if C € W*, d € N and d|n, then (7 € Wrija- 


The primitive n-th root of unity ¢, = e2/" € C% is called the normalized 
primitive n-th root of unity. We have 


(A=, @=itys and Ga. 


G@=1, @=-l1, @= 
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Lemma A.7.1. Let m,n€EWN be positive integers. 
1. If ze Wh, then 


n-1 ‘ 
Bocy waft fect 

k=0 KEZ/nZ Of z#l. 
2. If e=|lcm(n,m), then W,W»y, = We. 


Proof. 1. If z = 1, this is obvious. If z 4 1, the assertion follows since 
n—-1 
e-D)> 2 =2°-1=0. 
k=0 


2. Obviously, W,,W,, C W-. To prove the opposite inclusion, set d = (m,n), and 
let k, 1 € Z be such that d= km-+In. Then 
1 d k 


Se ae Sat. hence ¢ = e2ri/e = a a cal ia = eC EW,Wn- 
€ mn nm m 


The following Lemma is used for the summation of Gauss sums (Theorem 3.5.7). 


Lemma A.7.2. Let p be an odd prime. Then there exists some bo € Rxo such 
that 
det(t.” jy. peli] = jPP—1)/25, : 


ProorF. By the well-known formula for the Vandermonde determinant, we find 
_ Vy — 71+2+...4(p—-1 yv—1 
oS det (Go )y,we[L.p—1 = Cp °-) det G Yo seta 


=Ge” Il G=-@= JI G-¢). 


1<I<k<p-1 1<l<k<p—1 
For 1<1<k<p-—1 we obtain 


a = poe Che — br 
hh = GR Bh = Gach — 5%) = of" (2isin S— 2), 


and therefore 


kl 
b= GP ti 1b, where b= TT saa = E Ryo, 
1<l<k<p-1 e 
Sy = 3 (k+l) and Ty = >. 1 for NEN. 
1<l<k<N 1<l<k<N 


It follows by an easy induction on N that 


N+1)N(N-1 
2 2 
Hence we obtain 


Ce ifp-1 — (—1)-Y@-2)/2 j@-VY(p—2)/2 — S(P-Y)(P—2)/2 — jp@-)/2 | 


since 3(p — 1)(p — 2) = p* — p+ (2p? — 8p + 6) = p(p— 1) mod 8. 
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Now we consider group characters. Let G be a (multiplicative) finite abelian 
group with unit element e € G and |G| = n. A homomorphism y: G — C™ is called 
a character of G. Since x(t)” = x(t”) = x(e) = 1 for all t € G, it follows that 
x(G) C Wy, and y(t)~! = x(t) for all te G. 

For two characters y1, x2 of G, we define their product y;yv2: G ~ C* by 
(x1X2)(t) = x1(t)x2(t) for all t € G. Then x1 x2 is again a character, and with this 


point-wise multiplication the set G of all characters of G is a multiplicative abelian 
group, called the character group of G. The unit character or trivial character 
le es defined by 1(t) = 1 for all t € G, is the unit element of G. For XE G. its 
inverse y~! =X is given by y~!(t) = x(t)! = x(t) for all tE G. 


A character y € G is called real if x(G) Cc {+1} [equivalently, X = x], and 
quadratic if ord(y) = 2. By definition, y is real if and only if y? = 1, and x is 
quadratic if and only if x is real and y ¥ 1. In accordance with the terminology 
introduced after Theorem A.5.4, we denote by 


G2] ={x ¢G|x?=1} 


the group of all real characters of G. Every real character y induces a character (also 
denoted by x) of the factor group G/G? by means of x(gG?) = x(q) for all g € G. 
In this way we identify the groups G [2] and G/G?. 

In the following Theorem A.7.3 we use the structure theorem for finite abelian 
groups to determine the structure of the character group. We prove that the character 
group of a finite abelian group G is isomorphic to the group itself, and from a basis 
of G and suitable roots of unity, we construct a basis of G. As an application, we 
describe in detail the group of real characters in Corollary A.7.4, and we prove the 
orthogonality relations for group characters (Theorem A.7.7). These are central tools 
for the proof of Dirichlet’s theorem on primes in arithmetic progressions (in Chapter 
4) and in the genus theory of binary quadratic forms (in Chapter 6). 


Theorem A.7.3 (Structure theorem for group characters). Let G be a (multi- 
plicative) finite abelian group with unit element e, rE N, (g1,---,gr) a basis of G 
and ord(g;) = d; for alli € [1,r]. 

1. The map ©: = Wa, x...x Wa,, defined by O(x) 
for all x € G is an isomorphism. In particular, G 
(C1,---,¢>) € Wa, x...x Wa,, there exists a unique character x € G such 
that x(gi) = G for alli € [1,7]. 

2. For i € [1,r], let G be a primitive d;-th root of unity, and let x; € G bea 
character satisfying xi(gi) = G and xi(gj;) = 1 for all j € [1,r] \ {i}. Then 
(Xiss-=5X%%) 8 a basis of ea ord(x;) = d; for all 2 € [1,r], and for every 
a €G\ {e} there is some x € G such that y(a) #1. 


(x(g91); segs x (gr) 


n~ 


G, and for every 


a) 


ProoF. 1. Obviously, 0 is a homomorphism. If x € Ker(@), then y(g;) = 1 for 


all i € [1,r], and thus y = 1, since G = (g1,...,9,). Hence © is a monomorphism, 
and it remains to prove that O is surjective. For (¢1,...,¢,-) € Wa, x...xWg,, define 
xy: G> C* by x(gh ee en -...+ Cr for all (k,...,kp) € Z” (note that 


both sides only depend on the residue class vector (ki + d\Z,...,k, +d,Z) ). Then 
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it follows that y € CG, and O(x) = (G,..-,¢,). Hence © is an isomorphism, and 
GY Z/dZx...xZ/drZ = Wa, x...xWa, = G. 

2. For i € [1,r], there exists (by 1.) some character y; € G such that y;(g;) = G; 
and x;(9;) = 1 for all 7 € [1,r] \ {i}. We must prove that every x € G has a unique 
representation y = e -...:xkr where k; € [0,d;—1] for all i € [1,7]. Thus suppose 
that x € G: 

Existence: If 7 € [1,r], then ord(¢;) = d;, and therefore there is a unique integer 
k; € [0,d;—1] such that x(g;) = a, Then (yR., . xr) (gi) = xi(gi)** = ch = x(gi) 


for all i € [1,r], hence (i -...- x*r)(g) = x(g) for all g € G, and therefore 
a xt ny. 
Uniqueness: If x = a -...-xkr, where k; € [0,d; — 1] for all i € [1,r], then 


x(o;) = a -...°x¥)(g3) = xi(gi)** = es for all i € [1,r], and therefore (kj,..., k,) 
is uniquely determined by y. 

Suppose finally that a = a -...:g' € G\ {el}, where k; € [0,d; — 1] for 
all i € [1,r]. Then there is some j € [1,r] such that k; 4 0, and it follows that 


w= CrAt, 


The following two corollaries deal with special cases of arithmetical interest. 


Corollary A.7.4. Let G be a (multiplicative) finite abelian group, r € N and 
(g1,---,9r) @ basis of G such that 2|ord(g;) for alli € [l,r]. For i € [1,r], let 
y; € G be the unique character satisfying yi(gi) = —1 and yi(g;) = 1 for all 
j € [1,7] \ {a}. Then (¢1,-..,¥r) is a basis of the group G[2] = G/@ of real 
characters, and |G [2]| = (G:G2). 


ProoF. For 7 € [1,r], set d; = ord(g;), and let ¢; be a primitive d;-th root 


of unity. Let y; € G be a character satisfying yi(gi) = G and xi(gj) = 1 for all 
i,j € [l,r] such that i # 7. For i € [l,r], set p = yl? Then ord(y;) = 2, 
and y; € G is the unique character satisfying y;(g:) = —1 and y;(gj;) = 1 for all 
i,j € [1,r] such that i 4 j. Since (y1,...,xX,) is a basis of G, it follows by Corollary 


A.5.5 that (y1,...,¢,) is an Fy-basis of G [2], and |G [2]| = (G:G?). 


Corollary A.7.5. Let G = (g) be a cyclic group, |G) =neEN anddeN. 


1. There is an isomorphism ©: = Wr, given by O(x) = x(g) for all x € G. 
In particular, for every ¢ © Wn, there exists a unique character x € G such 
that x(g) =¢, and then ord(y) = ord(¢). 

2. If 2|n, then G possesses a unique quadratic character yp. It is given by 
y(g*) = (—1)* for all k € Z, and G[2] = {1, y}. 


PROOF. Obvious by Theorem A.5.2. 


The following Theorem A.7.6 is basic for the investigation of power residues by 
means of characters. 
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Theorem A.7.6. Let G be a cyclic group, |G| =n éEN, de N and d|n. An 
element a € G is a d-th power in G if and only if x(a) = 1 for some | for every] 
character x € G of order d. 


PROOF. Obviously, if a is a d-th power in G, then x(a) = 1 for every character 
XE G of order d. Thus assume that x(a) = 1 for some character y € G of order d. 
Suppose that G = (g), a= g* for some k € N and y(g) =C € W*, (see Corollary 
A.7.5). Then x(a) = ¢* = 1, hence d|k, and if k = dm, then a = (g™)?. 


Theorem A.7.7. Let G be a (multiplicative) finite abelian group with unit ele- 
mente andn=|G|. If a€G and We€G, then 


Dwo= 1 if vAL, | Daw={' if axe, 


erst n if w=1, ms n if a=e. 


PRoor. For wy = 1 and a = e the assertions are obvious. If y #1, then there is 
some a € G such that ~(a) 4 1. Hence we obtain 


Salt) = S° v(at) = d(a) Sov), and therefore S > y(t) =0. 


teG teG teG teG 


Ifa #e, then (by Theorem A.7.3.2) there is some 6 € G such that 6(a) 4 1. Hence 
we obtain 


x(a) = S = (0x) (a) = 0(a) s x(a), and therefore > via) =0: 


xeG xXEG xEG xEG 


Theorem A.7.8 (Duality theorem for finite abelian groups). Let G be a (multi- 
plicative) finite abelian group. For a € G, we define a: G+ C* by a(v) = x(a) for 
ally € G. For subgroups H of G and TV of G we define their orthogonal complements 
by 

H+ ={ye€G|HcCKer(y)} and [+= () Ker(y) CG. 
ye. 


1. If aE G, then @eE G, and the map w: G— G, defined by w(a) = G, is an 
isomorphism. 


We identify G and é by means of w. 


2. Let H be a subgroup of G and 7: G + G/H the residue class homomor- 
phism. Then there is an exact sequence of finite abelian groups 


ijn 3G aw > 1; 


where 7(0) = 0on for all 06 € G/H, and j(x) =x|H for all x € G. In 


——_. 


particular, 7 induces an isomorphism 7: G/H 7 H+ = Ker(j). 


We identify G/H and H+ by means of 7. 
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3. For subgroups H of G and IT of G we have Ht+ =H and Tt+=P. In 
particular, the assignment H +> H+ defines an inclusion-reversing bijective 
map from the set of all subgroups of G onto the set of all subgroups of G, 
and its inverse is given by the assignment TH I+. 

4. Let 1 be a subgroup of G and vE GY. Then there exists some a € G such 
that x(a) =1 for ally €T and y(a) £1. 


ProoF. 1. Ifa € G, then @(x1x2) = (x1X2)(@) = x1(a)x2(a) = a(x )a@(X2) for 
all x1, x2 € G, and therefore @ € G. 

If ay, a2 € G, then aa2(x) = x(a1a2) = x(a1)x(a2) = 41 (x)a2(x) = (4142)(x) 
for all y € G, hence aja = @)@2, and therefore w is a homomorphism. 

If a € Ker(w), then G(x) = x(a) = 1 for all x € G, hence a = e by Theorem 
A.7.3.2, and thus w is a monomorphism. Since |G] = |G] = IG, it follows that w is 
an isomorphism. 

2.1f O€ G/H, then jo7(0) = Oon|H = 1, and if 7(0) = Oona = 1, then 
6 =1. Hence 7 is a monomorphism and Im(7) C Ker(j }). Conversely, if ) ifx € Ker(j i), 
then H Cc Ker(x), and by Theorem A.1.1 there exists some x* € G/H such that 
xX = x* on = 7(x*) € Im(7). Since 


nxn 


lé/ _ Idi _ ie 


|Im(j)| = Ke ea IG/H ||, 


it follows that j is an epimorphism. Obviously, H+ = Ker(j), and thus 7 induces 
an isomorphism 7: G/H > H+. 

3. By definition, H C {a € G| x(a) = 1 for all y ¢ H+} = H++, and since 

Rea \G/H| = a we obtain |H+1| = aay = Pa 

Hence it follows that H = H+, and (by interchanging G and TI and observing 
T=G) also Pt+ =r. 

4. If Ty = (TU {y}) CG, then Tr € Ty implies FP} ¢ T+, and every element 
eer aig has the desired property. 


= |H|. 


A.8. Factorization in integral domains 


In this section we present the fundamentals of divisibility theory in integral 
domains. In particular, we focus on prime factorizations, factorial domains and the 
theory of the greatest common divisor. 


Throughout this section, let D be an integral domain. 


An element u € D?® is called irreducible or an atom if u ¢ D%* and if there is 
no factorization u = ab into elements a, b € D\ D* [equivalently: uD is maximal 
among proper principal ideals of D]. The integral domain D is called atomic if 
every a € D® \ D* is a product of atoms. 
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An element p € D® is called a prime element if pD is a prime ideal of D 
[equivalently : If n € N and aj,...,a@, € D are such that a,-...-a@, € pD, then 
a; € pD for some i € [1,n]]. The integral domain D is called a factorial domain or 
a unique factorization domain if every a € D® \ D™ is a product of prime elements. 


In the following Theorem A.8.1 we collocate the elementary properties of these 
notions. They are used in Chapter 5 to study the factorization properties of quadratic 
orders. 


Theorem A.8.1. Let D be an integral domain. 


1. If a,b € D, then aD = OD if and only if a = be for some e € D*. In 
particular, if u€ D ande € D%, then u is an atom [a prime element] if 
and only if ue is an atom [a prime element] . 


2. Every prime element of D is an atom. 


3. D is factorial if and only if D is atomic and every atom of D is a prime 
element. 


4. (Uniqueness of prime factorizations) Suppose that k,l © No, e € D%, let 
Di,--+>Pk; U5---,q@ € D® be prime elements and p,-...- De = eG. ----° M- 
Then k = 1, and there is a permutation m € Gx such that, for alli € [1, kl, 
Pi = In(iei for some e; € D*. 


ProoF. 1. If a = be for some e € D”, then clearly aD = bD. Thus assume that 
aD = bD. If a=0, then 6 = 0 and there is nothing to do. If a £ 0, then b 4 0, and 
since a € bD and b € aD, there exist elements c, d € D such that a = bc and b = ad. 
Consequently, a = adc, hence dc = 1 and c € D*%. 

Ifu € Dande € D*, then uD = ueD. As atoms and prime elements are 
characterized by properties of the principal ideals which they generate, it follows 
that u is an atom [a prime element] if and only if the same holds for ue. 


2. Let p be a prime element, and suppose that p = ab, where a, b € D. Since 
ab € pD, it follows that a € pD or b € pD, and we may assume that a € pD. Since 
p € aD, we obtain abD = pD = aD and therefore b € D”. 


3. If D is atomic and every atom is a prime element, then D is factorial by 
definition. Thus suppose that D is factorial. Then D is atomic, since every prime 
element is an atom. If u € D is an atom, then u = ep, -...-+ pp, where k € No, 
e € D*, and pj,..., pz are prime elements. Since u is irreducible, we obtain k = 1, 
and therefore u = ep; is a prime element. 


4. We use induction on k. If k = 0, then / = 0, and there is nothing to do. 
k>1,k-1—-k: Since p,-...-p, ¢ D*, we have! > 1, and since py-...-py € qD, 
there is some 7 € [1,k] such that p; € q@D, hence p;D C q@D ¢ D. But p; is an atom, 
and therefore p;jD = qD and p; = qv for some v € D*. After renumbering if 
necessary, we may assume that i = k. Then p,-...-ppr_1 = evq,:...-qi-1, ev € D”, 
and the assertion follows by the induction hypothesis. 
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The definition of greatest common divisors in general integral domains charges 


some care. Suppose that n € N and aj,...,a, € D. 
e An element d € D is called a greatest common divisor of aj,...,@n if dD 
is the smallest principal ideal of D containing {a1,...,an}. 
® Q1,...,@, are called coprime if the principal ideals a,D,...,a,D are co- 
prime [that means, ajD+...+a,D = D]. By definition, a1,...,a, are co- 
prime if and only if there exist 71,...,%, € Dsuch that ayx1+...+an%p = 1. 


In this case, we write (a1,...,@n) = 1. If a, b € D and (a,b) = 1, then we 
say also that a and 6b are coprime or that a is coprime to b. 


Note that aj,...,@, need not have a greatest common divisor, but if d is a 
greatest common divisor of a1,...,@n, then dD* is the set of all greatest common 
divisors of aj,...,@n. If aj,...,a@, are coprime, then 1 is a greatest common divisor 
of a1,...,@n, but the converse need not be true (in Z[X,Y] the elements X and Y 
are not coprime, but 1 is a greatest common divisor of X and Y ). 


For D = Z, the above definitions coincide with those from Section A.3. The 
theory of coprime elements carries over to general integral domains without any 
problems (see Theorem A.8.2), but the theory of the greatest common divisors in 
general integral domains is a subject of algebraic number theory and multiplicative 
ideal theory. We refer to [24]. Here we present the theory of greatest common divisors 
for principal ideal domains which is sufficient for the purposes of this volume (see 
Theorem A.8.3). 


Recall that, for any integral domain D and a, b, d € D, we write a = 6 mod d 
instead of a= b mod dD [or a—be€ dD]. 


Theorem A.8.2. Suppose that a, b, c, x, y € D. 
1. If (a,b) =1 and (a,c) = 1, then (a, bc) = 1 and (a,b+da) = 1 forall de D. 
More generally, if m,n € N and ay,...,@n, b1,...,bm € D are such that 
(a¢,b;) = 1 for alli € |1,n) and 7 € [l,m], then (a1 +...°0,_, 01 *...+ dq) = 1. 
2. If be € aD and (a,b) = 1, thence aD. 
3. If ax = ay mod b and (a,b) = 1, then x = y mod b. 
4. If x=y mod b and (a,b) = 1, then (y,b) = 1. 
5. If ZC D and p is a prime, then (x + y)? = xP + y” mod p. 
ProoF. 1. Let s, t, u, uv € D be such that as + bt = au+cv = 1. Then it follows 
that 1 = (as + bt)(au + cv) = a(sau + scu + btu) + bc(tv), and therefore (a, bc) = 1. 


If d € D, then a(s — dt) + (b+ da)t = 1, and thus (a,b + da) = 1. The more general 
assertion follows by an obvious double induction on m and n. 


2. Let s, t, u € D be such that bc = au and as + bt = 1. Then it follows that 
c=cas+cbt = a(cs+ ut) € aD. 


3. If ax — ay = a(x — y) € bD and (a,b) = 1, then x — y € bD by 3. 


4. Let u, s, t € D be such that «—y = bu and #s+ bt = 1. Then it follows that 
1= (y+ bu)s + bt = ys + b(us + t), and therefore (y,b) = 1. 
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5. If p is a prime, then 


a 


(*) €pZCcpD forall i€ [1,p—1], 


and therefore 


Theorem A.8.3. Let D be a principal ideal domain and K = q(D). 

1. D is factorial, and every non-zero prime ideal of D is a maximal ideal. 

2. IfnEN anday,...,an, d € D, then the following assertions are equivalent: 
(a) d is a greatest common divisor of a1,...,@n- 
(b) aD+...+a,D=dD. 
(c) {a1,...,@n} C dD, and if d#0, then (d-4a),...,d-1a,) = 1. 
In particular, a,,...,@n have a greatest common divisor, and a,,...,@n are 
coprime if and only if 1 is a greatest common divisor of a1,...,Qn- 

3. Suppose thata € D andb=p-...:Pn, wherek EN and pj,...,pn are prime 
elements of D. Then (a,p) = 1 if and only if a ¢ p;D for alli € [1,n]. 
In particular, if p is a prime element of D, then (a,p) = 1 if and only if 
a€ D\pD. 

4. If K = q(D), then every x € K is of the form x = a~'b, where b € D, 
a € D®, and (a,b) = 1. In this representation, the ideals aD and bD are 
uniquely determined by x. 


Proor. 1. Let S be the set of all a € D® \ D* which cannot be written as 
a product of prime elements. If a € S, then a is not an atom, hence there is a 
factorization a = a’a”", where a’, a” € D® \ D*, hence aD € a’D, aD ¢ a"D, and 
either a’ or a” belongs to S. For every a € S we fix an element a’ € S' such that 
aD Ca’D. 

Assume now that S 4 0, fix an element a € S and define the sequence (a;);>o in 
S recursively by aj = a and aj41 = a’, for all i > 0. It follows that a;D € aj41D for 


all i > 0, and 
J= U a;D 
i>0 

is an ideal of D, say J = bD for some b € D. Then there is some n > 0 such that 
b € a, D, which implies bD = a;D for all i > n, a contradiction. 

If p C D is a non-zero prime ideal, then p = pD for some prime element p € D. 
Since p is an atom, the ideal pD is maximal among proper principal ideals, and 
therefore it is a maximal ideal. 


2. (a) = (b) By definition, d is a greatest common divisor of a1,...,@p if and 
only if dD is the smallest principal ideal containing {a),...,a,}. On the other 
hand, aj3D +... + a,D is the smallest ideal containing {a1,...,a,}, and it is a 
principal ideal. Hence d is a greatest common divisor of a1,...,@, if and only if 


dD=a,D+...+a,D. 
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(b) => (c) By definition, {a1,...,an} C ajD+...+a,D = dD, and if d 4 0, 
then d-'a,D+...+d-1a,D = D, and therefore (d~'a,,...,d~tay,) = 1. 


(c) > (b) If d =0, there is nothing to do. If d 4 0, then (d~!a,,...,d~tan) =1 
implies d~'a;D + ...+d7'a,D = D, and therefore ajD + ...+an,D = D. 


Since every ideal is principal, (b) implies that a1,...,a@, have a greatest common 
divisor, and the equivalence of (a) and (b), applied with d = 1, shows that a1,..., ap, 
are coprime if and only if 1 is a greatest common divisor of aj,..., Gn. 


3. If a € p;D for some 7 € [1,n], then (a,b) 4 1. Conversely, assume that a ¢ p;D 
for all i € [1,n]. By 1., p;D is a maximal ideal of D, hence aD + p;,D = D, and there 
exist elements u;, vu; € D such that 1 = au; + p;v;. It follows that 


n 


1= ] [(ou + pir) = aut py:...+DPnv = aut bu 
i=1 
for some u € D and v = v1 -...+ Up. Hence it follows that (a,b) = 1. 


4. Suppose that « = ay ‘bo € K, where ag € D® and bb € D. If d € D® isa 
greatest common divisor of ag and by, a = d~'ag and b = d~'bg, then (a,b) = 1 and 
x = a~'b. To prove uniqueness, assume that « = a~!b = Os ty where a, a, € D®, 
b, bk € D, (a,b) =1 and (a1,b,;) = 1. Then ab = ab; € aD, and thus a; € aD 
by Theorem A.8.2.2. By symmetry it follows that a € a,D, hence aD = a,D, and 
finally bD = 6,D, since aa, 4 0. 


We close this section with a characterization of the unit group of a residue class 
ring. As a consequence, we can extend the notion of congruences in general integral 
domains to fractions with a denominator coprime to the modulus. 


Lemma A.8.4. Let a be an ideal of D andc€ D. Then c+a€ (D/a)* if and 
only if a+ cD = D. In particular, if ae D, then c+ aD € (D/aD)”* if and only if 
(6a) =1, 


Proor. If c+ae€ (D/a)*, then cd+a=(c+a)(d+a) =1+a for somede D. 
Hence 1 € a+cd Ca+cD, and therefore a+ cD = D. 

Conversely, if a+ cD = D, then there exist elements a € a and d € D such 
that 1 = a+cd, and then (c+ a)(d+a) = cd+a = 1+ 4a, which shows that 
c+aeé(D/a)*. 


Now we define fractions with coprime denominators. Let kK be a quotient field 
of D and b € D. Then we define 


Duy =fate|ceD, a€ D*, (a,b)=1} CK. 
If b, b} € D and 6D C bD, then it follows (using Theorem A.8.2 ) that 
| Dae Do Cc Doy Cc Do Cc Dy =K. 
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Theorem and Definition A.8.5. Let K be a quotient field of D andbe€ D. 
1. Dp is a subring of K, and Diy ={a-"c| a, ce D*, (,b) =(Gd) =14 
2. bDy 1 D = bD, and there is an isomorphism 

®: D/bD + Dy /bDyy, given by ®(c+bD)=c+bDy for all ce D. 


We identify the residue class rings D/bD and Dj) /bDp) by means of ®. For 
x,y € Dp, we set x =y mod b (in D) if and only if x —y € bDy. 
ifx=a'ee Dp, where c € D, a € D® and (a,b) = 1, then we have 
a+b6D € (D/bD)*, and 


r+ bDyy = (a + bD) (ec + bD) E D/bD — Dp /bD é 


PROOF. 1. Suppose that z, 71 € Dy, say © = ate and 2, = ay ici, where 
c,c, € D, a, a, € D® and (a,b) = (a,b) = 1. Then it follows that (aa,,b) = 1, 
hence «— y = (aa;)~'(ayc — acy) € Dy and xy = (aa,)~1(cc1) € Dy. Therefore 
Dj is a subring of Kk. 

If x = a—'c, where a, c € D® and (a,b) = (c,b) = 1, then 2! = c“1a, hence 
te € Dp and x € Diy: Conversely, assume that 2 = a~'c € Diy where c € D, 
a € D® and (a,b) =1. Then a! € Diy, say gi = a;'e1, where c; € D, a, € D® 
and (a,,b) = 1. We obtain 1 = vx~! = (aa,)~+cc,, hence ccy = aay, and since 
(cc, b) = (aay, b) = 1, we obtain (c,b) = 1. 

2. Obviously, bD C bDyy OD. Thus suppose that 2 € bDp OD, say x = ba-'e, 
where c € D, a € D® and (a,b) = 1. Then ax = be € bD, and (a,b) = 1 implies 
x € bD by Theorem A.8.2.2. 

The map ®9: D + Dp|/bDyy, defined by o(x) = x + bDyy, is a ring homomor- 
phism with kernel 6Djj 0 D = bD, and we assert that &o is surjective. Once this is 
proved, it follows that ®g induces an isomorphism ® as asserted. 

Suppose that « = a7!c € Dp), where c € D, a € D®, (a,b) = 1, and let 
u, v € D be such that au + bv = 1. Then x = a!c(au + bv) = cu+a‘obv, and 
i bDpy =cut bDp] = ®o(cu + bD). 

To prove the final assertion, assume that x = a~'b, where c € D, a € D® and 
(a,b) =1. Then Lemma A.8.4 implies a+ bD € (D/bD)* = (Dp /bDpp\)*. Thus we 
get (x + bDpy)(a + 6D) = ax + 6D = c+ bDp), and therefore 


xu + bDyy =(at+ bDpy) ‘(ec + bDiy) =(at+ bD) (ec +bD). 


A.9. Algebraic integers 


A thorough theory of algebraic integers is the topic of algebraic number theory, 
and we refer the reader to corresponding textbooks such as [83] or [85]. Here we 
limit ourselves to some elementary facts which are used in some arguments given 
in the Chapters 3, 5 and 7. In particular, we introduce the notion of an algebraic 
integer, we investigate how to handle congruences between them, and we study some 
properties of coprime algebraic integers. 
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For k € Nand 2,..., 2% € C, we denote by Z[z1,..., 2%] the smallest subring of C 
containing z1,..., 2% and call it the number ring generated by z1,..., 2. Explicitly, 
Z[z1,.--, 2k] consists of all numbers of the form 


N N 
> sds > Chi jctgte Sahaee , where NEN and q,,..4, € Z for all (4,...,%). 
71=0 tp=0 
For k = 0, we understand that Z[z,..., 2,4] = Z.Ifk > 2, then Z[z),...,z,] consists 
of all numbers of the form 
N 
So bith where NEN and }; € Z[z%,...,2%~1] for all 7 € [0, N], 
i=0 
and if z € C, then Z[z] = {eg +qz+...tewz% |N ENo, c1,...,cn €Z}. 
A complex number z is called 
e algebraic if 2” + an_1z™ ! +... +a1z + a9 = 0 for some n € N and 
a0,+-+;@n—1 € Q (such an equation is called an algebraic equation for z); 
e an algebraic integer if 2” +an—1z” !|+...+a1z+a9 =0 for some n Ee N 
and ao,..-,@,—1 € Z (such an equation is called an integral equation for z). 
We denote by 
e Q the set of all algebraic numbers, and by 
e Z the set of all algebraic integers. 
Obviously, ZC Z, QC Q, ZC Q, and every root of unity is an algebraic integer. 


In Corollary A.9.4 we shall see that ZOQ-=2Z (a rational algebraic integer is an 
integer). 


Theorem A.9.1. 


1. If k © No and z,...,z% € Z, then Z[z,...,z] C Z, and Z[z,... zy] is a 
finitely generated (additive) abelian group. 


2. Z is a subring of C, and Q={zEC|mz€Z for someme N}=q(Z). 


PROOF. 1. We first use induction on k to prove that Z[z1,...,z,] is finitely 
generated. For k = 0 there is nothing to do. 

k>1,k-—1-—-k: By the induction hypothesis, there exist some m € No and 
U1,-+-;Um € C such that D = Z[z,..., 2-1] = Zui +...+Zum, and we set z= zp. 
Let n € N and ag,.-.,@n—1 € Z be such that 2" + 4,127 1 +...+a2+0) =0 is 
an integral equation for z. Then 


m n—-l n—1 
= Dig =" DP CD aig ss 42x] 
j=1 i=0 i=0 
is a finitely generate subgroup, and we shall prove that M = Z[z,...,z,]. Since 
every x € Z[z,...,2%] is of the form = cg t+ qzt+...+cnz%, where N € No 


and co,...,cn € D, it suffices to prove that 2” € M for all v € No. We do this by 
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induction on v. For vy < n, there is nothing to do. Thus assume that v > n and 
z’ €M for alli € [0,v — 1]. Then we obtain (using the integral equation for z) 


n—-1 
ee a n(— ya ‘) = Ss —aj)ztY "eM. 
i=0 
Now we can prove that Z[z1,...,zp] C Z. As Z[z,..., 2p] is a finitely gen- 
erated group, there exist some m € N and w1,...,Um € Z[z1,...,2%]® such that 


A 215.02. 5 2p) = Zug + oss + Zt: If 2 € Zley,..., 25], then wuz € Zuy sss + Zug 
for all j € [1, mJ, and thus there exists a matrix A = (a;,;)i, j;e{1m) © Mm(Z) such 
that 


m 
y= S age for all j €[0,m], and therefore (u1,...,tm)(af — A) =0 
i=0 
As (u1,---;Um) 4 0, it follows from the theory of linear homogeneous equations 


that det(aJ — A) = 0. We expand this determinant and obtain an equation 


m—-1 


x” + Am_12 +...+a;4+a)=0 forsome ao,...,@m_1€Z. 


Hence « is an algebraic integer. 


2. If x, y € Z, then {x —y, ry} C Z[x, y] C Z, and therefore Z is a subring of C. 

We prove next that Q = {z € C| mz € Z for some m € N}. If z € Q, then z 
satisfies an algebraic equation z” + an_12" !4+...+a1z + a9 = 0 for some n € N 
and ag,..-,@n-1 € Q. If m € N is such that ma; € Z for all i € [0,n — 1], then 
(mz)” + Man—1(mz)"— TL ..+m"-ta;(mz) + mao = 0 is an integral equation for 
mz, and thus mz € Z. Gone ey ifz €C, m € Nand mz € Z, then there exists an 
integral equation for mz, say (mz)" + Gm_1(mz)"— T+ or + ag = 0, where 
n €N and ag,...,@n—1 € Z. Dividing this equation by m”, we obtain an algebraic 
equation for z, which shows that z € Q. 


In order to prove that Q is a quotient field of Z, it is now sufficient to show that 
Qis a field. If 21, z2 € Q, there exist m1, m2 € N such that {m 21, m2z2} C Z. 
Then myme(z1 — 2) € Z and mymoz122 € Z, hence {z, — 22,2122} C Q, and 
therefore Q is a subring of C. For z € Q®, let n € N be minimal such that there 
exist ag,...,@n—1 € Q satisfying 2” + an_yz™ 1} +...+a,z+ a9 = 0. Then ap 4 0, 
and the aquisition (z-1)" +.ap'ai(z71)"-1+...+49@n-1 271 +491 = 0 shows that 


ze@. 


For the ring Z of algebraic integers, we use the notions of coprime elements and 
(fractional) congruences as we did in Section A.8 for arbitrary integral domains. 
However, we have to be careful when we want to apply the notions for subrings of 
Z instead for Z itself. This causes no problems for coprime elements (see Theorem 
A.9.2), but needs additional assumptions for congruences (see Theorem A.9.3). 


Theorem A.9.2. Let D be a subring of Z,n€N and aj,...,an € D. Then 
a4Z+...t¢anZ=Z if and only if a,D+...+a,D=D. 


In particular, the relation (a1,...,@n) = 1 holds regardless of the domain in which 
it is considered. 
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PRroor. Obviously, a1D +...+anD = D implies ajZ+...+a,Z = Z. For the 
converse, assume that ajZ+...+a4nZ = Z, hence 1 = ajx1 +... + Gn%py for some 
1,...,@n € Z. We consider the ideal a = ajD+...+4,D of D, and we must prove 
that 1 € a. By Theorem A.9.1.1 we obtain Z[x,,...,¢,] = Zui +...+Zum for some 
m€ Nand w,...,Um € Z[x1,...,2%n]° C Z. Hence, for v € [1,n] and p, i,j € [1,m], 
there exist by, Cy,i,j € Z such that 


m m 
Ly = i» bint, and Ugiy= Cy ijuj for all v € [1,n] and p,i € [1, ml]. 
p=1 j=l 


Therefore we obtain, for all 7 € [1, ml, 


nm n m n m m m 
~ = ~ 
U;= ) AyLyU; = ) dy ) by pUpts = ay by ys , Cui,juj = y dy jUy 
v=1 v=1 p=1 v=1 p=1 q=1 j=1 


n m 
i= Sy luting Ea forall i, 7 € [1,m]. 
v=1 p=1 
In particular, it follows that 
m 
Soi =i zig =O) for all 4 € [l,m]. 
j=l 
By the theory of linear homogeneous equations we get det(di,5 — dij); jef1,m) = 9; 
and expanding this determinant gives an equation showing that 0 € 1+ a, and 
consequently 1 € a. 


A subring D of Z is called integrally closed if D = ZM4q(D). 


Theorem A.9.3. Le D be a subring of Z. 
1. If D is a principal ideal domain, then D is integrally closed. 


2. Let D be integrally closed and d«€ D. Then dZn D=dD, and if x,y € D, 
then the congruence x« = y mod d holds in Z if and only if it holds in D. 


ProoF. 1. If K = q(D), then it is obvious that D C ZM K. Thus assume that 
D is a principal ideal domain and x € K MZ. By Theorem A.8.3.3, « = a~!b, 
where a € D®, b € D and (a,b) = 1. Let n € N and ao,...,an_1 € Z be such that 
x" + anya" 1+... +a," + ap = 0 is an integral equation for x. Then we obtain 

0 =a"(x” + an_i2™ 1 4+...+ a2 + a9) 
= b" +a,_;ab" 1 +...+a,a"'b+ apa" = b" +ac for some ce D. 

Since (a,b) = 1, it follows that (a,b”) = 1, and there exist u, v € D such that 
1=au+b"v =a(u—c). Hence a € D* and ze D. 


2. Obviously, dD C dZN D. Thus suppose that x = dz € dZ D, where z € Z. 
Then it follows that z = d~!'w € ZN K = D and thus x € dD. 
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Corollary A.9.4. ZN Q = Z. In particular, if a,b € Z andm €N, then the 
congruence a=b mod m holds in Z if and only if tt holds in Z. 


PROOF. By Theorem A.9.3. 


APPENDIX B 


Some results from analysis 


In this section, we gather some results from analysis which we used in the Chap- 
ters 4 and 8. As we assume that the reader is familiar with standard real analysis, 
we confine ourselves to some additional topics. In Section B.1 we give an overview 
of some basis results from complex analysis without proofs, and in Section B.2 we 
present some probably less known results from real analysis, this time with detailed 
proofs. 

For more details and proofs, the reader should consult any substantial textbook 
on analysis such as the classical books [109] or [3]. 


B.1. Notational conventions and results from complex analysis 
For a real number v7, we denote the open and the closed right half-plane deter- 
mined by J by 
He ={sEC|R(s) >} and Hy ={seC|R(s) >}. 
For z, X € R and m EN, we write 


a ae a ’. etc. resp. a ae. 3 se etc. 


Nn<x a<n< x n>X n\|m p<ax r<p<X p>Xx p|m 
to denote the (eventually infinite) sum over all n € N resp. all primes p satisfying 


the corresponding conditions. 


Results from complex analysis. Let #4 DCC be an open subset. 


1. A function f: D—- C is called holomorphic or analytic if it is (complex) 
differentiable in D. If this is the case, then 


e f is infinitely differentiable in D; 
e If so € D, r€ Ryo and Bir, so) = {s € C| |s — so] < r} C D, then 


OO F(R) 
f(s) = > Li tohs —so)* forall se Br, 80) - 
k=0 


2. Suppose that so € D and (an)n>o0 is a sequence of complex numbers such 
that the power series 


f(s) = So an(s = 50)" 
n=0 
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converges for all s € D. Then this power series converges absolutely and uniformly 
in each compact subset of D and defines a holomorphic function f: D — C. For all 
s€Dandk€No we have 


[oe] 
f(s =) > n( n—1)-...-(n—k+1)(s— 59)"*. 
n=k 
3. The exponential series 
[oe] yn 
exp(z) = > at 
n=0 
defines a holomorphic function exp: C > C such that 


° exp(C) =C*, 
e exp(z1 + 22) = exp(z1) exp(z2) for all z1, 22 € C, 
e |exp(z)| =1 if and only if z € 27iZ, 


and 
1 zd 
— = exp(> =) for all z€C such that |z| <1. 
1—-z Pai 
For s € C and a € Ryo, we set “exp(s) = a® = exp(sloga). Then “exp: C > C 
is a holomorphic function, e* = exp(s), and if z = x + iy for some 2, y € R, then 
exp(z) = e”(cosy + isin(y)) and |exp(z)| = e”. 
4. (Weierstrass criterion for series) Let (fn: D — C)n>o9 be a sequence of 
holomorphic functions. Suppose that for each compact subset K of D there is a 
sequence (Ap)n>o in Rso such that 


Co 
lfn(s)| << A, forall se K, and S- An <0Oo. 
n=0 
Then the series 


F(s) => fals) 
n=0 


converges (absolutely and uniformly) for all s € D and defines a holomorphic func- 
tion fF: D> C. por en ele 


FY (s > f(s) 


5. (Weierstrass criterion for integrals) Let f: DxRs,; > C be a function with 
the following properties : 


e f(-,€): DC is holomorphic for every € € R31; 

e f(s, -): Rs1 > C is piece-wise continuous for every s € D; 

e for every compact subset K of D there exists a piece-wise continuous function 
g: Rs1 — R such that 


(6D 228) bral GO ern, aid [sea Sie, 
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=| fesae 


converges (absolutely and uniformly) for all s € D and defines a holomorphic func- 
tion fF’: D—- C. Moreover, 


Then the integral 


y= fo = 4s €)d€ forall se D and kENo. 


This result holds under much more general assumptions. However, this modest form 
using an elementary improper (Riemann) integral is sufficient for our purposes. For 
details we refer to [3]) 


B.2. Further analytic tools 


We proceed with a series of probably less common analytic results. We start with 
the main applications of the Weierstrass criteria and prove basic facts on Dirichlet 
series and Dirichlet integrals. For a thorough introduction into the theory of Dirichlet 
series and their applications in number theory we refer to [2]. 


Lemma B.2.1 (Dirichlet integral). Let f: [1,00o) > C be piecewise continuous, 
B € Ryo and 6 € [0,1) such that |f(x)| < Bx® for all x € [1,00). Then the integral 


ear 


converges for alls € Hg and defines a holomorphic function F': Hg > C. Moreover, 


l 
j= fo AG fees dg forall s© Hg and kENo. 


ProoF. If kK C Hg is compact, then there exists some o € Rs» such that 
K CH,. However, if o € Ry 4, then 


B 
Earl = go+1—0 


= ve od 
for all SEH, and | gari—o 46 < 00. 


Hence the assertions follow by the Weierstrass criterion for integrals. 


Lemma B.2.2 (Dirichlet series). Let a: N > C be a function and ¥ € Ryo 
such that 


oe) 


Then the Dirichlet series 


_Satn) 
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converge for all s € Hg and define holomorphic functions F,W: H» + C. More- 
over, 


Fl) (3) = ) at tes 0)" for all s©H» and KEN, 
n=1 


and if a is bounded, then the assertions hold for 0 = 1. 


Proor. If K C Hy is compact, then there exists some 0 € Ry» such that 
K CHy), and since 
a(n) 


ne 
we deduce from the Weierstrass criterion for series that F’: Hy — C is holomorphic 
and the derivatives are as asserted. 

To prove the assertion concerning W, we define aj: NC by 


for all sCH,. 


_ laln) 


=<“ if n=p’ for some prime p and j €N, and a;(n) =0 otherwise. 


and since |a;(n)| < |a(m)| for all n € N, the assertion follows. 
Assume finally that a is bounded, and let M € Ryo be such that |a(n)| < M for 


alln EN. Ifo > 1, then 
ja(n)| . —M 
< a 
POs EH <x 


n=1 
and therefore our assertions hold for 7? = 1. 


Exercise B.2.3. Under the assumptions of Lemma, B.2.2 prove that the series 
defining F's) and its derivatives in fact converge uniformly in each closed half-plane 
H, with o € Ryy. 


In the next lemma, we present partial summation, a standard technique of an- 
alytic number theory. With its help, we shall investigate the analytic behavior of 
functions given by Dirichlet series in the subsequent Theorem B.2.5 which is basic 
for the theory of L-functions in the Chapters 4 and 8. 


Lemma B.2.4 (Partial summation). Let a: N-—> C be a function, and define 
A:Rsp >C by A(E)= S a(n) for all € € Rso 
nc 


(in particular, A(E) = 0 if € < 1). Suppose that xz, X € R, 0< a < X, and let 
g: |v, X] + C be continuously differentiable. Then 
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If g: [x,00) + Rso is monotonically decreasing, M € Rso and |A(&)| < M for all 
EE R>o, then 


< 3Mg(z). 


d— a(n)g(n) 


a<n<cxX 


PROOF. We set c = |x| and C = |X]. Then A is constant on [c,z], on [C,X], 
and on each interval [n,n +1) for n € No. Hence we obtain 


A(C)g(C)—Ale)g(e) = A(X) 9(C) — A(a)g(e) 
A(X)g(X) — A(x)g(x) — A(X) [9(X) — 9(C)] — Ale) [9(e) — g(a) 


C 
and 
CG C C1 
d= a(n)g(n) = SF [A(n) — A(n— I g(r) = SP Aln)g(n) — D5 Alm) g(n + 1) 
Ucn x n=c+1 n=c+1 n=c 
C1 


If g: [w,co) — Rso is monotonically decreasing and |A(€)| < M for all € € Rso, 
then |A(X)g(X)| < Mg(x), |A(a)g(w)| < Mg(2), 


[ae AC at eae < a JA(S) €))d& < M(g(a) — g(X)) < Mg(x), 
and therefore 
S> a(n)g(n)| < 3Mg(z). 
L<ncx 


Theorem B.2.5. Let a: NC be a function such that 
[oe) 
5 Ol eo forall o>1, 
n=1 


and define 
A:Rso39C by A(x)= 5 -a(n) for all x €Rso. 


n<u 
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Let F: H, > C be the holomorphic function defined by the Dirichlet series 


F(s)= 3 aun) (see Lemma B.2.2). 
n=1 


Suppose that there exist real numbers X€ Ryo, 6 € [0,1) and B © Ryo such that 
|A(a) — Aa| < Ba® for all x € Rs. 


Then we have 


F(s) = As +sG(s) forall s© Hi, where G(s) =i 
1 


2° A(E) — NE 
NOM 


s—1 
The function G: Hg > C is holomorphic, and 
lim (s —1)F(s) =X. 
sl 
In particular, F' extends to a holomorphic function F': Hg \ {1} > C, and even to 
a holomorphic function F: Hg > C if A\=0. 


PROOF. We apply Lemma B.2.4 with 0 < x < 1< X and g(€) = €-* for 
s € Hj. Since g/(€) = —sé—*—!, we obtain 


n n A(X * i 
pie 5 AMM [MO 


nix u<n<cx 
Ae) © A(G) = Ag * de 
— +f eer ders [ es 


If s € He, then Lemma B.2.1 implies that the integral 
°° A(E) —A 
1 


eort 


converges and defines a holomorphic function G: Hg > C. If s © Hy, then 
lim AS) =(0 and / == : 
1 


X00 X5 s—l1° 
Consequently, we obtain 
aN 
F(s)= —— + sG(s), for all s € Hy. 
Ss — 


From this representation we see that F’ has an extension to a holomorphic function 
F: Hg \ {1} - C, and even to a holomorphic function F’: Hg > C if A= 0. 


We close this section with a lemma on the connection between certain series and 
integrals. This is used in the proof of Theorem 4.3.5. 


Lemma B.2.6. Let f: Rs; — Rso be piecewise continuous and decreasing. If 
x € R51, then 


0 < Dat)- fra < f0). 


Nz 
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PROOF. Observe that 
n+1 


fin+is f f(E)dEé < f(n) forall nEN. 


nm 


c x n+1 c+1 x 
Ls) = Ls =D [ Ode = | fede > / f(@aé, 
and 
c—1 c—1 n+l c x 
SF)- 70) = Vsmey s Vf sOa= froaes [reac. 
n<a n=1 n=17™ 1 1 


Hence it follows that 


0< Drm)- fre@a < sa, 
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